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PREFACE 


The present volume is the result of an-effort to write a modern 
text-book on the Calculus which shall be essentially a drill book. 
With this end in view, the pedagogic principle-that each result 
should be made intuitionally as well as analytically evident to the 
student has been kept constantly in mind. Indeed it has been 
thought best in some cases, as for example in Maxima and Minima 
and the Theorem of Mean Value, to discuss the question first 
- from the intuitional side, in order that the significance of the new 
idea might be made plain in the most dircet manner. The object 
has not been to teach the student to rely upon his intuition, but in 
some cases to use this faculty in advance of the analytical investi- 
gation. The short chapter on Numbers is intended to give the 
student a chance to review his ideas of number. Limits and 
Continuity are treated at length, the latter mostly from a graphical 
standpoint, — the only method suited to a first course. In fact, 
graphical illustration has been drawn upon to the fullest extent 
throughout the book. 

As special features, attention may be called to the effort to 
make perfectly clear the nature and extent of each new theorem, 
the large number of carefully graded exercises, and the summa- 
rizing into working rules of the methods of solving problems. In 
the Integral Calculus the notion of integration over a plane area 
has been much enlarged upon, and integration as the limit of a 
summation is constantly emphasized. The book contains more 
material than is necessary for the usual course of one hundred 
lessons given in our colleges and engineering schools; but this 
- gives teachers an opportunity to choose such topics as best suit 
the needs of their classes. It is believed that the volume contains 
all subjects from which a selection naturally would be made in 
preparing students either for elementary work in applied science 


or for more advanced work in pure mathematics. 
ili 


lv PREFACE 


Certain proofs of considerable difficulty (as the existence of the. 
number e) have been inserted with the belief that, while it is not 
always advisable to require beginners to learn them, a discussion 
of them with the class will render such investigations profitable 
and stimulating. : 

With a few exceptions the author has found it impracticable to 
acknowledge his indebtedness to the large number of American, 
English, and continental writers whose books and articles have 
helped and inspired him in the work, the bulk of the matter 
having long been the common property of all mankind. While 
many of the exercises are new, a large number are standard and 
are to be found in many of the best treatises. 

The author's acknowledgments are due to Professor M. B. 
Porter of the University of Texas for critically examining the 
manuscript, to Professor James Pierpont of Yale University for 
many valuable suggestions, to. my former colleagues, Professor 
E. R. Hedrick of the University of Missouri and Dr. C. N. 
Haskins, for their interest and assistance, to Dr. C. E. Stromquist 
of the University of Princeton for verifying the examples, and to 
my colleague, Mr. L. C. Weeks, for drawing the figures. The 
thanks of the author are also due to his former instructor in mathe- 
matics, Professor John E. Clark, now Professor Emeritus of Yale 
University, who first advised and encouraged him to undertake 
the task of writing this book. 


SHEFFIELD ScIEnTIFIC ScHootr, 
Yate University, July, 1904. 
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INDEX. (2 3S ee 


DIFFERENTIAL CALCULUS 


CHAPTER I 
_ COLLECTION OF FORMULAS 


1. Formulas for reference. For the convenience of the student 
we give the following list of elementary formulas from Algebra, 
Geometry, Trigonometry, and Analytic Geometry. 


1. Binomial Theorem (n being a positive integer) : 


ee neh ign apa ge WA 2) sts... 
[3 
oe OOS UA ose) A OSES 2) an—r+lor-14..., 


=I 


Also written : 
(a+ d= ar4(7)arto+(f)ar-20 + (Bart te 
+6 w Jarra fe .., 
r—1 
2. n!=|n=1-2-3-4..-(n—I1)n. 


3. In the quadratic equation ax? + bz +c =0, 
when 6? — 4ac > 0, the roots are real and unequal ; 
when b? — 4ac = 0, the roots are real and equal ; 
when b? — 4ac < 0, the roots are imaginary. 


4. When a quadratic equation is reduced to the form x? + pa = q, 


p = sum of roots with sign changed, 


and q = product of roots with sign changed. 


5. In an arithmetical series, 


I=at(n—1d; s= 5 (a+) =F Rat (n—1)d]. 
6. In a geometrical series, 
r— a a(r”—1) 
pio HS =2 é 
eae r—1 nok 


1 


28. 
29. 


31. 
32. 
33. 


34, 


36. 


37. 


sin 
. tanz= 
COS & 


DIFFERENTIAL CALCULUS 


log ab = log a + log b. 9. log a” =n log a. 
n 1 

ee = Va=- , 

log ao log a — log b. 10. log Va log a@ 
1 

log 1 = 0. 12. logaa = 1. 13. logs =-—loga. 
Circumference of circle = 2 2r.* 16. Volume of prism = Ba. 
Area of circle = zr?. 17. Volume of pyramid = } Ba. 


Volume of right circular cylinder = zr?a. 
Lateral surface of right circular cylinder = 2 zra. 


Total surface of right circular cylinder = 2 zr (r + a). 


. Volume of right circular cone = ¢ zr2a. 
. Lateral surface of right circular cone = zs. 


. Total surface of right circular cone = zr(r + 8). 


. Volume of sphere = $zr°. 25. Surface of sphere = 4 zr?, 
: il : 1 
. singe =——; cosx = > tan ¢ = ——. 
: x ec © cot & 
x. COs & 
COUR) = . 


sin x 


sin? xz + cos?a =1; 1 + tan?% = sec?a%; 1+ cot?” = csc?a. 


; 14 i : 4 
sin 2 = cos(7—2); 30. sin(z — 2%) =sing; 
E/E 
cose =sin (2-2); cos (7 — x) =— cosa; 
é 
tan x = cot G —2). tan(z — ©) =— tan a. 


sin (« + y) = sing cosy + cosxsiny. 
sin (« — y) = sin cosy — cosa@ sin y. 
cos (x + y) = cosx cosy — sing sin y. 


tana + tany tana — tany 


tan (2 + y) = ——__—_—_—_—. 3008 tan (27) = 
( ) 1— tana tany ( ; ) 1+ tanztany 
sin 27% = 2sinx%cos%; cos2x% = cos*a — sin? a; tan 9 ee, 
1 — tan?¢ 
ae : 2 tan 5 
sina = 2sin~ cos; cos @ fleos? = — sin? tan ¢ = . 
28 2 is? 1— tent? 
2 


* In formulas 14-25, r denotes radius, a altitude, B area of base, and s slant height. 


COLLECTION OF “FORMULAS 3 


it pad 
38. cos? xz = — + —cos2z; pee ee con oe, 
22 2 2 


Se) 1 + cosa = 2 cos? =; 1—cosz = 2 sin? ~. 
2 


40. ea eyes por a | See nen 1 = cosa 
4 4 2 2 2 1+ cosa 


41. sin & + sin y = 2sin 4(@ + y) cos$(x — y). 

42. sina —sin y =2cos$(e@+y)sin}(e — y). - 

43. cosx%-+cos y = 2 cos 4 (x + y) cos $(a — y). 

44, cos z — cosy =— 2sin d(x + y)sind (x —y). 
a b c 


45. = = 2 15 ines. 
m4” gine vance of pines 


46. a? =b? +c? —2bccos A; Law of Cosines. 
47. d=V (&1 — Xo)? + (yi — y2)?; distance between points (a1, y1) and (a2, 2). 


Am+Byt+C,,. : 
48. d= ; distance from line Az + By + C =0 to (a1, ¥1). 
+VA24 B We 
POM ge al z 2 yee 7 ¥2 . coordinates of middle point. 


50. c=a%4+2,y=yo+y’; transforming to new origin (Xo, Yo). 


51. =x’ cosd—y' sind, y=2% sin 6+ y’ cos 0; transforming to new axes mak- 
ing the angle 6 with old. 


52. x =pcosé, y = psin 0; transforming from rectangular to polar codrdinates. 
53. p = Va?-+ y?, 0= arc tan Ze transforming from polar to rectangular co6r- 
dinates. a 


54. Different forms of equation of a straight line : 


(a) es Uae , two-point form ; 
wv — a ae = x4. 


(b) & a : = 1, intercept form ; 

a 
(c) ¥—Y1 = m(e — 23), slope-point form ; 
(a) y= me + b, slope-intercept form ; 
(e) xcos a + ysin a =p, normal form ; 
(f{) Aw + By + C =0, general form. 


55. tan@d= eae angle between two lines whose slopes are m; and mz. 
+ mam 
m1 = mM when lines are parallel, 
and m=— pu when lines are perpendicular. 
Lo Sree 


56. («© — a)? + (y— Bp)? = = ¥, eqancon of circle with center (a, B) and radius r. 
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2. Greek alphabet. 


os 


2erPAMOmMNEP Od > 
SBI WF YA DS 


ee 8 


Letters Names Letters : Names 
Alpha N v Nu 
Beta Boe Xi 
Gamma O o Omicron 
Delta Il wr Pi 
Epsilon rae Rho 
Zeta = oS Sigma 
Eta fe Tau 
Theta Tv Upsilon 
Tota D Phi 
Kappa xX x Chi 
Lambda Vw Psi 
Mu Q o Omega 


Angle in 


Radians 


Angle in 
Degrees 


.0000 
0878 
1745 
.2618 
8491 
4363 
.5236 
.6109 
.6981 
7854 


0° 
5° 


50° 
45° 


Anglein | Angle in 
Degrees Radians 
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Anglein | Angle in 
Radians Degrees 


Angle in | Angle in 
Radians Degrees 


0° 


30° 
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4. Rules for signs. 


Quadrant Sin Cos Tan Cot See Cse 
First + + ak a = Ais 
Second. + = = = -s ae 
Third . - - + Ss = pes 
Hourthiy. — + = = ae = 


CHAPTER II 
NUMBERS 


5. Rational numbers. All positive and negative integers and 
fractions, and zero, are called rational numbers. We shall assume 
that the student is familiar with the most elementary properties 
of these numbers and their use in ordinary Arithmetical work. 

6. Comparison of rational numbers with the points of a straight 
line. The series of rational numbers is unlimited, for between 
any two we can always insert as many more rational numbers as 
we please. Nevertheless there exist gaps everywhere in the series, 
as may be clearly seen if we set up a correspondence between the 
series of rational numbers and the points of a straight line. 


O a 12 

On a straight line of indefinite length select a zero point O and 
a definite unit of length for measuring segments. <A length may 
then be construeted corresponding to any rational number a which 
we lay off to the right or left of O according as a is positive or 
negative. In this way we obtain a definite end point R which may 
be considered as the point corresponding to the rational number a.* 
We may then say, to every rational number there. corresponds one 
and only one point on the straight line. 

But there are lengths which are incommensurable with a given 
unit of length. From Geometry we have the familiar example of 
the diagonal of a square whose side is the unit of length. Laying 
off such a length from the origin on the straight line we obtain 
an end point which corresponds to no rational number.t And 


* In above figure a is taken as positive. 
+ Length of diagonal of a unit square = V2. This cannot be an integer, for no integer multi- 
plied by itself gives 2. Neither can it be a fraction ; for, if possible, let 


a 
V2= a (A) 
where a and 0 are integers which do not have a common factor. Squaring both sides, 
s a 
2=—- (B) 


b2 

Since a and 6 have no common factor, a? and 6? can have no common factor ; and (B), which 
says that b2 is contained twice in a*, contradicts our hypothesis (A). Therefore, since V2 is 
neither an integer nor a fraction it cannot be a rational number, 


7 
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since there are infinitely many lengths which are incommensurable 
with the unit of length, the straight line is infinitely richer in 
point-individuals than the series of rational numbers is in number- 
individuals. This comparison has led to the recognition of a certain 
incompleteness of the system of rational numbers, while we ascribe to 
the straight line completeness and absence of gaps, that is, continucty. 

7. Irrational numbers. If we wish to study the straight line 
arithmetically, the system of rational numbers having been found 
wanting, it becomes necessary to extend our system of numbers 
in such a way that it shall have the same completeness, or continuity, 
as the straight line. This has been done by the creation of zrra- 
tional numbers which are defined in terms of rational numbers only. 
The scope of this book does not permit the development of the 
modern arithmetic theory of rational numbers; hence we shall 
only call the attention of the student to the existence of irrational 
numbers and to the statement: the trrational numbers completely 
jill up all the gaps which exist in the system of rational numbers ; 
le. we assume that to every point on a straight line corresponds 
a number, rational or irrational, and conversely. Following are 
examples of irrational numbers : 


V2 = 1.4142136 --.,* 
log,,5 = 0.6989700 ---,+ 
mw = 8.1415929 --., 
e = 2.7182814--.. 

8. Real numbers. AJ] rational and irrational numbers are called 
real numbers. These are arranged in order with respect to their 
magnitudes as follows: 

se ha Be 2. — 1.2 Oe Fe 2 Be dee 
increasing as we pass from left to right. 


* It was shown in footnote on p. 7 that V2 cannot be a rational number. 
+ Suppose this to be a rational number, then 


a 
10g395= 5a 


where @ and 0 are positive integers. Then 


10°=5, or 10°=5), 


That is, no matter what the values of a and b, we would have a number whose last digit is 


zero equal to a number whose last digit is 5; this being absurd, our hypothesis that log,)5 was a 
rational number is absurd, 


NUMBERS 9 


The symbol > is read is greater than, and the symbol < is read 
is less than. 

It is sometimes convenient to write a > 0, which means that a 
is positive; or b < 0, showing that 0 is negative. 

We may also write such expressions as 

3>—1, or —8<—65, ete. 

The symbol 2 is read ?s greater than or equal to, and is equiva- 
lent to the symbol <¢, read zs not less than. 

The symbol < is read is less than or equal to, and is equivalent 
to the symbol }, read 7s not greater than. . 

The symbol 2 is read ¢s greater or less than, and is equivalent to. 
the symbol +, read 7s not equal to. 

9. Numerical or absolute value. By the numerical value or abso- 

lute value of a real number we mean its value taken positively. 
The numerical or absolute value of a is denoted by the symbol |a|. 


Thus, [5] =|— 6] =+ 5. 
10. Imaginary numbers. Consider the equation 
2 l= 0. 


No real number substituted for 2 will satisfy this equation. 
To overcome this difficulty, our number system must be enlarged 
by the creation of a new number. If 7 is a number such that 
7 ——1, then the above equation is satisfied by substituting 7 or 


—zforz. Hence ; 
2%) 


is called the solution of the equation, and the new number 
i= V—1 is termed the imaginary unit. 

If ais real, the expression 

a V—1, or at, 

defines an imaginary number. 

11. Complex numbers. The sum 

a+ bi, 

where a and 6 are real numbers, defines a complex number. The 
first term belongs to the system of real numbers, while the second 
belongs to the system of imaginary numbers. Complex numbers 
suffice for all algebraic operations. 
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12. Division by zero excluded. : is indeterminate. For, the 


quotient of two numbers is that number which multiplied by the 
divisor will give the. dividend. But any number whatever multi- 
plied by zero gives zero, and the quotient is indeterminate; that 
is, any number whatever may be considered as the quotient, a 
result which is of no value. 


a : : : 
0 has no meaning, a being different from zero, for there exists 


no number such that if it be multiplied by zero the product would 


equal a. 
Therefore division by zero is not an admissible operation. 


13. Only real numbers considered. Unless otherwise stated, only 
real numbers are considered in what follows in this book. 


CHAPTER. III 
VARIABLES AND FUNCTIONS 


14. Variables. A variable is a quantity to which an unlimited 
number of values can be assigned. Variables are denoted by the 
later letters of the alphabet. Thus, in the equation of a straight 
line, ee 

Gaspeus 
x and y may be considered as the variable codrdinates of a point 
moving along the line. 

15. Constants. A quantity whose value remains unchanged is 
called a constant. 

Numerical or absolute constants retain the same values in all 
problems, as 2, 5, SAG 1, ete. 

Arbitrary constants, or parameters, are constants to which any 
one of an unlimited set of numerical values may be assigned, 
and they are supposed to have these assigned values throughout 
the investigation. They are usually denoted by the earlier letters 
of the alphabet. Thus, for every pair of values arbitrarily assigned 
to a and 6, the equation 

on ae hee 1 
ab 
represents some particular straight line. 

16. Interval of a variable. Very often we confine ourselves to 
a portion only of the number system. For example, we may 
restrict our variable so that it shall take on only such values as 
lie between a and 6, where a and b may be included, or either or 
both excluded. We shall employ the symbol [a, 6], a being less 
than 5, to represent the numbers a, 6, and all the numbers between 
them, unless otherwise stated. This symbol [a, 6] is read the 


interval from a to b. 
11 
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17. Continuous variation. A variable x is said to vary continu- | 
ously through an interval [a, 6], when a starts with the value a 
and increases until it takes on the value 6 in such a manner as 
to assume the value of every number between a and 6 in the 
order of their magnitudes. This may be illustrated geometrically 
as follows: 


a a b 
ann: ane) 
O id. P B 


The origin being at O, lay off on the straight line the points 4 
and B corresponding to the numbers a and 6. Also let the point 
P correspond to a particular value of the variable x Evidently 
the interval [a, 6] is represented by the segment 4B. Now as x 
varies continuously from a to 6 inclusive, i.e. through the interval 
[a, 6], the point P generates the segment AB. 

18. Functions. When two variables are so related that the 
value of the first variable depends on the value of the second 
variable, then the first variable is said to be a function of the 
second variable. 

Nearly all scientific problems deal with quantities and relations 
of this sort, and in the experiences of everyday life we are con- 
tinually meeting conditions illustrating the dependence of one 
quantity on another. For instance, the weight a man is able to lift 
depends on his strength, other things being equal. Similarly, the 
distance a boy can run may be considered as depending on the time. 
Or, we may say that the area of a square is a function of the length 
of a side, and the volume of a sphere is a function of its diameter. 

19, Independent and dependent variables. The second variable, 
to which values may be assigned at pleasure within limits depend- 
ing on the particular problem, is called the independent variable, or 
argument ; and the first variable, whose value is determined as 
soon as the value of the independent variable is fixed, is called 
the dependent variable, or function. 

Frequently, when we are considering two related variables, it 
is in our power to fix upon whichever we please as the inde- 
pendent variable ; but having once made the choice, no change of 
independent variable is allowed without certain precautions and 
transformations. 
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One quantity (the dependent variable) may be a function of two 
or more other quantities (the independent variables, or arguments). 
For example, the cost of cloth is a function of both the quality 
and quantity ; the area of a-triangle is a function of the base and 
altitude; the volume of a rectangular parallelopiped is a SEHOL 
of its three dimensions. 

20. Notation of functions. . The symbol f(z) is used to denote a 
function of xz, and is read f function of z. In order to distinguish 
between different functions the prefixed letter is changed, as 
F (2), $ (2), f" (2), ete. 

During any investigation the same functional symbol always 
indicates the same law of dependence of the function upon the 
variable. In the simpler cases, this law takes the form of a series 
of analytical operations upon that variable. Hence, in such a 
case, the same functional symbol will indicate the same operations 
or series of operations, even though applied to different quantities. 
Thus, if . 

f@H=e—9a+ 14, 
then fy=y —Iy +14, 

Also “fiaj=e—9a+14, 

Oe b= (b + 1)? — 9(6 4-1) 14 — 6° — 7) +6, 
F(0)=0?-9-0414=14, 
(lO 1) 14 24, 
fQ)=3 —9-8+14=—4, 
OT SSet +14 =0, ete. 


Similarly ¢(x, y) denotes a function of w and y, and is read 
b function of x and y. 


If (x, y)=sin(v + 9), 
then (a, 6) =sin (a + 6), 
and 6(F 0) = sin >= ib 
Again, if F(a, y,2)=22+38y—122, 
then F(m, —m, m)=2m—38m—12m=—18 m, 
and F(8, 2, ly=2-3.4-3-2—12-1=0. 


Evidently this system of notation may be extended indefinitely. 
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21. Values of the independent variable for which a function is | 
defined. Consider the functions 


xv —22+5, sing, arc tan x 


of the independent variable-2. Denoting the dependent variable 
in each case by y, we may write 


y=e@—2x2+5, y=sina, y=are tang. 


In each case y (the value of the function) is known, or, as we 
say, defined, for all values of x. This is not by any means true of 
all functions, as the following examples illustrating the more com- 
mon exceptions will show. 

a 

(Dey Sarees 

Here the value of y (i.e. the function) is. defined for all values 
of x excepta=6. When x=¢ the divisor becomes zero and the 
value of y cannot be computed from (1). Any value might be 
assigned to the function for this value of the argument. 


(2) y=Vo. 

In this case the function is defined only for positive values of z. 
Negative values of x give imaginary values for y, and these must 
be excluded here where we are confining ourselves to real num- 
bers only. 

(8) y= log,a. a>0 

Here y is defined only for positive values of x For negative 
vaiues of 2 this function does not exist (see § 35). 


(4) y =are sina, y = arc cos 2. 

Since sines and cosines cannot become greater than + 1 nor less 
than — 1, it follows that the above functions are defined for all 
values of 2 ranging from ’—1 to +1 inclusive, but for no other 
values. : 

22, One-valued and many-valued functions. A variable y is said 
to be a one-valued function of a second variable x when y has one 
and only one value corresponding to each value of 2. Thus, in 


y=3x 


y is a one-valued function of z. 
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Tf to each value of the second variable there correspond more 
than one value of the first variable, then the first variable is said 
to be a many-valued function of the second variable. In 


y=d2 
y is a two-valued function of x since © 
y=tv5o. 
Again, in y = arc tan & 


it is seen that there is no limit to the number of values of y corre- 
sponding toa given value of x For, let x = 0, then y = nz, where 
n denotes zero or any integer. 

23. Explicit functions. When a relation between 2 and y is 
given by means of an equation solved for y, then y is called an 
explicit function of x. Thus, in 


Pale A 
Ve 
y =sin ax, y=log(1+2), y=5a’, 


’ 


y=2e—-#v+3, y= 


y is in each case an explicit function of x. 
Again, ine z2=log(x+y) 

zis an explicit function of x and y. 
Similarly w= er 

exhibits w as an explicit function of x, y, and z. 
Symbolically these explicit functions may be respectively denoted 


by 


y =F (x), 
z= (2, y); 
w= F(a, Y, 2). 


24. Inverse functions. Let y be given as a function of x by 
means of the relation 
y=F(@). 
It is usually possible in the case of functions considered in this 
book to solve this equation for z, giving 


r= (y)3 
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that is, to consider y as the independent, and x as the dependent 
variable. In that case ; 


F(e) and $(y) 


are said to be inverse functions. When we wish to distinguish 
between the two it is customary to call the first one given the 
direct function and the second one the inverse function. ‘Thus, in 
the examples which follow, if the second members in the first 
column are taken as the direct functions, then the corresponding 
members in the second column will be respectively their enverse 
Sunetions. 


y=ao--1, Cae gl 
y =a", x= log,y. 
y = sin 2, x= are sin y. 


25. Integral rational functions. When y is put equal to an 
expression which is formed from x and constants by means of 
addition, subtraction, and multiplication, repeated a finite num- 
ber of times, then y is said to be an integral rational function of 2, 
or a polynomial. Examples are 


y=2e—5H+2¢—3, y=ar+det+e. 


26. Rational functions. When y is equal to an expression 
which is formed from 2 and constants by means of the four fun- 
‘damental operations only, repeated a finite number of times, then 
y is said to be a rational function of x Functions of this sort do 
not contain radicals and may be reduced to the quotient of two 
integral rational functions, i.e. to the quotient of two polynomials 
in x not involving fractional or negative exponents. For example, 


227-3 82-2 
a—1l z+ 1 
y = _——_ + 12, 


x 


a—2 


giving y as a rational function of 2, may be reduced to the form 


gf ale ee eel ese 


e—a2 
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27, Explicit algebraic functions. If y is placed equal to an 
expression which is formed from 2 and constants by a finite 
number of repetitions of the four fundamental operations and 
the extraction of integral roots, then y is called an explicit alge- 
braie function of x.* Thus, in 


oe ION ge 
2 ha — 6 
ee eels, 


- ape 1 
Ue Vi+2 ioe 
y is in each case an explicit algebraic function of z. 
Evidently both rational functions and integral rational functions 
are explicit algebraic functions. 
28. Transcendental functions. All functions which are not alge- 


braie are classed as transcendental. The elementary transcendental 
functions are: 


+117°+4+9, 


(1) Exponential functions, in which variables enter as exponents ; 
eae y ee | cael. 
(2) Logarithmic functions, involving the logarithms of the vari- 


ables; as log az, log (x+y), ete. 
(8) Trigonometric functionst; as sin az, cos (x — y), tan 5 2, ete. 


*In general y is said to be an algebraic function of x if y is a root of an equation of the — 
oe Soa) y™ + fy (@)Y"—1-+ Ja @) Y"—2 + + fn AC) Y + fn) = 0, 
where fo (2), fi (x), fo(x)-+: are integral rational functions of x (see § 25). 

+ In the further study of mathematics an angle is always understood to be given, not in 
degrees, minutes, and seconds, but in terms of the radian as unit angle. This unit angle is the 
angle subtended at the center of a circle by an are whose length is equal to that of the radius of 
the circle. The measure of any angle in terms of this unit is the ratio of the length of the are 
which subtends the angle to the length of the radius. Thus, in figure, 
are AB 

40 B 


angle AOB= 


If are AB is twice the radius in length, then 
i angle AOB = 2. yi 


Since in any cirele the ratio of the circumference to the radius is 


27, we have 
angle 2 m= 360°, 
angle m= 180°, 
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(4) Inverse trigonometric functions ; as arc sin 2,* are cot(x — y), 
etc. 

Many more transcendental functions are studied in the higher 
branches of mathematics. 


EXAMPLES 
1. Given f(x) = «3 — 10a? + 31a — 30; show that 
f(0) =— 30, S(y) =y? —10y? + 3ly — 30, 
I (2) = 0, _ F(a) = @ — 10a? + 81a — 80, 
f (3) =f (5); f (yz) = y>8 — 10 y2z2 + 81 yz — 80, 
f(l) >f(— 38), f@—2)= a3 — 1622 + 83x — 140, 
f(-1) =— 6 F(6). 
2. If f(x) = 28 —102? + 31a — 80, and ¢ (a) = at — 55a? — 210% — 216; show that 
I (2) = (— 2), 
f(3) = ¢(- 8), 
F(5) = ¢(— 4), 


F (0) + @ (0) +246 = 0. 
3. Given F(x) = x2(@ —1) (& + 6) (a ee 3) (@ + 8); show that 
F()) = F(l) = F(-6)=FQ)=F(-9)=0. 


4. If f(m) = a +3 show that ; 


f (m1) —F (m2) _ 1m — Me . 
1+f(m1)f(m2) 1+ mime 


5. Given ¢(«) = log i ; show that 
1+% 


oa) +oM=o(F Et). 
6. If f(¢) = cos ¢; show that 
FA?) J (= 9) == J (2 — ei — 7 (ete). 
7. If F(¢) = tan é; show that 


jay pee Gs 


1—[F@)P 
8. Given p(x) = 2?" + 72m +1; show that 
¥Q)=38, ¥O=1, Y¥(a@)=y(—4). 


* Also written sin—1%, the —1 not being considered as a negative exponent in the ordinary 
sense, but merely indicating the inverse function. The expression y= are sina should be read 
y equals the are (or angle) whose sine is x, and the same relation between z and y is given by 
sin y= 2. 

For example, since tan =1, 


we may also write i= are tan a 


CHAPTER IV 
THEORY OF LIMITS 


29, Limit of a variable. If a variable v takes on successively a 
series of values that approach nearer and nearer to a constant 
value 7? in such a manner that |v — /|* becomes and remains less 
than any assigned arbitrarily small positive quantity, then v is said 
to approach the limit 1, or to converge to the limit 1. Symbolically 


this is written limite. 


The following familiar examples illustrate what is meant. 

(1) As the number of sides of a regular inscribed polygon is in- 
definitely increased, the limit of the area of the polygon is the area 
of the circle. In this case the variable is always less than its limit. 

(2) Similarly the limit of the area of the circumscribed poly- 
gon is also the area of the circle, but now the variable is always 
greater than its: limit. 

(3) Consider the series 


(A) ea 
The sum of any even number (2) of the first terms of this 
series is teat 1 1 1 
Sm to tg gt ot Sanna pana? 
eas 
oa 2 if By.6, p.1 
(B) Seema Coen ae 


Sead @) Beles 
Similarly the sum of any odd number (2n+1) of the first 
terms of the series is 


Rl el 
bala 


Someta 1 8 92n-1 


al 
2 
pe oh oy 
> ae 2 i By 6, p. 1 
(C) io emer ae pe a we 
* To be read the numerical value of the difference between v and 1, 
19 
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Writing (B) and (C) in the forms 


2 1 2 1 
3 an = 3 genni Sonat 3° «3 gQen> : 
PO HEE ate G a S.) - ass 3. Qen-1 » 
limit 2 lm 6 
and ee Gye a5 ae ae 0. 


Hence by definition of the limit of a variable it is seen that both 
S,, and S,,,, are variables approaching 3 as a limit as the num- 
ber of terms increases without limit. 

Summing up the first two, three, four, etc., terms of (A), the 
sums are found by (B) and (C’) to be alternately less and greater 
than 3, illustrating the case when the variable, in this case the sum 
of the terms of (A), 7s sometimes less and sometimes greater than 
ats limit. : 

In the examples shown the variable never reaches its limit. This _ 
is not by any means always the case, for from the definition of 
the limit of a variable it is clear that the essence of the definition 
is simply that the numerical value of the difference between the | 
variable and its limit shall ultimately become and remain less than 
any positive number we may choose however small. 

(4) As an example illustrating the fact that the variable may 
reach its limit, consider the following. Let a series of regular 
polygons be inscribed in a circle, the number of sides increasing 
indefinitely. Choosing any one of these, construct the circum- 
scribed polygon whose sides touch the circle at the vertices of 
the inscribed polygon. Let p, and P, be ‘the perimeters of the 
inscribed and circumscribed polygons of » sides and C the circum- 
ference of the circle, and suppose the values of a variable x to be 
as follows: 


Pro C, Py Prev C, dee Pn+o C, Dee. etc. 


‘Then evidently, 


limit 
Wem os C; 


and the limit is reached by the variable. 
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30. Infinitesimals. A variable » whose limit is zero is called 
an infinitesimal.* This is written 


limit » = 0, 


and means that the successive numerical values of v ultimately 
become and remain less than any positive quantity however small. 
Such a variable is said to become indefinitely small or to ultimately 
vanish, ; 


If ~ limitv=J, then limit (v — 1) =0; 


that is, the difference between a variable and its limit is an infini- 
tesimal. 

Conversely, if the difference between a variable and a constant is 
an infinitesimal, then the variable approaches the constant as a 
limit. 

31. The concept of infinity (0). If a variable v ultimately 
becomes and remains greater than any assigned positive number 
however large, we say v increases without limit, and write 


limit v=+ ©. 


If a variable .v ultimately becomes. and remains algebraically 
less than any assigned negative number, we say v decreases without 
limit, and write 

limit v = —.0. 


If a variable v ultimately becomes and remains in numerical 
value greater than any assigned positive number however large, 
we say v, in numerical value, increases without limit, or v becomes 
infinitely great,+ and write 

limit v = 0. 
Infinity (©) is not a number; it simply serves to characterize 


a particular mode of variation of a variable by virtue of which it 
increases or decreases without limit. 


* Hence a constant, no matter how small it may be, is not an infinitesimal. 
+ On account of the notation used and for the sake of uniformity, the expression limit v= + © is 


sometimes read v approaches the limit plus infinity. Similarly limit v=— © is read v approaches 
the limit minus infinity, and limit v= is read v, in numerical value, approaches the limit 
infinity. 


While the above notation is convenient to use in this connection, the student must not forget 
that infinity is not a limit in the sense in which we defined a limit on page 19, for infinity is not 
a number at all. 
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») $2. Limiting value of a function. Given a function f(a). 
If the independent variable 2 takes on any series of values 
such that 
limit z = a, 
and at the same time the dependent variable f(x) takes on a series 
of corresponding values such that 


limit f(x) = A 
then as a single statement this is written 
pe Leo 


and is read the limit of f(a), as x bee the limit a by any set 
of values, 1s A.* 

33. Continuous and discontinuous functions. A function f(z) is- 
said to be continuous for «=a if the limiting value of the function 
when x approaches the limit a in any manner is the value assigned 
to the function for z=a. In symbols, if 


pany (ac) = f(a), 


then f(x) is continuous for a= a. 
The function is said to be discontinuous for v=a if this con- 
dition is not satisfied. For example, if 


limit 
Ph), = 0, 


the function is discontinuous for 2 = a. 

The attention of the student is now called to the following cases 
which occur frequently. 

CasE I. As an example illustrating a simple case of a func- 
tion continuous for a particular value of the variable, consider 
the function a, 

tC 
f=. 

For x=1, f(v7)=f(1)= 8. Moreover, if x approaches the limit 
1 in any manner, the function f(z) approaches 8 as a limit. Hence 
the function is continuous for v= 1. 


*Tt sometimes happens that f(x) approaches one limit when w# approaches a, x being always 
less than a; and a different limit when x approaches a, w being always greater thana. Or, f(x) 
may approach a limit from one side and not from the other; or it may approach no limit from 
either side. Evidently the above definition excludes all such exceptional cases. 
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Case I. The definition of a continuous function assumes that 
the function is already defined for x=a. IE this is not the case, 
however, it is sometimes possible to assign such a value to the 
function for x=a that the condition of continuity shall be satis- 
fied. The following theorem covers these cases: 


Theorem. Jf f(x) is not defined for «=a, and if 


limit P(r) = B, 


then f(a) will be continuous for «=a, if B is assumed as the value 
of f(x) for x=a. Thus the function 

ev —4 

x—2 


is not defined for x= 2 (since then there would be division by 
zero). But for every other value of 2, 


fie 4 
p= z+2; 
limit 
and pm (Dai 2) eas 
i Cheat 2 
therefore limit 2” — 4 4, 


a=2e—2 


Although the function is not defined for v= 2, if we arbitrarily 
assign it the value 4 for x = 2, it then becomes continuous for this 
value. 

A function f(x) is said to be continuous in an interval when it is 
continuous for all values of x in this interval.* 
ey 34. Continuity and discontinuity of functions illustrated by their 
- graphs. 

(1) Consider the function 2’, and let 


(A) Yt 


* In this book we shall deal only with functions which are in general continuous, that is, con- 
tinuous for all values of x, with the possible exception of certain isolated values, our results in 
general being understood as valid only for such values of # for which the function in question 
is actually continuous. Unless special attention is called thereto, we shall as a rule pay no 
attention to the possibilities of such exceptional values of « for which the function is discon- 
tinuous. The definition of a continuous function f(x) is sometimes roughly (but imperfectly) 
summed up in the statement that a small change in x shall produce a small change in f(x). We 
shall not consider functions haying an infinite number of oscillations in a limited region. 
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I£ we assume values for z and calculate the corresponding values, 
of y, we can plot a series of points. Drawing a smooth line free- 
hand through these points a good representation 
of the general behavior of the function may be 
obtained. This picture or image of the function 
is called its graph. It is evidently the locus of all 
points satisfying equation (A). 

Such a series or assemblage of points is also 

A X called a curve. Evidently we may assume values 
of x so near together as to bring the values of y (and therefore 
the points of the curve) as near together as we please. In other 
words, there are no breaks in the curve, and the function 2° is 
continuous for all values of 2. 

(2) The graph of the continuous function sin z is plotted by 
drawing the locus of 


Yj 


y = sin 2. 


It is seen that no break in the O x 


curve occurs anywhere. 

(3) The continuous function e* is of very fre- 
quent occurrence in the Calculus. If we plot its 
graph from . 


y =e, (e = 2.718 --:) 


_ we get a smooth curve as shown. From this it 

oan clearly seen that, 
+ (a) when, 2 =0, aa Uf (eed = 

(b) when a> 0, y(=e*) is positive and increases as we pass 
towards the right from the origin; . 

(c) when «<0, y(=e*) is still positive and decreases as we 
pass towards the left from the origin. 

(4) The function log, is closely related to 
the last one discussed. In fact, if we plot its 
graph from 
y = log,2, 


it will be seen that its graph has the same 
relation to OX and OY as the graph of e” has to OY and OX. 
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Here we see the following facts pictured: 

(a) For ¢=1, log.z =log,1 = 0. 

(b) For x >1, log,x is positive and increases as x increases. 

(c) For 1>2>0, log,x is negative and increases in numerical 
value as a diminishes, 


(d) For x= 0, log.a is not defined; hence the entire graph lies 
to the right of OY. . 


(5) Consider the function E and set 
By 


el 
Messe | 

If the graph of this function be plotted, it will be seen that as x 
approaches the value zero from the left (neg- 
atively) the points of the curve ultimately 
drop down an infinitely great distance, and 
as a approaches the value zero from the right 
the curve extends upward infinitely far. 

The curve then does not form a continuous 
branch from one side to the other of the axis 
of Y, showing’ graphically that the function 
is discontinuous for z= 0, but continuous for all other values of z. 
(6) From the graph of 


Qa 


Yy 


it is seen that the function 
22 
1-27 
is discontinuous for the two values x =+1, but continuous for all 
other values of 2. 
(7) The graph of 


y = tan x 


| 
| 
| 
| 
| 
| 
} 
| 
| 
| 


va 


rx 


shows that the function tan is 


| 
| 
| 
| 
| 
discontinuous for infinitely many | 


Lisa 
values of z, namely, z= aa ere 


n denotes any odd positive or negative integer. 
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(8) The function 
are tan x 
has infinitely many values for a given value of 2, the graph of 


equation 
ee eee = y = arc tan xv 


consisting of infinitely many branches. If, how- 
ever, we confine ourselves to any single branch, 
—— ¢ ___~* the function is continuous. For instance, if we 

say that y shall be the arc of smallest absolute 
a |_--- value whose tangent is 2, that is, y shall take 


on only values between aS and 7 then we are limited to the 


branch passing through the origin and the condition for continuity 
is satisfied. 
(9) Similarly 


1 
are tan — 
: L 


is found to be a many-valued function. Confining ourselves to one 
branch of the graph of 


= arc fan 
Y= a 


we see that as x approaches zero from 


the left y approaches the limit — 3 and 


as x approaches zero from the right y approaches the limit ses 


Hence the function is discontinuous when x= 0. Its value for 
x = 0 can be assigned at pleasure. 

Functions exist which are discontinuous for every value of the 
independent variable within a certain range. In the ordinary ap- 
' pleations of the Calculus, however, we deal with functions which 
are discontinuous (if at all) only for certain isolated values of 
the independent variable; such functions are therefore in general 
continuous, and are the only ones considered in this book. 

35. Fundamental theorems on limits. In problems involving 
limits the use of one or more of the following theorems is usually 
implied. It is assumed that the limit of each variable exists and 
is finite. 
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Theorem I. The limit of the algebraic sum of a finite number of 
variables is equal to the like algebraic sum of the limits of the several 
variables. 

Theorem II. The limit of the product of a finite number of vari- 
ables is equal to the product of the limits of the several variables. 

Theorem III. The limit of the quotient of two variables is equal 
to the quotient of the limits of the separate variables, provided the 
limit of the denominator is not zero. 

Before proving these theorems it is necessary to establish the 
following properties of infinitesimals. 

(1) The sum of a finite number of infinitesimals is an infinitesimal. 
To prove this we must show that the numerical value of this sum 
can be made less than any small positive quantity (as e) that may 
be assigned (§ 30). That this is possible is evident, for, the limit 
of each infinitesimal being zero, each one can be made numerically 


less than ~ (n being the number of infinitesimals) and therefore 


their sum can be made numerically less than e. 

. (2) The product of a constant ¢ and an infinitesimal is an infini- 
testmal. For the numerical value of the product can always be 
made less than any small positive quantity (as e) by making the 


numerical value of the infinitesimal less than <- 
: Cc 


(3) The product of any finite number of infinitesimals is an infini- 
tesimal. For the numerical value of the product may be made 
less than any small positive quantity that can be assigned. If the 
given product contains n factors, then since each infinitesimal may 
be assumed less than the nth root of e, the product can be made 
less than e itself. 

(4) Tf v ts a variable which approaches a limit 1 different from 
zero, then the quotient of an infinitesimal by v ts also an infinitest- 
mal. For if limit v=J, and & is any number numerically less 
than J, then by definition of a limit, v will ultimately become and 


: € 
remain numerically greater than &. Hence the quotient me where 
e is an infinitesimal, will ultimately become and remain numerically 


less than ;’ and is therefore by (2) an infinitesimal. 
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Proof of Theorem I. Let v, vq, v3, °°: be the variables, and J,,_ 
l,, 14, --- their respective limits. We may then write 
%,—1 =4, 
VU, — 1, = Ey 


Us — 1, = &, 


where ¢,, €, €) °:: are infinitesimals (i.e. variables having zero for 
a limit). Adding, 

(A). 0, Bb Ogres) = (Ga la a Pa) (ee a eet 

Since the right-hand member is an infinitesimal by (1), p. 27, 
we have from the converse theorem on p. 21, 

limit (v, + v, + uget-)=4+1,4+44>:- 

or, limit (v, + v, + ¥, +-:-)= limit v, + limit », + limit », + ---, 
which was to be proved. 


Proof of Theorem If. Let v, and v, be the AES, t, and 
J, their respective limits, and e¢, and e, infinitesimals; then 


%=h+e 
and Un den 
Multiplying, | vv, =(l,+¢,) (+6) 


=lL+he + he + ae; 
or, 


(B) Oa Ul Le, + iler Ge. 
Since the right-hand member is an infinitesimal by (1) and (2), 
p. 27, we have as before ; 
limit (v,v,) = J, = limit », - limit »,, 
which was to be proved. 
Proof of Theorem III. Using same notation as: before, 


Ope ieee ee Lte 4k ; 
Uae e rb, ace ame Core eds 
or, 
(0) O tie, Mase ele 


Ss peal, SU so Ue lle Se 
Vg l, 1, (0, + €) 
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Here again the right-hand member is an infinitesimal by (4), 
p. 27, if 7, # 0, hence el 
emit (3) ms L, - Limit a 
Vg l, limit v, 
which was to be proved. 
It is evident that if any of the variables be replaced by con- 
stants our reasoning still holds and the above theorems are true. 
36. Special limiting values. The following examples are of 
special importance in the study of the Ee In the first 
twelve examples a> 0 and ¢#0. 


Written in the form of limits. Abbreviated form often used. 


Seater (2 Cc 
(1) ae ss = Ce 0 =o. 
(2) I Gee @-0 = 2. 

3) bien; C2 Ca ou 
( ~L=N@ <_< 2 Cc 
(4) limit © = KG ay 
T= Oy ie) 
(5) Seas a’ =+ 0, whena<1; a? =+0 
(6) poe a’ = 0, whena<1; at? —0 
(7) EEO petrea(( when a>1; Cea) 
L=— © 
(8) gti *—1o, whena>1I1; at? — 1 0 
(9) wae log, ©=+ 0, when a<1; log, 0 =+ oo. 
~ (10) can log, #=—o, whena<1; log,(+0)=— 
(11) ee log, = — 0, when a>1; log, 0 =— 
(12) . a log, v=+0o, whena>1; log,(+0)= 


The expressions in the second column are not to be considered 
as expressing numerical equalities (« not being a number); they 
are merely symbolical equations implying the relations indicated in 
the first column, and should be so understood. 
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limit 2” — a” 
eet! Pe) 


By division we get 
v — a’ 
L—a 


(18) Find , where n denotes any positive integer.* - 


= gr} = ax”? ve aea"—8 2s ried ae (agg se q’-} 


for every value of x except x= a. Therefore 


limit v* — a" _ limit yr} ss nee i oy hs limit ann limit a? 
J=0 Geo tea L=a L=a 
[By Theorem I, p. 27.] 


n—1, 


The limit of each term in the second member is a”~’; and since 


there are n terms, we have 
limit z* — a" 
t=a x4—aA 


= na} 


limit sin x = 1 


(14) Show that Ne 


Let O be the center of a circle whose radius is unity. 
Let arc AM=arc AM'=2, and let MT and M'T be tangents 
drawn to the circle at Mand M/'. From Geometry, 
MPM' <MAM'< MTM'; 
iN or, 2sina <2a< 2tanz. 
“SY 3 Dividing through by 2 sin x we get 


‘M 
1” 1 


sing cosa 
If now zw approaches the limit zero, 


limit 2 
x=0sinz 


must lie between the constant 1 and Time. - ’ which is also 1. 
= 0 cosz 
limit ~~ Phe. sin 2 Ho 
Therefore _ —— = 1, or =1. The, pe2e 
= 0 sina = ; 


* Restricted to a positive integer in order to simplify the work. The result holds true for all 
values of n. 


THEORY OF LIMITS 31 


It is interesting to note the behavior of this function from its 
graph, the locus of equation 


sin 2 


~310 |O 3m Xx 


Although the function is not defined for «=0, yet it is not 
discontinuous when «= 0 if we define 


= : = 1. - Case IT, p. 23 
(15) Find the limit of the sum of the series 
epee els 
3 9 Bev 


as the number of terms increases without limit. 
By formula 6, p. 1, we find that the sum of m terms of the 


series 1s 
g G)"-1 3 Te iL 
eee Res ee” aoe 
tre limit Sige limit 3 G 1 =) 
lt: = C N= wo 2 3" 


_ 38 limit 1_ ab 
pea 2, n= co 3" 

37 limit limit 71 
ae ae cae 


_ 38 3 
= 5 E a 0|= mr Ans. 


37. The number e.* We first proceed to prove two important 


theorems. 
Theorem I. Jf a is a variable >—1 which varies continuously 


in any interval not including zero, He the function 
p(a)=(L+ a) 
varles tn a sense contrary to a. 


* The proofs in this section are due to Vallée-Poussin. 
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We start with the identity 
ot? —1 =(a— 1) (ast a Fo a 0), 
or, Qh] + (wes (We Oa 
where a denotes any positive number and n a positive integer. 
Since the last parenthesis is > or < (n +1) according as a is > 
or < 1, or according as (a — 1) is positive or negative, we have in 


either case a >1+(n+1)(a—-1). 


Let @ be any number >—~7 and different from zero, and 
replace a in this inequality by the quotient 


@ @ 
SS ele 
€ x n + a) ( i 2) 
n+1 
Multiplying both members by G a: 2) and reducing gives 


7) n+1 oO n 
le 1 a bs 
Gait) et ‘ee 


Let m be any integer >n; then by repeated applications of 
the last result we see that 


(+2) (43) 
m n 
and it readily* follows that 
oN ieee 
(+n) 2048) 


according as #20. Now replacing by ma we get 


a oe 
(A) (+ az (1420), 


according asaZz0. This proves our statement for two values (as 


aand — a) having the same sign and whose quotient is rational. 
n 


In order to extend this proof to the case of two values a and 8B 
whose ratio is irrational, consider first the case when a > 0. 
* The assumption is here made that raising both members of an inequality to any power, 


rational or irrational, does not or does change the sense of the inequality according as the power 
is positive or negative 
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Assuming a < 8 we may so choose m and n that 


ee: 
n 


Now let ne approach 8 as a limit by a series of increasing 


values ; then the second member of the inequality (A) will be 
constantly decreasing and we get in the limit since the function 
is continuous : 


‘— d+a>d +A, 
or, (a) > (8). a8 
Similarly when a < 0 we shall get 
$(a) < $(8); | a> B 


which establishes the theorem for all cases. 
Theorem II. Definition of the number e. As a approaches the 
limit zero, the function 


$(a) =(1 +a)" 


of Theorem I approaches a limit. In whatever manner a approaches 
. zero, the limit is the same number. This limit is denoted by e. 
Consider the two variables a and 8 connected by the condition 


l+a= » where 0>a>—1; 


1 
igiey =) 
then it follows that 
ost + 8) $(8).* 


If a tends towards zero through a series of i increasing (therefore 
negative) values, 8 will be positive and tend towards zero through 
a series of decreasing values. Then, by Theorem I, we know that 
(a) continually decreases and #(8) continually increases. But 
¢(a) always remains. positive and therefore must tend towards 
some definite limit (see Theorem II, above). Denoting this limit 


1 eel ae 
*6(a)= (A+ajt= (1 +a) a > [ a=; 75-1 by hypothesis. | 
. ela 1+8 
=(y B acrepy ? Poi ae (1+ 8) (A). 
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by e, the last equation, in which 1+ tends towards the limit 
unity, becomes in the limit 


e= Bm) O(a) = go (A). 


Since a was negative and 8 positive, this proves that the limit is 
the same whatever may be the sign of the variable. 
To evaluate this limit we note that #(8) increases towards its 
limit, while ¢(a)=(1 + 8) (8) decreases towards the same limit 
=e). Hence for all positive values of £, 


$ (8) <e <(1 + B) (8). 


By means of this inequality we may calculate the value of e to 
any desired degree of accuracy by choosing # sufficiently small. 
If we let 8=4, then 

(§)" < e <(§)"s 
hence e certainly lies between 2.and 4. In Chapter XX, Ex. 14, 
p. 287, we give a more expeditious method for calculating es 
Approximately 
C= 2.11828 


Plotting the graph of ¢(a) from 
a 
y= tas 
and assigning to y the value e when a= 0, 
we see that as a increases without limit y 
approaches the limit 1, and as a approaches 
the limit —1 from the right y increases 
without limit. 

Natural logarithms are those which have the number e for base. 
These logarithms play a very important rdle in mathematics. 
When the base is not indicated explicitly, the base ¢ is always 
understood in what follows in this book. Thus log,v is written 
simply log v. 

Natural logarithms possess the following characteristic prop- 
erty: If a approaches zero as a limit in any way whatever, 


1 
limit “eh +a) — limit log (1 + a)* = loge =1. 
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EXAMPLES 


Prove the following. 


it 


limit a4 t)=1 


r=o He 


Proof. limit 2°) = i (1 =) 


2. 


c= 0 t= 
= limit limit /1 
= poll) Benoa): Th. I, p. 27 


[Since these limits exist.] 


= OSA: 


limit Sat 


t= ol — 3a2 


2 
2 1 ae ES 
Prog mit (25 +f =) _ limit x 
© €=0\5—8a2/ cCa=oml| 5 
7 —3 
(Dividing both numerator and denominator by «?.] 
limit 
ei) 
AMD, 10K, Io By 
~ limit limit (5 9) me 
(fy == fo‘) ge 


[Since the limit of the denominator is not zero.] 


limit limit /2 
pai) elo =) 
= Ae 1h, Ds BH 
limit (5 limit (2 
A el ) 
= x 
[Since these limits exist.] 
EIS Oe oh 
Oe 
_ achat) = Ca (8 ax? — 2he + 5h?) =8 ax 
Ci 27 2 h=0 
+e 3 2 
__ limit 3823 4+ 62 See, 7, limit (ax? + be +c) = 0. 
c= 0 Qt — 1522 5 L = 0 
limit «+1 limit (@ — k)? — 2ka? _ 
==105 8. SSS 
kK=0 g(a%+k) 


e@=—-2 743 


: aa [2 sin (a ak mez) cos (a — mz) | =sin2a. 


= 


10. 


ie 


Timit [sin(“£*) cos(“>*) | = sine 


Cie [tan?(y — 0) — cosy] = sec? 6. 
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12. rae cos(a— a) _ tang: 
a = —cos (2a — a) 
2 
13. fee, mo (are tan pak = )ae = oo n being an odd integer. 
14. sor (arc cos V1 — y?) == » n being an odd integer. 
limit @7 5 2) limit 88 —1_ 
BE eis (es +e X7=a4. 20. SS tee = 
limit 27% + 322 _ limit (© + 2)” — a2" _ } =i 
16. a ae eo 21. 00 =e fae ae . 
limit 5a? — 2 limit sin 
7s ne ees, Ze ple [0s (0 +h) =|= = cos 8. 
limit Y limit tan ¢ 
18. i pace 
ecu 23 0 z il, 
Tone ne ee ES eer my, 
N= © (n + 2)(n + 8) 6=0 2 
imi 1 A Be 4 
25. ae =— o, if x is increasing as it approaches the value a. 


26. 


t=Axg—-—a 


limit 1 


C= a + o, if x is decreasing as it approaches the value a. 


CHAPTER V 
DIFFERENTIATION 


38. Introduction. We shall now proceed to investigate the 
manner in which a function changes in value as the independ- 
ent variable changes. The fundamental problem of the Differ- 
ential Calculus is to establish a measure of this change in the 
function with mathematical precision. It was while investigating 
problems of this sort, dealing with continuously varying quantities, 
that Newton* was led to the discovery of the fundamental prin- 
ciples of the Calculus, the most scientific and powerful tool of the 
modern mathematician. 

39. Increments. The increment of a variable in changing from 
one numerical value to another is the difference found by sub- 
tracting the first value from the second. An increment of 2 is 
denoted by the-symbol Az, read delta zx. 

The student is warned against reading this symbol “ delta times 
2,’ it having no such meaning. Evidently this increment may be 
either positive or negative according as the variable in changing 
ig increasing or decreasing in value. Similarly 


Ay denotes an increment: of y, 
Ad denotes an increment of ¢, 
Af (x) denotes an increment of f(2), etc. 


If in y = f(x) the independent variable x takes on an increment 
Az, then Ay is always understood to denote the corresponding 
increment of the function f(z) (or dependent variable y). 


* Sir Isaac Newton (1642-1727), an Englishman, was a man of the most extraordinary genius. 
He developed the science of the Calculus under the name of Fluxions. Although Newton had 
discovered and made use of the new science as early as 1670, his first published work in which it 
occurs is dated 1687, having the title Philosophiae Naturalis Principia Mathematica. This was 
Newton’s principal work. Laplace said of it, “It will always remain preéminent above all other 
productions of the human mind.” 

¢ Some writers call a negative increment a decrement. 


oF 


of 
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The increment Ay is always assumed to be reckoned from a defi- 
nite initial value of y corresponding to the arbitrarily fixed initial 
value of x from which the increment Az is reckoned. For instance, 
consider the function 

y= x". 

Assuming x= 10 for the initial value of a fixes y = 100 as the 

initial value of y. 


Suppose z increases tox =12, that is, Ax = 2; 


then y increases to y=144, and Ay=44. 
Suppose 2 decreases tox=9, that is, Ax =—1; 
then y decreases toy=81, and Ay=—19. 


It may happen that as 2 increases y decreases, or the reverse ; 
in either case Av and Ay will have opposite signs. 
It is also clear (as illustrated in the above example) that if 


y =f(2) | 
is a continuous function and Az is decreasing in numerical value, 


then Ay also decreases in numerical value. 
40. Comparison of increments. Consider the function 


(A) y= 2. 


Assuming a fixed initial value for 2, let 2 take on an increment 
Az. Then y will take on a corresponding increment Ay, and we 
have 

y + Ay =(e + Any’, 
or, y+ Ay =a 4 2 Nae (NG). 
Subtracting (A), y = 2 
(B) Ay = 24° Ag (An) 


we get the increment Ay in terms of a and Az. 
To find the ratio of the increments, divide (B) by Az, giving 


If the initial value of 2 is 4, it is evident that 


limit Ay 


Wieiiyns et 
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Let us carefully note the behavior of the ratio of the increments 
of w and y as the increment of x diminishes. . 


Increment|| Initial New Increment Ay 
Ax value of y| value of y Ay Aa 
1.0 1655925, | 9: 9. 
0.8 16 23:04 | 7.04 8.8 
0.6 16 21.16 5.16 8.6 
0.4 16 19.36 3.36 8.4 
0.2 16 17.64 1.64 8.2 
0.1 16 16.81 | 0.81 8.1 
0.01 16 16.0801 | 0.0801 8.01 


_ It is apparent that as Ax decreases Ay also diminishes, but their 
ratio takes on the successive values 9, 8.8, 8.6, 8.4, 8.2, 8.1, 8.01; 


illustrating the fact that at can be brought as near to 8 in value - 

x 
as we please by making Az small enough. Therefore 

limit Ay _ 

41. Derivative of a function of one variable. The fundamental 
definition of the Differential Calculus is: 

The derivative* of a function is the limit of the ratio of the incre- 
ment of the function to the increment of the independent variable, when 
the latter increment approaches the limit zero. 

When the limit of this ratio exists, the function is said to be 
differentiable, or to possess a derivative. 

The above definition may be given in a more compact form 
symbolically as follows: Given 


(A) y =F (2); 
and assume for 2 some value for which f(z) is continuous. 

Let x take on an increment Az; then y takes on an increment 
Ay, the new value of the function being 


(B) y + Ay =f (x + Az). 


* Also called the differential coefficient or the derived function. 
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To find the increment of function, subtract (A) from (B), giving 
(C) Ay = fle + Aa) —f@). 
Dividing by the increment of the variable Az, we get 


Ay _ f(e@t+ Ax) —f (2). 
Az Az 


(PD) 


The limit of this ratio when Az approaches the limit zero is, 


dy 
du 


from our definition, the derivative and is denoted by the symbol 


Therefore 
E dy _ limit (7 + Ax) — f(x) 
ea dx Ax=90 Ax 
defines the derivative of y [or f(x)] with respect to a. 
From (D) we also get 
dy _ unit Ay, 
dx Aw =0 Ax’ 
The process of finding the derivative of a function is called 
differentiation. 
It should be carefully noted that the derivative is the limit of 
the ratio, not the ratio of the limits. The latter ratio would assume 


. the form o which is indeterminate (§ 12, p. 10). 


42. Symbols for derivatives. Since Ay and Az are always finite 
and have definite values, the expression 
Ay 
Az 
is really a fraction. The symbol 


however, is to be regarded, not as a fraction, but as the limiting 
value of a fraction. In many cases it will be seen that this symbol 
does possess fractional properties, and later on we shall show how 
meanings may be attached to dy and dz, but for the present the 


symbol oy is to be considered as a whole. 
Hb; 
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Since the derivative of a function of z is in general also a func- 


tion of x, the symbol f'(z) is also used to denote the derivative of 
J(z). Hence, if 


Y =F); 
we may write ue J’ (2) 
da ‘ 


which is read the derivative of y with respect to x equals f prime 


of x. The symbol 
d 


da 
when considered by itself is called the differentiating operator, and 


indicates that any function written after it is to be differentiated 
with respect to z. Thus 


oy or < y indicates the derivative of y with respect to 2; 
AD ag 


< J (x) indicates the derivative of f(x) with respect to 2; 
av 


a (2a? + 5) indicates the derivative of 2 2? + 5 with respect to 2. 
a 5 


The symbol D, is used by some writers instead of sah If then 


da 
y =F (2); 


we may write the identities 


2 z fy a £ f= D, Ff (v) =f" (2). 


43. Differentiable functions. From the Theory of Limits it is 
clear that if the derivative of a function exists for a certain value 
of the independent variable, the function itself must be continuous 
for that value of the variable. 

The converse, however, is not always true; functions having 
been discovered that are continuous and yet possess no derivative. 
~ But such functions do not occur often in applied mathematics, and 
in this book only differentiable functions are considered, that is, func- 
tions that possess a derivative for all values of the independent 
variable save at most for isolated values. 
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44, General rule for differentiation. From the definition of a 
derivative it is seen that the process of differentiating a function 
y =f (2) consists in taking the following distinct steps: 


GENERAL RULE FOR DIFFERENTIATION 


First step. In the function replace x by «+ Az, ging a new 
value of the function, y + Ay. 

Second step. Subtract the given value of the function from the new 
value in order to find Ay (the increment of the function). 

Third step. Divide the remainder Ay (the increment of the func- 
tion) by Ax (the inerement of the independent variable). 

Fourth step. Find the limit of this quotient, when Aw (the inere- 
ment of the independent variable) paUREN the limit zero. This is 
the derivative required. 


The student should become thoroughly familiar with this rule 
by applying the process to a large number of examples. Three 
such examples will now be worked out in detail. 


Ex. 1. Differentiate 3a? + 5. 
Solution. Applying the successive steps in the General Rule we get, after placing 
y=3a22+4 5, 
First step. y + Ay = 3(e + Av)? +5 
= 327+ 6a- Ax + 8 (Az)? + 5. 


Second step. y+ Ay=322+6a- Ax + 3(Az)? +5 


y = 3272 +5 
NY) = 6a- Ax + 3 (Az)?. 
Third step. By =62-+-3- Ax. 
Ax 
dy 
Fourth step. —=62. Ans. 
da 


We may also write this 


d 
— (3a? + 5) = 62. 
et eae 


Ex. 2. Differentiate 78 — 2a + 7. 
Solution. Place Yi Des eae 


First step. y + Ay = (@ + Ax)? —2(@+ Ax) 47 
=a + 3a2- Ax + Ba- (Aw)? + (Ax)? —2a—2-Ax4+7, 
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Second step. y + Ay = 23 +322. Ar + 3a. (Az)? + (Ax)? — 24 —2-Av4+7 
y sah — 2% +7 
. PNY = 3x2. Ax + 3a - (Ax)? + (Ax)3 — 2. Ag. 
° , Ay é «€ 2 
Third step. roe 3 a2 + 3a - Ax + (Ax)? — 2. 
Fourth step. wv =3a2—2. Ans. 
x 


d 
Or — (xe — 2a = 372 — 
Fy a ( + 7) on Os 
Ex. 3. Differentiate i) 
we 


Solution. Place y= 


ge 
First step. (REGIA yrs 
: (x + Ax)? 
Second. step. = g c¢ _—¢-Ar(2a+ At) 
(w+ An)? g a2 (a + Aa)? 
Third step. BU ey eet Ae 
, Ax a2 (a2 + Aw)? 
Fourth step. =e 20 200 Le; 
a (a)? 3 
Or a(4 Ne —2c 
, da \ x? 


45. Applications of the derivative to Geometry. We shall now 
consider a theorem which is fundamental in all applications of the 
Differential Calculus to Geometry. Let 


| y =F (2) 
be the equation of a curve 4B. Consider a fixed point P whose 
coordinates are (x, y). Let x take on -an increment Az(= MN); 
then y takes on an increment Ay (= FQ), the codrdinates of @ 
being (« + Az, y + Ay). 

From the figure, MP = y =f(2) 
and NQ=y + Ay =f(e+ Az); 
therefore RQ=Ay=f(x+Az)—f (a). 


Draw a secant line through P and @ and 
‘a tangent line to the curve at P. Then 


= tar LTD 5 AUN taal BA) 
tan ¢ = tan OPER = Tp Te Ne 


= slope of secant line PQS. 
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If we now let Az approach the limit zero, the point Q will move 
along the curve and approach nearer and nearer to P, the secant 
will turn about P and approach the tangent as a limiting position, 
and we may write 


limit 
tan T= eg 0 (tan ¢) 
_ limit Ay 
Az=0 Az 
_ limit f(@@+An—f@) 4. 
Ar 0 Ax A kein 
d 
tan T = = from (£), p. 40 


= slope of tangent line PT. Hence 


Theorem. The value of the derivative at any point of a curve is 
equal to the slope of the line drawn tangent to the curve at that point. 

It was this tangent problem that led Leibnitz* to the discovery 
of the Differential Calculus. 


Ex. 1. Find the slopes of the tangents to the parabola y = x? at the vertex, and 
at the point where x = 4. 


Solution. Differentiating by General Rule, p. 42, we get 


(A) a = 2a = slope of tangent line at any point on curve. 
x 


To find slope of tangent at vertex, substitute 2 = 0 in (A), 


we: d 
giving He! ili). 
dx 
Therefore the tangent at vertex has the slope zero, that is, 
it is parallel to the axis of # and in this case coincides with it. 
To find slope of tangent at the point P, where # = 4, substi- 
tute in (A), giving 
dy _ 
dx 


1, 


that is, the tangent at the point P makes an angle of 45° with the axis of a. 


* Gottfreid Wilhelm Leibnitz (1646-1716) was a native of Leipzig. His remarkable abilities 
were shown by original investigations in several branches of learning. He was first to publish 
his discoveries in Calculus in a short essay appearing in the periodical Acta Hruditorum at 
Leipzig in 1684. It is known, however, that manuscripts on Fluxions written by Newton were 
already in existence, and from these some claim Leibnitz got the new ideas. The decision of 
modern times seems to be that both Newton and Leibnitz invented the Calculus independently 
of each other, The notation used to-day was introduced by Leibnitz. 
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EXAMPLES 


Use the General Rule, p. 42, in differentiating the following examples. 


ibs Of Sais Ans. —=62. 
f da 
— 72 dy 
2. Y=x? —3¢. —=22-3 
dx ' 
3. y=anr?+ be+c. : Re: Miah 
da 
4, y=2. Ceo 
dx 
Dt 62, Tone 
do 
Oh J) 740k OD ong 
dq 
ds 
7. s=@—2048. ——2t—2 
dt 
8 rae ue i 
x dx x 
e dt B 
10. Find the slope of the tangent to the curve y = 273 — 6@ + 5, (a) at the point 
where © =1; (b) at.the point where z = 0. Ans. (a) 0; (b) —6. 


11. (a) Find the slopes of the tangents to the two curves y = 3a?—1 and 
y =202-+ 8 at their points of intersection. (b) At what angle do they intersect ? 
Ans. (a) +12, +8; (b) arctan 54. 


CHAPTER VI 
RULES FOR DIFFERENTIATING STANDARD ELEMENTARY FORMS 


46. Importance of General Rule. The General Rule for differ- 
entiation given in the last chapter, p. 42, is fundamental, being 
found directly from the definition of a derivative, and it is very 
important that the student should be thoroughly familiar with it. 
However, the process of applying the rule to examples in general 
has been found too tedious or difficult; consequently special rules 
have been derived from the General Rule for differentiating cer- 
tain standard forms of frequent occurrence in order to facilitate 
the work. 

It has been found convenient to express these special rules by 
means of formulas, a list of which follows. The student should 
not only memorize each formula when deduced, but should be able 
to state the corresponding rule in words. 

In these formulas, u, v, and w denote variable quantities which 
are functions of x, and are differentiable. | 


FORMULAS FOR DIFFERENTIATION 


I “= 0. 

Il a= ; 

i SZ wtv— w= Le 

IV (en = 0%. 

My S (wr) =u +o 

ut sg (Pata Pn) = (Vas On) SEF (OyUg tn) WF wee 


+ (¥1V2°°+Un-1) Mons 
dx 
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ad dv 
Vii —— nm = nm—1 nee 
Pre (v) ea ee 
ad 
Vil a — n =n n—-1, 
dx ee aia 
| du _ ,,dw 
VII a (#) _ dx dx 
da VU a 2 cial 
~ du dx 
Villa sel fs he 
Gs) Cc 
ode 
d /¢ dx 
b Crees Wee — e 
iu = dx G v2 
dv 
dad da 
x ag ose") = logge: ae 
dv 
ad dx 
Xa di (log v) = = ° 
Las Be dv 
Xx an ) =avlogas 
Xa on (e”) ae 
a v = w-1 du Al dv 
XI ae (a) = vu es + log w-w ic 
I sin v) = cosv we 
pi dx ae et da 
d a ay 
XU ae v) =— sinv at 
d he 2, 
XIV ae) = sec? v Ps 
d neha, AU 
XV: eo Vv) = — ese*?v Te 
dad sah dv 
XVI aa (secv) = secv tanv oe 


d ao dv 
XVII ae (escv) = — escv cotu es 
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d ada D. 
XVII da (vers v) = FES 
de 
g (are sin v) sp ME 
XIX ap Vries 
dv 
us (are cosv) = — ee 
ay dx 1 — a8 - 
dw 
dad _ dx 
XxI age tan) aan 
de 
us (are cotv) = — moe 
ete da 1 +e 
a! (are secv) = pon ee 
XXII ap = re 
dv 
a dx 
— (arc ¢scv) = — ——" 
(XIV ac (a ) ea 
dv 
Xx Re (arc vers v) = in is: 
v da Romo: 
dy _ dy | dv 
XXVI ==>. es 
V. Gp ad a y being a function of v 
dy 1 
XX II =— = ° 
V. Fis ER y being a function of x 
dy 


47. Differentiation of a constant. A function that is known to 
have the same value for every value of the independent variable 
is constant, and we may denote it by 


y = Cy 
As « takes on an increment Az, the function does not change 
in value, that is, Ay = 0, and 


Ay _ 
Mo 


But 


I 
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limit #2) payee 


Arz=0\Az)° dz 
e de _— 
ee dx — O. 


- The derivative of a constant ts zero. 
48. Differentiation of a variable with respect to itself. 


Let 


Y=. 


Following General Rule, p. 42, we have 


First step. 
Second step. 


Third step. 


Fourth step. 


Il 


The derivative of a variable with respect to rtself is unity. 


y+ Ay=a + Az. 


dx _ 
dx 


49. Differentiation of a sum. 


Let 


Y=U+vV—W. 


By General Rule, 


First step. 
Second step. 


Third step. 


Fourth step. 


Tl As 


y+Ay=u-+ Aut+v + Av—w— Aw, 


Ay = Au + Av — Aw. 


Ay Au Av Aw 
Az Ac Ax Ax 


dy _du,dv dw 


dx dx du dx 


[Applying Th. I, p. 27.] 


dad du. dv dw 
dx 


Ge Os ap dx da 
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Similarly for the algebraic sum of any finite number of functions. 


The derivative of the algebraic sum of a finite number of functions 
is equal to the same algebraic sum of their derwwatives. 
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50. Differentiation of the product of a constant and a variable. 


Let y = ev. 
By General Rule, 
First step. y +Ay=c(v + Av) = ev + cdv, 
Second step. Ay=c.Av. 
: a a 
Third step. Ts Oe 
dy dv 
Fourth step. Fick 7 
[Applying Th. I, p. 27.] 
d _ adv 
IV oe po) moa a 


The derivative of the product of a constant and a variable is equal 
to the product of the constant and the derivative of the variable. 
51. Differentiation of the product of two variables. 


Let’ y =U. 
By General Rule, 
First step. y + Ay =(u 4+ Au) (v + Av) 
=uv+u-Av+v.Au + Au. Av, 
Second step. Ay =u-Av +v.Au + Au. Av. 
; A Av Au Av 
Third step. Aaa typ t Aue. 


. Fourth step. ~~ = 


Foe Th. LI, p. 27, since when Aw approaches zero as a a 


Aw also approaches zero as a limit, and limit (au ro 0. 


d wane AU. du 
Vv o% ie ae 


The derivative of the product of two variables is equal to the first 
variable times the derivative of the second, plus the second variable 
times the derivative of the first. : 

52. Differentiation of the product of any finite number of varia- 

_ bles. By dividing both sides of V by wv, it assumes the form 
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If then we have the product of n variables 


we may write 


ad dv d 
— (VU, -.-¥ + —(v,v,..-¥ 
ay 1% m) de, de’ 2°83 mn) 
VV, a4 Vv, vy U2U3°°- Us 
ergs yy.) 
da- dx dx 
- Vv, Vy UgV,-+- 0, 
dv, dv, dv, dv, 
dx dx dz dx 
fe er se 
Vy Vg U3 Os 


Multiplying both sides by v,v, --- v,, we get 


ad dv 
ax (U1V2°++Un) = (V2V3 +++ Un) re + (v103+-+Un) 


dv2 
ada 


VI 


5 


din 
° 


U1U2°°**Un-1 
aia nt) 


The derivative of the product of a finite number of variables is equal 
to the sum of all the products that can be formed by multiplying the 
derivative of each variable by all the other variables. 

53. Differentiation of a variable with a constant exponent. If the 
n factors in VI are each equal to v, we get 


ad d 
dx dx 
==) ——=" 
y” Vv 

Vil a Bae) Sipe 

da aC 
When v =z this becomes 
Vila 2 on) = n=, 


dx 

We have so far proven VII only for the case when n is a positive 
integer. In § 59, however, it will be shown that this formula holds 
true for any value of n and we shall make use of this general result 
now. 

The derivative of a variable with a constant exponent is equal to 
the product of the exponent, the variable with the exponent diminished 
by unity, and the derivative of the variable. 
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54. Differentiation of a quotient. 


Let = * we 0, 
By General Rule, 
_u+Au 
First step. y+Ay= v+Av- 
up hu u_v-Au—wu.-Av 
_ Second step. Ay= v+dv v0 v(v+ Av) 


Au Av 
—— U— 


Vv —_— 
Third step. ET) la ea 


Fourth step. 


[Applying Theorems II and IL, p. 27.] 


pe, 
d ju dx dx 
pa See ae” 


The derivative of a fraction is equal to the denominator times 
the derivative of the numerator, minus the numerator times the 
derivative of the denominator, all divided by the eee of oe 
denominator. ; 

When the denominator is constant, set v = ¢ in VIII, giving 


du 
d (uU\_ dx 
VII a <(*)==. 
dv _d 
[ since $7 ae == 0.| 
We may also get Villa from IV as follows: 
du 


The derivative of the quotient of a variable by a constant is equal 
to the derivative of the variable divided by the constant. 
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When the numerator is constant, set w= ¢ in VIII, giving 


dv 
VII } | <(£) Bee 
[since _ = ee . 


The derivative of the quotient of a constant by a variable is equal 
to minus the product of the constant and the derivative of the vari- 


able, divided_by the square of the variable. 


All explicit algebraic functions of one independent variable may 
be differentiated by following the rules we have deduced so far. 


EXAMPLES 
Differentiate the following. 
i ppd 
Solution. We = D(a) Bie, Aloe 
dx da 


[n=383.] 
2. y = axt — br?. 
y 


d d d ad 
Tri) ieee * — ba?) = = 4) (bg? 
Solution a ie (ax ae?) (ax*) Be x?) 


=a me!) a b= ~ (**) 


4 ae — 2,09. ee 


3. y=at+5. 

d ad d 
Solution. aia y+ = (8) 

= a0.) Ans: 

3 

4. pace _ ub 48 Vai. 
Vy Vat 

dy d 13 d ts d 3 
1 i a= — (308) — — (ity* — (8x 
Solution. on a) Fo aia § ) 


= 8998 + rg 4 + 24 o- *, Ans. 
by y = (x? — 3)°. 
d d 
Solution. — = 5 (a? — 3) (a? — 8) 


[v= a?-3 and n=5.] 


= 5 (a? — 3)#. 24 = 102 (a? — 3)4. Ans. 


by Vila 


by II 


by IV 
by VILa 


by IIT 


by Vila and I 


by III 


by IV and Vila 


by VII 


We might have expanded this function by the Binomial Theorem and then 


applied III, etc., but the above process is to be preferred. 
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6. i Vaz — x. 
Died A ae ee yee LY alt by VII 
Solution. ao as (a? — x)? = } (a? — 2?) ra ) y 
[v= a?—2? and n=3.] 
1 x 
SY (R= OH = OD) = = = Se ID, 
2 (a@ x) ( x) V q2— 22 
7. y= (302 +2) V1 + 5a. 
ib Wg dunbheets yee iad 
en (tenor) eel x)? — (8424+ 2 by V 
Solution. ae Ba cao) aa + 627)? + (1 +6 ae + 2) y 


[w=3a2+2 and v=(1+52%)2.] 
= (3a? + 2)h (1+ 5a2)-3 . (1+ 522)+(1+ 522/36 by VII, etc. 
= (322 + 2)(14+ 52%) 45a 4 6a(1 + 5223 
Be 52 (8 a? + 2) D Oar lee + 16% 


V1+4 52 V1+ 522 
a2 aL 2 
8 y= ——.: 
Var — x 
: (a2 — wy t (a2 + a2) — (a? + 22) ‘ (a2 — 22)2 
Solution. “4 — st by VIII 
dx a? — x 
_ 20 (a? — w) + & (a2 + 2?) 
(a2 — a2)3 
{Multiplying both numerator and denominator by (a2—22)2,] 
8 aa — x3 ; 
= ees Ans. 
(a2 — 2)? 
dy 
9 y=5at+ 322-6. — = 20234 6a. 

dx 
dy 

10. y= 8ca? — 8dx+5e. —=6cx—8d. 
dx 

TN ps dae Wigs tyre 
dx . 
dy 

12. y=u" + nt+n. —=nir-14%9, 
dz 

13. f(x) = 303 — 39% 4 5. Sf’ (@) = 20? — 3a. 

14. f(x) = (a+ b)a? + ce 4+ d. Sf’ (@) =2(a+b)e+e. 


15. fg 4 be er3) = be ten 
dx 


16. - (5y” — By + 6) = 5my-1 — 8. 
y 


17. 


18. 


19. 


20. 
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eee 

p 
v=U+ft. 
S=Sotvt+ i fe. 


1=1+ 06+ cé@. 


- $=224304+ 5. 


22. s= at — bi?+¢. 
Zo, 1 = ae. 
24. r= c+ do + e6. 
25. y=6at+ 4a! + 223. 
26. y=VBa+Va +—. 
Z 2, 
Pe ee Eee 
x 
= 1)s 
ce pe 
a 
i es 
29, Anata x = +4 
ed 
30. y = (208 + a? — 5)8. 


31. 


f (x) = (a + ba)? 


wf (y= 0 + 42°) (1 22’). 


. f(@)=(a+%)Va—e. 
» f (0) = (@ + 2)™(b +)". 


y= 


an 


. ¥=2(a? + 2) Va? — x. 


dv __ repo 
dp =p? 
dv 

me 

ds 

——— 7A) 

di ot+ ft 
dl 

—=b +28. 
fi) ‘ 

ds 

Se yp 
dt a 
Gs ato 2 hi 
at 

ops 
dé 


dr 
Se BE AE Di) i 
7 a5 + eé 


dy _ ort 4 1008 + 32h. 
dz 


dy a + atx? — 4 a4 


da V a2 — x2 


m 
a+ 2 


n 
b+a 


dy 13 et 
dz -2V/3% 3 V72 aw 
oe ea 
de = 
dy _ 58 5at + Qa7t tig 8 
pa es4+2e°3+44°5, 
dy 2e8+2+422'— 3a 
da 2x8 
dy 
—~ = 624 (3a + 1) (23 + a — 5). 
dx 
5 1 
@)= oe + bx?)4, 
Sf’ (ce) =4a(1+ 38a + 107%). 
a—38x 
1 
2Va—& 
Sf’ (@) = (a + x)" (b + x)" 
dy! mn 
dx antl 
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3 2 a4 dy 8 b*x — 426 
Cae b2 — a? da (b2 — x)? 

a—2 dy 2a 
LES pre dx  (a+a)? 
39 ea: ds_ 3?+#8 

ee eral: die. (lees 
(s + 4)? iq ear 2) (eS) 
40. = 3) = ——________. 
L(G) ees Ge ae 
0 a 
41. (0) =————.- 10) === 
Va — 66? (a — b62)2 
l+r 1 
42. Fir =4/ . F’(r) = ——__2. 
4 etd (l—r) V1 —r2 
y P mym—l 
43. = = ee 
¥w=(7° Ai pean ees 
202 —1 . 1442? 
44. o(x) = —__. = —__.. 
a V1 + a? z2(1 + 22)3 
45 d [ il = m(b + #) +n(a + 2) 
ss dx L(a + a)™(b + x)” Ye (a+ x)m+1(b 4 ant) 
ne d| Va+au+Va-—«“ Leave — x 
6) Varn Va x2 V a2 — 22 
Hint. Rationalize the denominator first 

None dy _p 

47. y= V2 pe. mes ES as 

s ote day: 
; 2 
48. a aee: pee Ui 

a) da arty 

2 dy sly 
49. y = (a3 — x3)3 pid Ne 

y = (a5 — @) an ce 
Va 
50. r= Vao +cV¢3 See Oey 
dp 2V¢ 

Cc d ea = 
51. (ee du ye-l yd -1 

cd dy a c 
Re ee dp _(q—2) Vq+1. 

ae aq @-1 
53. A ee dy" Ra 
1+ V1 —2 de xyV1— 2? 
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54. Given (a+ 2)§ = a5 + 5ate + 10 ax? + 10 a2? + 5awt + ad ; find (a+ <)4 
by differentiation. 


55. Assuming that 


deduce by differentiation the sum of the series 
142%+432?+4---4 ngr-l, 
n being any positive integer. 
nar+l— (m+ 1)an+1- 
(@ — 1)2 ‘ 


Ans. 


55. Differentiation of a function of a function. It sometimes hap- 
pens that y, instead of being defined directly as a function of 2, 
is given as a function of another variable v which is defined as a 
function of 2 In that case y is a function of 2 through v and 
is called a function of a function. 


2v 
F i 9 if = ’ 
or example, 1 y ieee 
and v=1—-72', 


then y is a function of a function. By eliminating v we may 
express y directly as a function of x, but in general this is not the 


best plan when we wish to find a 


If MY =f (2); 
and v= (2), 
then y is a function of x through v. Let 2 take on an increment 


Az,. givin 
Aaa v + Av= $(x + Aa), defining Av, 


and y + Ay =f(v + Av), defining Ay. 
: A 
By multiplying both numerator and denominator of i by Av 
we get 
| et te MS 
Az Av Az 


wa Let Ax approach the limit zero, then Av also approaches the 
limit zero, and we have,* applying Th. II, p. 27, 


yy dx dv dx 


* Assuming that Av #0 for Az sufficiently small but not zero. 
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This may also be written 


BY ory pe 
(B) Fie EN CAD 
Tf y=f vr) and v = $(a), the derivative of y with respect to x 
equals the product of the derivative of y with respect to v and the 
derivative of v with respect to «.* 


56. Differentiation of inverse functions. Let 


(A) | v= $(y): 
If the inverse function exists, denote it by 
(B) y =F (2). 
Differentiating (B) with respect to y gives 
da 
— y bo eee } Ne 
1=f@e by (B), § 55 
[Assuming ¢(y) and f(x) to be differentiable.] 
dy “dz 
1=—.—. 
aie dx dy 
If then 2 = ¢'(y) is different from zero, we get 
dy tl. 
(C) dx = dx” 
dy 
or, 
(D) fe) =. 
$'(y) 


The derivative of the inverse function is equal to the reciprocal of 
the derivative of the direct function. 
57. Differentiation of a logarithm. 


Let oy = logo, 

Differentiating by the General Rule, p. 42, considering v as the 
independent variable, we have | 

First step. y + Ay = log, (v + Av). 

* It is understood that y and v have fixed initial values corresponding to some fixed initial ~ 


value of x. 


+ The student must not forget that this function is defined only for positive values of the 
base a and the variable v. 
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Second step. Ay =log,(v + Av) — log,v 


= log, C rm) = log, G oe =) , 
v 


[By 8, p. 2.] 
1 
; A 1 Av Av\ 40 
Third step. eee log, ( 1+ — )=log,( 14+ — 
(AG AG v v 
es 
~~ Av\ av 
abe, (12 
0) 
Ele the logarithm by v and at the same time multiplying the exponent of the 
parenthesis by v changes the form of the expression but not its value (see 9, p. all 
dijm 1 
Fourth step. at a log,e.* 
dv v 


A 
When Av approaches the limit zero, = also approaches the limit zero. 


v 


Therefore aes (a + a2) Av =e, from Theorem II, p. 33, placing a= = : 
Hence 
d d 1 
(A) is a log,v.)= loge -=- 
dv dv v 


Since v is a function of x and it is required to differentiate log, v 
with respect to z, we must use formula (A), § 55, for differentiat- 
ing a function of a function, namely, 

BP Ah 
dz dv dz 


Substituting value of a from (A), we get 


dy 1 dv 
Bs —lo Qos 
d Ba v a 
dv 
° a 1 v) = logae -—- 
Ix | oe sea Oa = a ry 
When a =e this becomes 
od _ dx 
Xa a Oe) ae 


* Since log,v is a continuous function. 
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The derivative of the logarithm of a variable is equal to the product 
of the modulus* of the system of logarithms and the derivative of the 


variable, divided by the variable. 
58. Differentiation of the simple exponential function. 


Let y= a’. a>0 
Taking the logarithm of both sides to the base e, we get 
log y =v log a, 


foggy at 
= oe -lo 
re loga loga MEE 
Differentiate with respect to y by formula Xa, 
dv teed 
dy ~ log ay? 


and from (C), § 56, relating to inverse functions, we get 


OY log a-y, or, 


(A) w = log a. a’. 

Since v is a function of x and it is required to differentiate a’ 
with respect to 2, we must use formula (A), § 55, for differenti- 
ating a function of a ESE: namely, 

dy _ dy dv 
dx dv dx 


Substituting the value of ze from (A), we get 
2) 


dy dv 
—=lova-a’.—. 
da 8 dx 
ad dv 
Xx % —(ar)=]1 BY 7 Ai ear 
: da | ) ay sig dx 


When a =e, this becomes 


ad dv | 


Xa 
dx 


* The logarithm of e to any base a (= log,e) is called the modulus of the system whose base 
is a. In Algebra it is shown that we may find the logarithm of a number WN to any base a by 
means of the formula 
logeN 

logea 
The modulus of the common or Briggs’ system with base 10 is 


log,e = .434294°-- 


logg N= logge: RES 
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The derivative of a constant with a variable exponent is equal to 
the product of the natural logarithm of the constant, the constant with 
the variable exponent, and the derivative of the exponent. 

59. Differentiation of the general exponential function. 

Let Cer a 


eae the logarithm of both sides to the base e, 
log,y = v log,u, 


or, = y a5 e” log % 


Differentiating by formula Xa, 


dy pepe! 

els BU OB Uys ] 

igen gene”) 

du 
== Catone yf & logue by V 
du 
=wuU\ v if log u wh 
— Us a S da 
XI aes ae (ur) = vur— tu a log w- uv aun 
: da az 


The derivative of a variable with a variable exponent is equal to 


_ the sum of the two results obtained by first differentiating by VII, 


regarding the exponent as constant; and again differentiating by X, 
regarding the base as constant. 
Let v=n, any constant; then XI reduces to 
d , du 
— (a i 1 
dx wy) da 
But this is the form differentiated in § 53, therefore VII holds 
true for any value of n. 


Ex. 1. Differentiate y = log (x? + - 


d c. aes #) 
" —— by IX a 
Solution fo oD vA y 
[v=2z?+a.] 
= za - Ans. 
a+ 4 


* uw can here assume only positive values, 
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Ex. 2. Differentiate y = log V1 — #2. 


d - dom 
lip z 
Solution. tt —_—. by IX a 
dx (1 — 22)3 
Sega e) Gere) by VII 
(1 — a4 
= = - Ans. 
x—1 
Ex. 3. Differentiate y = a3@. 
d and 
Solution. Le log a- a’* — (3.2?) by X 
dz da 
. =6zloga- a3”, Ans. 
Ex. 4. Differentiate y = be?+2. 
d 
Selution. - = se (ce. a= by IV 
= bette (c? + a) by Xa 
dx 
=2bre?+#, Ans. 
Ex. 5. Differentiate y = x. 
dy ad d 
Solution. — = emee*-1 _ (x) + a log & — (eX by XI 
olution ae Pa oa y 


= evre*-1 + x log @ - e* 


= enue (= + log). Ans. 
f@ 


60. Logarithmic differentiation. Instead of applying IX and 
IX@ at once in differentiating logarithmic functions, we may 
sometimes simplify the work by first making use of one of the 
formulas 7-10 on p. 2. Thus above Ex. 2 may be solved as 
follows. 


Ex. 1. Differentiate y= log V1 — 22. 


Solution. By using 10, p. 2, we may write this in a form free from radicals as 
follows. 
y = log (1 — 22). 
d 


a) 
dy Vaz 
Then —— SS by IX 
Gis 9) Tae y : 
1 —2¢2 ae 


= —-—_ = —__.._ Ans. 
21-2 2-1 be 
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2 
Ex. 2. Differentiate y = logy | +8 a2 = 
—© 


Solution. Simplifying by means of 10 and 8, p. 2, 
— dae (+ od) — log (1 — 2?)}. 
d 
1+) —(1—2 
ane eit cn 
de 2) 1422 ol 22 
x x 22 


= - Ans. 


see =a 1 7 
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by IX a, ete. 


In differentiating an exponential function, especially a variable 
with a variable exponent, the best plan is first to take the loga- 
rithm of the function and then differentiate. Thus Ex. 5, p. 62, 


is solved more elegantly as follows. 
Ex. 3. Differentiate y = x2. 
Solution. Taking the logarithm of both sides, 
log y = e* log a. 
Now differentiate both sides with respect to x. 


dy 
dx d d 
— = e*— (log log % — (e 
roe eas eee 
== er Les x e, 
ae ip g ) 
dy fell 
or, ce = eF-y (= + loge ) 


nie 
= eee (| + bog). Ans. 


Ex. 4. Differentiate y = (4x? — 7)? +VaR-5, 
Solution. Taking logarithm, 

log y = (2 + Vx? — 5) log (422 — 7). 
Differentiating both sides with sa to 2, 


1 dy x 
2 Sar Nyse eel ——s 
amet et Ve); ES 
‘ qy _ 9 (4a2 — T24+VE= ene = 5) , log (422 — 7) 
dx ( 42-7 Vx2 — 6 


By 9, p. 2 


by [Xa and V 


Ans. 


In the case of a function consisting of a number of factors it is 
sometimes convenient to take the logarithm before differentiating. 


Thus, . 
(v— 1)(@— 2) 
(2 — 8) (a — 4) 
Solution. Taking logarithm, 


Ex. 5. Differentiate y = 


log y = 4 [log (w — 1) + log (% — 2) — log (w — 8) — log (x — 4)]. 
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Differentiating both sides with respect to 2, 


Lay eae eg 
Ge Olea ) pew wae wad 


Ay Qa?—102411 
~~ (@ —1)(@ — 2) (e — 8) (a — 4)’ 
dy 202 —102% —11 


or, =_— . 
dx (x — 1)# (a — 2)2(@ — 8)? (a — 4)2 


Ans. 


EXAMPLES 
Differentiate the following. 
dy il 
1. y=log («+ a). —— é 
y = log («@ + a) Bo ae 
2. y = log (ax +.b) Sy eee 
. s dx ax+b 
1-2 dy 2 
3 = log : SS 
d SV dx 1—22 
1+ 2? dy 4a 
4 = log . — = ——_- 
fe eee dx 1—<4 
5. y= e%, oF aes, 
x 
6. ysetets | a = a etats, 
x 
D) 
7. y =log (x? +2). LN See 
de xw4+2% 
8. y = log (a — 2x + 5). Cis aS 
de «—24+°5 
9. y= log, (2% + 2%). ee eee 
dx 22+ 23 
LO =a loo x. OI eee 1 
Ce 
TL. f(e) = log xt: f(ey=?. 
fie 
2 
12s) lose, Pin) =e 
Hi 
Hint. log’x=(log x)’. Use first VII, v=logx, n=3; and then IXa, 
“13 f(z) = lop sees ar a Oh ee 
F(t) = log > * P(e) = 
14. f(e) = log (a@ + V1+4 22). J’ (t) = : 


Vitae 
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15. y=az, | 
16. y= 0b”. 
17. y= Te? +22, 
io 
iSy = ce, 
195 200. 
20. r= ase, \ 
21. s= e+e, 
22. u = aev. 
23. p= evloea, 
d 2) 
24, — [er(1 — ?)] = er (1 — 2a — 22). 
da 
d jet—1\. 2 ex 
25. ( = 
de\e™+1/ (e&+1)? 
a 
26. — (x2e%) = xe (ax + 2). 
<, (#eet) = wer (ast + 2) 
z =] : 
Gt Fae Serer 
x x 
a.” & 
by =—(e*—e %). 
Cea (e ) 
xz 
Pe) = e ae 
e+e2 
— 
30, Y= ara. 
Sis, Wipes eae 
I 
32. y= x. 
33. y = xlsx, 


dy = log a- ae. 

da 

Fox onb b*. 

dx 

Uy Ee oe 1) 72° +22, 
da 

MY 22 loge .co—a. 
da : 

dr 

— = dlog a. 

do 

dr _ aw loga 

do 6 

a8 _ oterte, 

dt 

du aev” 

dv 9Vy 

dp 


a evlog a (1 a log q)- 
dq 


dy 1 

dx 1+e 

dy 1 ee a 
—==-(@#+¢ 4 

dx 3 | 3 ) 

dy _ 4 

dz (e+ e-*)? 

dy = arar—1(n + 2 log a). 
dx 

dy 


— = 2 (log & + 1). 
dx 


l 
dy _ «(1 —loga) 
dx x 


dy = log g2 . glogx—1, 
da 
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34. f(y) = logy: ev. 
35. f(s) = — 
36. f(x) = log (log 2). 
37. F(x) = log* (log 2). 
38. (x) = log (log 2). 
pee 
39. ¥(y) =log4/—”. 
aan, 
VJ = 
FOS Py ays ec 
Vx2 +1+4+2 
Hint. First rationalize the denominator. 
== 
41. y= glosx, 
42. y=e" 
ce 
44, y= (=) 
n 
45. w= v” 
a tl t 
oe 9) 
t 
AT ey 0" 
48) 7 =o 


49, if qv 2—22, 


50. y = et (a — ne™-1 4 n(n —1)ar-2—...), 


(z +1) 


51. y= ———_— > 
(x + 2)8 (@ + 3)4 
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VO= i a -): 


—slogs 
f(s) = eee 
i 
“(x) = ———- 
a) xv log x 
FP (aya eee) 
 glog a 
4 
7 2) = 
oe x log x 
; 1 
v0) a 
2 
f'@)=-—=— 
Vi-+ 22 
dy _ 
dz 
- = e*" (1 + log x) x. 


E-GNCss~) 
B=(2)" (14 02) 


ae (ee 

dv v 

dz a\t 

== (5) (log a — logt — 1). 
e 

oe = HEI (n loge + 1). 
dy 


| ae 
a. a wa (loge + log? @ + =): 


dy _«wyloga 
dx (a2 — 2)2 
dy 
— = Engr, 
dx 
dy __ (@ +1) (5a? + 14a + 5) 
dx (% + 2)*(@ + 8)6 ; 


Hint. Take logarithm of both sides before differentiating in this and the following examples, 
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52. jpegs dy __ (@—1)(7a2 + 802 — 97) 
(a -. 2)4 (w — 8)8 dee 12 (« — 2)# (a — 3)¥ 


dy 2+%- 522 


53. y=aV1—a(14+2). ee ene 
de eVi-g 


i, pee Hay hs Sees 

iN eer2 aca (i a2)3 
55. y = a (a + 8a)8 (a — 22)2. OY = bat (a + 8a)? (22) (a? + 2.ax — 1222). 
Bee dy _(@—2a)Va+a 

Ve—a da (« — a)? 


a 


61. Differentiation of sin v. 
Let y = sin v. 


By General Rule, p. 42, considering v as the independent 
variable, we have 


First step. y + Ay = sin (v + Av). 
Second step. Ay =sin(v + Av)— sin v 
2 cos ee ay ee 
oe —— “8S S65 
wy 2 
~ AY’ 
K A Silla: 
. 1 )) ys) 
Third step. 7 — cos» eae —— 
Av 2 Av 
ey 
di 
Fourth step. ©F _ cos v. 
dv 
An END) 
limit ae ey 
Since ee eS =1 by (14), p. 30, 
Oy - 
and fea cos (» te =) = COS v. 
* Let A=v+Av A=y+Av 
and B=v B=v 
Adding, A+ B=2v+Av Subtracting, A-B=Av 
Av 
Therefore (A+ B=0+. i(A-5)=— 


Substituting these values of A, B, }(4+ B), 3(A—B) in terms of v and Av in the formula from 


Trigonometry (42, p. 3 . 
: OE PY sin A-sin B=2cos3(4+B)sin }(4-B), 

F Av\.. Av 
we get sin (v + Av) ~sin v= 200s (v+ =") sin”. 
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Since v is a function of x and it is required to differentiate sin v 
with respect to x, we must use formula (A), § 55, for differentiating 
a function of a function, namely, 


dy _ dy do, 
dz dv dx 
Substituting value y from Fourth step, we get 
. v 
Pie ay ile. 
de dx 
anit ee LO 
XI oe de oe v) = cos oF 


The statement.of the corresponding rules will now be left to 
the student. 
62. Differentiation of cos v. 


Let Y = COS %. 


By 29, p. 2, this may be written 


: 7 
y=sin(F—»), 


Differentiating by formula XII, 


[since cos (Z-v) = sin v, by 29, p. 2.| 


- a = : dv 
XII oe Fe) Js Sine. 


63. Differentiation of tan v. 
Let y = tan v. 
By 27, p. 2, this may be written 
* sin v 
cos v 
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Differentiating by formula VIM, 


ay es Oe (sin v) — sin v cs (cos v) 


ee dx 
da ; Cos? v 
dv ; dv 
C0S.0)-— = + sin? 2 — 
ee ee, ae 
, Cos? v 
~ dv 
dx ooeay 
= = sec? v —_.. 
cos? v * dz 
XIV os Me (tan v) = sec?v LA, 
dic a 
64. Differentiation of cotv. 
Let Y= COUN 
By 27, p. 2, this may be written 
ae 
oa tan v 
Differentiating by formula VIII}, 
— (tan v 
yg ae) 
da tan? v 
3 ao 
sec? v — 
dx 2 
= — —__—__ = — csc v—.. 
tan’ v dx 
e a _— 2a) dv A 
XV OS aes (cot v) = — esc? oe 
65. Differentiation of secv. 
Let. Yy = SEC Vv. 


By 26, p. 2, this may be written 
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Differentiating by formula VIII6, 


a Te (cos v) 
dx cos” v 
sin v ay 
it dx 
cos? v 
= sec v tan v an 
dx 
XVI Ae aE (sec Vv) = sec v tanv Mas ° 
dx L. 
66. Differentiation of ese v. 
Let Yy = CSC v. 
By 26, p. 2, this may be written 
1 
~ sin v 
Differentiating by formula VIIId, 
Ay ‘ < (sin v) 
ie sin? v 
COs v a 
ia dx 
gin? y 


dv 
= — cse v cot v — > 
dx 


dv 


ad 
XVII e — =— ¢ 
V ax (cse v) ese v cotv ae 


fe) 


67. Differentiation of vers v. 
Let Yy = Vers v. 
By Trigonometry this may be written 


y =1— cos». 


Differentiating, 
Ca 
—¥ = gin vy — 
dx ae 
XVIII , a (vers v) = sinv dv 


da 
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In the derivation of our formulas so far it has been necessary 


to apply the General Rule, p. 42 (i.e. the four steps), only for the 
following: 


d du. dv . dw 
IT  — a9) ea, ee a i 
a (u+vu—w) Te + eg Algebraic sum. 
d dv du 
V — =uU— sa 
Tn (wv) = u °F +v a Product. 
; dude 
d: d. : 
VIII CGO Ss cee ERA waren s 
dx\v vw 
oe | 
d dx 
IX —(l = —- arithm. 
7a! og, v) = log,e ; Logarithm, 
doe dv ; 
XII qa ein v) = cos v FES Sine. 
XXVI dona Tyede Function of a function. 
dx dv dz 


Not only do all the other formulas we have deduced depend on 
these, but all we shall deduce hereafter depend on them as well. 
Hence it follows that the derivation of the fundamental formulas 
for differentiation involves the calculation of only two limits of any 
difficulty, viz., 

limit sin v 1 


by (14), p. 80 


v= 0 0) 
limit ; 
and ee ee By Th. II, p. 33 
EXAMPLES 
Differentiate the following. 
1 y=sin az. 
WY — cos ant © (a2) by XII 
dx dx 


{v = ax?.] 


= 2 ax cos ax. 
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2. y=tan V1 —«@. 
oy Breet Vee yt by XIV 
da da 
[v=V1-2.] 
= sec? V1 — a-$(1—2)-#(-1) 
_ sec? Vi = 2 
2V1—2“ 
3. Y= Coste. 
This may also be written 
y = (cos x). 
dy d 
— = 3(cos«)2— (cos@ by VII 
cn = 8 (008)? (cost) y 
[v= cos x and n=3.] 
= 8 cos? x (— sin 2) by XIII 
=— 3sinz cos*@. 
4. y=sin ng sin’ a. 
CH OR ee : dere 
— = sin nx — (sin x)" + sin” « — (sin nz by V 
aa GG rr ) Mi 
(w= sin nx andv= sin” x,] 
= sin nz-n(sin z)"—! ‘ (sin x) + sin” x cos nin (nx) by VII and XII 
ao) x 
= nsinnx:sin®-1z cosx + nsin® x cos nz 
= nsin®—-1x (sin nz Cos & + Cos nx sin 2) 
= nsin®-1¢ sin (n + 1)a. 
dy 
5. y = sec ax. — = asec az tan ag. 
y dix 
dy 
6. y = tan (ax + b). as = asec? (ax + 6). 
x 
ve y= Sin2 2, dy = sin2 a. 
dx 
dy y ; 
8. y = cos? x2, — =— 62% cos? 2? sin 23. 
dz 
9. f(y)=sin2ycosy. S’(y) =2cos2y cosy —sin2ysiny. 
10. F(x) = cot?5 a. F(x) =— 10 cot 5a cosec? 5a. 
11. F(6) = tan 0 — 6. F’ (6) = tan? 0. 
12. f(¢) = ¢sin ¢ + cos ¢. St’ (¢) = ¢ COS ¢. 
13. f(t) = sin t cost. Sf’ (6) = sin? t (8 cos? ¢ — sin? Z). 
dr f 
14. r=acos20. — =— 2asin26. 


dé 


15. r=aVcos20. dr __ asin20- 
de Vos 26 
i 
16. r=a(1 — cos 6). — = asin 6. 
( ) yan 
Vie f= asin’ 9. of = 0 sin?’ cos’. 
3 dé 3 3 
18 3 (log cos x) = — tan x 
des == 
19. ms (log tam x) = 
ery ~ sin2¢ 
20 a (log sin? x) = 2 cot x 
ac g = I, 
21. jj ee COE oe COn e, 
sec © x 
1+sinz dy 1 
2200 =) Nee ee aie 
ite 1 —sin a dz cos% 
a dy al 
23. y=logt (F =). yee, 
emcee oe rans: dz cosa 
24. f(x) = sin(@ + a) cos (a — a). JS’ (@) = cos 2 &. 
1 
—T5. F(x) = sin (log 2). f(x) = ee) 
Ai sec? (log x 
|/ 26. f (2) = tan (log 2). f(t) = ee 
asin — 
ds t 
ly = a. SS 
Y 27. s= cos ; A 2 
2 cos — 
ol dr mae 2 
P28. PS ee re i 
dp ; 
29. p =sin (cos q). a = — sin q cos (cos q). 
dy , 
SG. — = eins cos z. 
30. y = etna, da 
dy t 2 
31. y = atenne, — = natanne sec? nx log a. 
da 
, dy nah 
32. ¥ = SZ sin x. = eco8« (cos x — sin? 2). 
; dy : 
33. y = e* log sin &. — = et(cot x + log sin 2). 
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34. 


35. 


36. 


37. 
38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 
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a (aren ) = gr-Tesine (n +2 cos ). 
AY 


i (et Cos mx) = e% (4 COS Me — m sin ma). 
av 
1+ cos 6 ; 2 sin @ 
6) = —_—-. MO) s=——— = 
#0) 1—cos0 @) (1 — cos 6)? 
er? (a sin @ — COS ¢) : : 
= : St’ (¢) = e*? sin ¢. 
f(¢) aan (9) 
J (s) = (8 cot s)?. Sf’ (s) = 28 cot s(cot s — s cosec? s). 
dr 
r = + tan? 6 — tan @ + 6. — = tan! 0. 
dé 
: dy : sin & 
= ee. = grins (=O + log @ cos x). 
dx x 
‘ dy : ; 
y = (sina). on (sin x)" [log sin x + x cot x]. 
: dy : ; ; 
A = (Sige Fim (sin x)tan”(1 + sec? a log sin x). 
dy 2 


= log («-=). Se = . 
NE sae 4 - de 1+ tanz 


From sin2a«=2sin«zcosa@, deduce by differentiation 


cos 2x = cos? x — sin? x. 


AAR oe? 
sin —\— «sin —- ; 
Fromsin#+sin2¢+ ---+sinnz = ——— » deduce by differentiation 
sin — 
2 
m+1.¢0.2n+1 Up panties Ih We 
eee ey (sin 5 x) 


cosx+2cos2%+---+ncosnt = 


: we 
sin? — 
2 
[n= a positive integer.] 
68. Differentiation of are sin v. 
Let y = are sin v;'* 
then v= silly, 


*It should be remembered that this function is defined only for values of v 
between —1 and +1 inclusive and that y (the function) is many-valued, there 
being infinitely many ares whose sines all equal v. Thus, in the figure (the locus 
of y=arc sinv), when v=OM, y= MP,, MP,, MP3, --*, MQ,, MQ2,::-. In the 
above discussion, in order to make the function single-valued, only values of y 
between —” and 3 inclusive (points on are QOP) are considered ; that is, the arc 


of smallest numerical value whose sine is v. 
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Differentiating with respect to y by XII, 


therefore 


LG Leroi 
dy el 
ay 1 

dv cosy 
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By (C), p. 58 


But since v is a function of 2, this may be substituted in 


dy _ dy dv 


(A), p. 57 


- — 2 
dz dv dz 
giving SE ea 
dz cosy dz 
a it dv 
V1 — 7»? du 
» 
cos y=V1—sin?y=V1—v?2; the positive sign of the radical being taken 
since cosy is positive for all values of y between a5 and 5 inclusive, 
dv 
d : dx. 
XIX *. —(are sinv) = ———.- 
da V1 a 2 


69. Differentiation of arc cosv. 


Hihet.! 
then 


y = are cos v3* 


C= C08 Y. 


’ Differentiating with respect to y by XIII, 


therefore 


But since v is a function of 2, this 


tuted in the formula 


* This function is defined only for values of v between —1 and + 1 inclusive, 
Inthe figure (the locus of y=are cosv), when v=OM, 
+» MQ,, MQo,°*-- 

In order to make the function single-valued, only values of y between 0 
and 7 inclusive are considered; that is, the smallest positive are whose cosine 


and is many-valued. 
y=MP,, MP,, - 


er : 

dy Y3 

dy 1 

— = — . B 5 
dv Sil Ve a Cp 


isv. Hence we confine ourselves to are QP of the graph. 


e 


may be substi- 


(A), p. 57 
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He dy . Tere 
iving - Se prs oe oe 
Pas da sin y dz 
aloes 
VI — v2 de 
sin y=V1—cos?y=V1—v?, the plus sign of the radical being an) 
bee sin y is positive for all values of y between 0 and 7 inclusive. 
dv 
d da 
xXx °. ——(are cos v) = — — 
dx V1 — v? 
70. Differentiation of arc tan v. 
Let y = arc tan v;* 


then v= tan y. 


Differentiating with respect to y by XIV, 


us sec’ y; 
dy Y; 
therefore oy ae By (C), p. 58 


But since v is a function of z, this may be substituted in the 
- formula 


dy dy dv 
dz dv dx CO oH 
fin dy cy ne 
ae dz sec?y dx 
__1 & 
140 de 
[sec? y = 1+ tan?y=1+ v2,] 
dv 
A a _ dx 
XxI ie (are tan v) = Er = 


* This function is defined for all values of » and is many- 
valued, as is clearly shown by its graph. In order to make it 
single-valued, only values of y between — > 
ered; that is, the arc of smallest numerical value whose tangent 
is v (branch AOB), 


T : 
and 3 are consid- 
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71. Differentiation of arc cot v.* 
Following the method of last section, we get 


dv 
dad da 
XXII : Er! = ee 
ax (are cot v) i; 
72. Differentiation of arc sec v. 
Let — y = are-sec v;t 


then - Y = BCC Y¥. 
Differentiating with respect to y by XVI, 


Caer tan y3 
dy y Y3 
dy _ 1 


therefore — 
dv secytany 


By (€); p. 58 


But since v is a function of x, this may be substituted in the 
formula 
dy _ dy de 


dx dv dx’ Cpa 


* This function is defined for all values of v and is many-valued, as is seen from its graph 
(Fig. a). In order to make it single-valued, only values of y between 0 and 7 are considered ; 
that is, the smallest positive arc whose cotangent isv. Hence we confine ourselves to branch 4B, 


Fig. 6 


+ This function is defined for all values of v except those lying between —1 and +1, and is 
seen to be many-yalued. To make the function single-valued, y is taken as the arc of smallest 
numerical value whose secant is v. This means that if v is positive we confine ourselves to 
points on are AB (Fig. b), y taking on values between 0 and 5 (0 may be included); and if v is 

. T 
negative we confine ourselyes to points on are DC, y taking on values between —m and as 
(—7 may be included), 
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dy il av 


oa dv see y tan y da 


poe ae 
yo vy —1 dx 


sec y=v, and tan y= Vsec?y—1=Vv?—1, the plus sign of the 
radical being taken since tan y is positive for all values of 


between 0 and 5 and between —7 and ee including 0 and—7r. 


de 
XXII nua # are sec v) = Reais, 
dic vuvv2—1 
73. Differentiation of arc ese v.* 
Following method of last section, 
| dv 
ad diac 
XXIV are esc v) = — —————- 
x vVv—1 


74. Differentiation of are vers v- 


Let 
then 


y= are vers v ;t 
U == Vers 7: 


* This function is defined for all values of v except those lying between —1 and +1, and is 
- seen to be many-valued. To make the function single-valued, y is taken as the are of smallest 


numerical value whose secant is v. 
points on are 4B (Fig. a), y taking on values beween 0 and 7 (z may be included 
2\2 


This means that if v is positive we confine ourselves to 


)i and if v is 


negative we confine ourselves to points on are CD, y taking on values between —7 and = 
(- 7 may be included). 


Fie. a Fig. b 


+ Defined only for values of v between 0 and 2 inclusive, and is many-valued. To make the 
function continuous, y is taken as the smallest positive are whose versed sine is » ; that is, y lies 
between 0 and zw inclusive. Hence we confine ourselves to are OP of the graph (Fig. 0). 
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Differentiating with respect to y by XVINL, 

dy =sin'y; 

dy ie te 


dy 1 


therefore —-. 
dv siny 


By (€), p. 58 


But since v is a function of 2, this may be substituted in the 
formula =’ 


- dy dy dv 
BPE ee (A), p. 57 
dz . dv dz 
giving see Dey 2 
dx siny dz 
x 1 dv 
V ) (i ye dx 
sin y= V1—cos?y=V1—(1—vers )2= V2v—v2, the plus sign of the radical being 
eae since siny is positive for all values of y between 0 and 7 fontawe 
dv 
ad da 
XXV oe (are vers v) = ——————__- 
dx V2u — v2 
\ aoe 
EXAMPLES er 
Differentiate the following. 
lee acetal Gee: 
; < (az?) 
Valutio: eS ee by XXI 
Solution. eo RICE Vy 
[v= azx?.] 
_ ,2ax 
at azn 
2. y =aresin (32 — 42°). 
: 2 = (8a>+ 473) 
Z XL 
- Solution. a by XIX 
dz V1 — (3% — 423)? 
{v=3%—-425) 
3.— 120? 3 


Vi_0e? + 240!—162° V1—2 
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+1 
3. y = arc sec , 
y aa 
(eS 
oe 
Solution. dy) dace 1s ee 
dz gf 41 (2227 ¢ 
v—1 x2—1 


[ w2+1 ] 
v= . 
x?—-1 


(a? — 1)2a — (a? +1)2e@ 


a (a? — 1)? eek: 
‘? +1 22 ~ tp 
e2—1 “2-1 
4, y =arcsin~. Lh Ve 
a de Jaa 
5. y = are cot (x? — 5). w= za ee 
dx 1+ (a? — 5)? 
6. y = arc tan : Uy nee 
1— dx 1+ 2 
7. y = arc cosec : . Gee ree 
242-1 Com) 2 
8. y = arc vers 2 x2. Lhe Lee 
dx V1— 22 
dy 1 
Oi aretalny 1). i ———— 
dt 2V1i-—2(2—2) 
10. joare cosces id Meret in 
2% dx W942 
2. 
Il. y = arc vers Ze : Ce 2 e 
hse oe de 1+4+22 
12. y =arctan~. CAD EN 
a da a2 + 92 
13. y = are sin tee ae al . 
v2 da Vi _—22—22 


14. P(e) =a Voi + abare sin =. SI’ (&) = 2 Va? — 22. 


15. f(%) = Vat — a + aaresin =. ray=(2—2)h 


a+z 
16. 2 =rare vers4 — 2ry — y?. act sf LAL 
Z dy Vary —¥ 

do 3 


17. @=arcsin(8r— 1). .- 
r V6r — 9r2 


by XXIII 


18. 


19. 


20. 


21. 


22. 


23 


24. 


25. 


26. 


27, 


32. 


3, 


35. 


36. 
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@= arctan". deus 1 c 
1—ar dr 1+r 
8 = arc see —___ ee : 
V1—-# dj Vi-@ 
d : F x 
—(& are sin &) = arc sin x + ———__.. 
az ! np 
d ~~ tan 6 
(tan @ arc tan @) = sec? 6 arc tan 6 . 
do! US SA oct Tite 
d = if 
—|log(are\cost) | = — 
at! 5 y arc cost \/] _ #2 
1 
. J (y) = are cos (log y). f(y) = - —<. 
¥Y V1 — (logy)? . 
J (@) = arc sin Vsin 0. SF (#=) = 4 V1 + cosec 0. 
1—cos¢ : 1 
= arc tan 4 /——__.- = Ss 
F(g) = are tang} EF) =| 
a= Parana) dp a 
dq l+q 
—ar ee ae Dib weg 
aah hm egeas anas dv e+e? 
et — et ds 2 
UE Os areas ae 
{ : i ] 
Ly = geesing, AY — guesine (SCENE et.) 
dy 1 
— ext — = e* | ———__ + gare tan £(1 + lo x) |. 
. ¥ = e“* arc tan 2. ae peace: ( g x) 
nes, dy 
y = arc sin (sin 2). Fee 
de a 4sin a dy _ 4 . 
Beaks 8+ 5cosa de 5+3cosa 
a CO dy 2az 
y = arecot! + log y/2— 4. roger ranr 
1+a\} 1 Uae On, 
yy = lof 2a) 5 ee Ate ie 
d x arc sin & 
y=V1—2? arc sins — &. ao = aga 
gen = 1 dy a 2 nan 
ee ant]. dz gn td 
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Formulas (A), p. 57, for differentiating a function of a function, and (C), p. 58, 
for differentiating inverse functions, have been added to the list of formulas at the 
beginning of this chapter as XX VI and XXVII respectively. 


In the next eight examples, first find “ and ° by differentiation and then 
v ny 


substitute the results in 


* 
to find dy 
dx 


by XXVI 


In general our results should be expressed explicitly in terms of the independent 


dp 


: = OH « dx . ‘ 
variable ; that is, &Y in terms of es “ in terms of y, —- in terms of @, etc. 
dz dy dé 


37. 


38. 


39. 


40. 


44. 


y=2v—4,7=327?4+1. 

dy dv ribet See 
—=4v; —=62; substituting in XXVI, 
dv dx 

dy 


— = 40-64 = 24% (32? 4 1). 
ie v-6% a (3a + 1) 


y = tan 2», v = arc tan (22 — 1). 
dy _ ADEs UO ae pe a 
pe ee 20; ae aera substituting in XX VI, 


dy —»-_- 2sec?2v = tan?20+1 227-2241 
de 207-2041 Be =8241 2(@ —2%)2 


[ since v= are tan(2x—-1), tanv=22—-1, tan 2v= on | 


22a?" 
are dy 
y=38v—4v+ 5,0 = 243 — 5, PP ihe 2 oe 
AD 
20 
Y= oO) eS zi . ee ei 
3u—2 2%—1 dx (%— 2)? 
- y¥ = log (a? — v’), v=asing. WY __ dtane, 
da 
dy ex 


y = arc tan (a + v), v = e*. = = ———— 
dx 1+ (a+ e*)? 


. r= es + e, s = log (é — 7). w= 4t—6P41, 
2 
w=tlog Gey Setar ’ 
w—v+1 v3 3 
3 
ANS EE dw ~ 1 
z dz zv(1+z) 


* As was pointed out on p. 57, it might be possible to eliminate v between the two given 


expressions so as to find y directly as a function of x, but in most eases the above method is to 
be preferred, 
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i dz 
In the following examples first find a by differentiation and then substitute in 


dy_ 1 
airs XXVII 
es Gy 
dx 
45. «=yVl+y. oe de a : 
. waa | 2+8y 0 2y+3y? 
46. x=Vl+cosy. eee PEE Z 5 
~ da sin y 2 — 2 
47. ee, . CU Ue 
1+ logy dx log y 


52. Show that the geometrical significance of XXVII is that the tangent makes 
complementary angles with the two coordinate axes. 

75. Implicit functions. When a relation between w and y is 
‘given by means of an equation not solved for y, then y is called an 
implicit function of x. For example, the equation 

| ie te Dra 
defines y as an implicit function of a Evidently « is also defined 
by means of this equation as an implicit function of y. Similarly 
ate bs 0 
defines any one of the three variables as an implicit function of 
the other two. 

It is sometimes possible to solve the equation defining an implicit 
function for one of the variables and thus change it into an explicit 
function. For instance, the above two implicit functions may be 
solved for y giving 2 


4 
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the first showing y as an explicit function of z, and the second as an 
explicit function of a and z. In a given case, however, such a solu- 
tion may be either impossible or too complicated for convenient use. 

The two implicit functions used in this article for illustration 
may be respectively denoted by 

F(%, yy=9 

and F(x, y, 2)=9 

76. Differentiation of implicit functions. When y is defined as 
an implicit function of w by means of an equation in the form 

(A) S(@% y)=9 
it was explained in the last section how it might be inconvenient to 
solve for y in terms of x; that is, to find y as an explicit function of 
x so that the formulas we have deduced in this chapter may be ap- 
plied directly. Such, for instance, would be the case for the equation 

(B) (Bie SE ape ices) A Uiees (UE 

We then follow the rule: 


Differentiate, regarding y as a VERE of x, and put the result 
equal to zero.* ‘That is, 


a 
(C) ae y) =90 


Let us apply this rule in finding “s from (B). 


P . 
aye + Avy — yz —10)= 05 by (C) 


eee eT, d d 
a fi == 2 43 SSS i —_— — — Q =i : 
ide SO yp OE) Tae i a rat 
dy d 
6 a2 429 Beri al ay Bee Z 
ax? + ere + 62°y — y' — Tay rE O's fe 
(22° — T yp) Sh = of — 6 ax’ —6 ay; 


dy _y' —6ax’—6a°y 
dx Pe ea ae 


Ans. 
The student should observe that in general the result will con- 
tain both 2 and y. 


* This process will be justified in § 138, p. 202. Only corresponding values of x and y which 
satisfy the given equation may be substituted in the derivative. 
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EXAMPLES 


Differentiate the following by the above rule. 


a y= 4 px. 
#2. 24 -y2 = 72, 


“3. 0242 + a2y2 = a2b2, 


“4. yY—3y+2ar=0. 


~—6. 28473 = al. 


=. (B+(pia. 


PS: y? —2ay+P=0. 


10. w= y*. 
—— 

11. p?= a? cos 20. 

12. p2cos6 =a?*sin 38. 

13. cos (uv) = cv. 


14. 9=cos(6+ ¢). 


9. 28+ 48 — dary =0. 


dy 2p 

dey 

Que © 

day 

CT Nts 

de ay 

dy _ 2a 

dz  3(1—y2) 
v__ fb 

da a 
aie 

dae x 

dy __ 3bixy? 

dx a2 

dy_ iy 

dx y—« 

dy  ay—# 

dx y2— aa 

dy _y?—«ylogy 
dx «2 —ayloge 
dp ~asin20 
do p 

dp _ 3a? cos36 + p?sin 0 
do 2 p cos 0 
du _¢ + usin (wv) 
dv — vsin (uv) 

do sin(@+¢) 
dp 1+sin(@+¢) 


CHAPTER VII 
SIMPLE APPLICATIONS OF THE DERIVATIVE 


77. Direction of a curve. It was shown in § 45, p. 44, that if 
y=) @) 


is the equation of a curve (see figure), then 


i 
ob 


d 
= = tan T = Slope of line tangent to curve at any point P. 
x 
The direction of a curve at any point is defined to be the same 
as the direction of the line tangent to the curve at that point. 
From this it follows at once that 
dy 


—= tan T = slope of curve at any point P. 


dx 


At a particular point whose codrdinates are known we write 


Ean ‘ = slope of curve (or tangent) at point (a1, y1). 
T= v 
At points such as D, #, H, where the curve (or tangent) is 
parallel to the axis of X, 


T=0, therefore © a =, 


At points such as 4, B, G, where the curve (or tangent) is 
perpendicular to the axis of X, 


T = 90°, therefore CA De 
da 
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At points such as Z, where the ewrve is rising,* 


T= an acute angle, therefore = = a positive number. 
The curve (or tangent) has a positive slope to the left of B, 
between D and F, and to the right of G. 
At points such as C, where the ewrve is falling,* 


T = an obtuse angle, therefore a =a negative number. 


The curve (or tangent) has a negative slope between B and D 
and between F and G. 
Y 


3 
Ex. 1. Given the curve y = - — x? + 2 (see figure). 


(a) Find 7 when « = 1. 

(b) Find 7 when a = 3. 

(c) Find the points where the curve is parallel to OX. 
(d) Find the points where 7 = 45°. 


(e) Find the points where the curve is parallel to the line 
2x%—3y=6 (line AB). 


Solution. Differentiating, ou = x? — 2% = slope at any point. 
dy] . 

(a) tant = [Z| =1—2=——1; therefore; =135°, Ans. 
dxdt «x=1 : 
dy 2 

(b) tan 7 = Fal =9—6=8; thereforer =arctan3. Ans. 
dx «a=s 


(c)ia— 02) tani 7 — ou = 0; therefore 22 —2a%=0. Solving this equation, we find 
dx 
that x = 0 or 2, giving points C and D where curve (or tangent) is parallel to OX. 


(d) 7= 45°, tan; = a = 1; therefore 72-—2x=1. Solving, we gete®=1+ V2, 
giving two points where the slope of curve (or tangent) is unity. 

(e) Slope of line = 2; therefore a? 2x%=2%. Solving, we get x=1+ V5, giving 
points # and F where curve (or tangent) is parallel to line AB. 

Since a curve at any point has the same direction as its tangent 
at that point, the angle between two curves at a common point 
will be the angle between their tangents at that point. 


Ex. 2. Find the angle of intersection of the circles 
(A) e+ y2—4zr=1, 
(B) e+y—2y=9. 


* When moving from left to right on curve. 
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Solution. Solving simultaneously we find the points of intersection to be (3, 2} 


and (1, — 2). 
OY Bee trom (4) By § 76, p. 84 
dz y 
Gy = _* > srom (By. By § 76, p. 84 
de 1-y : 
[- 7 =] ees 1 —slope of tangent to (A) at (3, 2). 
y=2 


[ z | =— 3 =slope of tangent to (B) at (8, 2). 
1-— Ytx=3 
y=2 


The formula for finding the angle between two lines whose slopes are m, and mz is 


pe Ve EE ee 55, p. 38 
1+ myme 
ee —143 5 
Substituting, tan 6 = ; < SEL therefore 6 = 45°. Ans. 
= 


This is also the angle of intersection at point (1, — 2). 


EXAMPLES 
The corresponding figure should be drawn in each of the following examples. 


at the origin. Ans. 1=tan 7. 


x 
1. Find the slope of y = 
p y (oe 
2. What angle does the tangent to the curve xy? = a3(a + y) at the origin 
make with the axis of X ? ANS. T= 1352. 


3. What is the direction in which the point generating the graph of y = 322 — 
tends to move at the instant when z = 1? 


Ans. Parallel to a line whose slope is 5. 


4. Show that pe (or slope) is constant for a straight line. 
iG 


5. Find the points where the curve y = x3 —3”2—9a-+ 5 is parallel to the 


axis of X. Ans. “2= 3,0 1 
6. Find the points where the curve y (# — 1) (« — 2) = — 8 is parallel to the 
axis of X. Ans. 2 =3+4V2. 
7. At what point on y? = 273 is the slope equal to 3 ? Ans. (2, 4). 
8. At what points on the circle 2? + y? = r? is the slope of tangent line equal 
to —#£? 
—_— " ‘ Ans. (25) +5 . 
eee is the tangent to the parabola y = 22 — 7%+ 8 parallel to the line 
y=5x2+2? Ans. (6, — 8). 
10. Find the points where the tangent to the circle x? + y2 = 169 is perpen- 
dicular to the line 5a + 12 y = 60, Ans. (+12, + 5). 
fi 
. ‘es 
ee | 
/ 
ae / \ 
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11. Find the point where the tangent to the parabola y? = 4 az is parallel to the 
linea +y=2. Ans. (a, — 24). 
12. At what angles does the line 3y — 2% — 8 = 0 cut the parabola y? — 82. 

Ans. arc tan , and arc tan 1. 


13. Find the angle of intersection.between the parabola y2 = 62 and the circle 
C2 tye 16. Ans. arc tan $ V3. 

2 2 

14. Show that the hyperbola «2 — y? = 5 and the ellipse + ¥” — 1 intersect at 
right angles. ; Foe 58 

a3 
2a—2 


15. Show that the circle a2 + y? = 8 az and the eiasoid y? = 
(a) are perpendicular at the origin ; 
(b) intersect at an angle of 45° at two other points. 
.16. Find the angle of intersection of the parabola 2=4ay and the witch 
3 : 
eee Ans. are tan 3 = 71° 33/9. 
x?+ 4a 


17. Show that the tangents to the folium of Descartes x3 + y3 = 8azy at the 
points where it meets the parabola y? = ax are parallel to the axis of Y. 


18. At how many points can the curve y = #3? — 22+ a — 4 be parallel to the 

axis of XY? What are the points ? Ans. Two; at (1, — 4) and (4, — 494). 
19. Find the angle at which the parabolas y = 3”2— land y = 2a? + 8 intersect. 
Ans. arc tan <4. 


20. Find the relation between the coefficients of the conics a,x? + b;y2 =1 and 
dou? + bey? = 1 when they intersect at right angles. : 1 oer il : 


78. Equations of tangent and normal, lengths of subtangent and 
subnormal. Rectangular codrdinates. The equation of a straight 
line passing through the point (x,, y,) and having the slope m is 


Y — ¥, = ™(e£— 2,). 54 (c), p. 3 
If this line is tangent to the curve AB at Z 
the point P,(z,, y,), then from § 77, p. 86, tn B 
m=tant =| ot | an : | 
UE pas fa Fi MN X 


Hence at point of contact P,(7,, y,) the equation of the tangent 
line TP, is 
() yy = Ew — 2). 


dy 
* By this notation is meant that we should first find a then in the result substitute x, for x 
(7 


dys 3 
and y, for y. The student is warned against interpr eting the symbol re to mean the deriva 
tive of y; with respect to w,, for that has no meaning whatever since x, and y, are both constants. 
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The normal being perpendicular to tangent, its slope is 
1 Oz. 
ee eee By 55, p. 3 
m dy, y P 
And since it also passes through the point 


of contact P, os y;), we have for the equation 


(2) Y¥-Nn=—- ae — Hr). 


That portion of the tangent which is intercepted between the 
point of contact and OX is called the length of the tangent (= TP,), 
and its projection on the axis of X is called the length of the 
subtangent (= TM). Similarly we have the length of the normal 
(= P,N) and the length of the subnormal (= MN). 


In triangle 7P,M, tan tT = mat : therefore 


MP. dx 
TMF 1 = length of subtangent. 
a tant oD io 


; therefore 


MN | 
In the triangle MP,N, tan 7 = UP; 
d Yu 


(4) UNt= MP, tant =y a length of subnormal. 
1 
The length of tangent (= 7'P,) and the length of normal (= P,N) 


may then be found directly from the figure, each being the hypote- 
nuse of a right triangle having the two legs known. Thus 


=v oe MP; 2 


2 
(5) ="myvV ier + 1= length of tangent. 
al 


P,\N=V MP, + UN =. |(y,)? +(9 a 


vy 


(6) =yiyflt+ ($4) = = length of normal. 


The student is advised to get the lengths of the tangent and of 
the normal directly from the figure rather than by using (5) and (6) 
as formulas. 


* If subtangent extends to the right of 7, we consider it positive ; if to the left, negative. 
+ If subnormal extends to the right of 17, we consider it positive ; if to the left, negative. 
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EXAMPLES 


1. Find the equations of tangent and normal, lengths of subtangent, subnormal 
x 


tangent, and normal at the point (a, a) on the cissoid y? = 


; 2a—" 
oe 
Solution. dy = pia 
dw y(2a—2“)? 
8 _ qB8 
Hence = =(2 agli ators = 2 = slope. Y 
z=a a(2a—a)? 
7= a 
Substituting in (1) gives 
y =2a —a, equation of tangent. Pia,a) 
Substituting in (2) gives our we 
2y +a =384a, equation of normal. 
Substituting in (8) gives 
TM = : = length of subtangent. 
Substituting in (4) gives 
MN = 2a = length of subnormal. 
=. a2 4h Ee 
Also, SRN (TEM) 2 (MEP) 20 a ap GA = 5 V5 = length of tangent, 
and PN =V(MN)? + (MP)? =V4a2+ @=a V5 = length of normal. 


2. Find equations of tangent and normal to the ellipse 2? + 2y2 —2ay—a“=0 
‘at the points where « = 1. Ans. At (1, 0), 2y=e—1,y+2¢=2. 
: At (ly 27S oly 4 2 — 3. 


3. Find equations of the tangent and normal, lengths of subtangent and sub- 
normal at the point (a, y1) on the circle 7? + y? = 1°. a 
Ans. 4% + yy = 17, my — ye = 0, — vey 14. 
vy 
4, Show that the subtangent to the parabola y? = 4 pz is bisected at the vertex, 
and that the subnormal is constant and equal to 2 p. 


5. Find the equation 2 eee at (#1, 1) 


(a) to the ellipse = ~~ ee = 21; (b) to the hyperbola 7 = ae =1. 
ae (@) 2 ae Wy _ Ze Cee ah 
b2 bv 
6. Find ti a t and normal to the witch 2 ons at the 
g an St eer agee a 
. Find equations of tangen y 4a 4 a 


i h ==12)h 
ait a Ans. ©+2y=4a, y=2%— 3a. 


x x 


7. Prove that at any point on the catenary y = 5 (e +e %) the lengths of 


22 OP 9 
d a y? 

subnormal and normal are — 4 (ee — e @) and & respectively. 
a 


* a 
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8. Find the equation of tangent to the conic ax? + 2 bay + cy? + 2dxz +2 ey 
+f=0 at the point (#1, ¥1). g 
Ans. axe + b(yie + my) +eomytad(11+2)+e(m+yt+f=0.* 
n nr 
9. Show that the equation of tangent to curve () + ( -) = 2 at the point 
(a, 6) is + - = 2 for all values of n. 
a : 
1 

10. Prove that the length of subtangent to y = a* is constant and equal to ine a 
11. Get the equation of tangent to the parabola y? = 202 which makes an angle 
of 45° with the axis of a. Ans. y=utsd. 

Hint. First find point of contact by method of Ex. 1 (e), p. 87. 
12. Find equations of tangents to the circle x? + y? = 52 which are parallel to 
the line 2a+3y=6. Ans. 22+8y+26=0. 


13. Find equations of tangents to the hyperbola 42? — 9 y? + 86 = 0 which are 
perpendicular to the line 2y + 5a = 10. Ans. 2x—5y+8=0. 

14. Show that in the equilateral hyperbola 2 ay = a? the area of the triangle 
formed by a tangent and the codrdinate axes is constant and equal to a2. . 


15. Find equations of tangents and normals to the curve y? = 2.x? — 28 at the 
points where x =1. Ans. At (1,1), 2y=a 41, y-+ 2in= 3, 
= At (1, —1), 2y=—a#—1, y-—2”2=—8., 


16. Show that the sum of the intercepts of the tangent to the parabola 
on the coédrdinate axes is constant and equal to a. 
17. Find the equation of tangent to the curve x2 (x + y) = a? (a — y) at the origin. 
Ansa tie. 


18. Show that for the hypocycloid «# + y? = a3 that portion of the tangent 
included between the codrdinate axes is constant and equal to a. 


ax 
19. Show that the curve y = ae® has a constant subtangent. 


20. Show that the length of tangent is constant in the tractrix 


—WVe2 — 72 
a = Ver — x2 + “log © g oe, 
2 c4+Vcei— x2 


79. Parametric equations of a curve. Let the equation of a 
curve be 

(A) F(t, y)=0. 

If 2 is given as a function of a-third variable, a say, called a 
parameter, then by virtue of (A) y is also a function of a, and 


*In Exs. 3,5, and 8 the student should notice that if we drop the subscripts in equations of 
tangents they reduce to the equations of the curves themselves. 
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the same functional relation (A) between x and y may generally be 
expressed by means of equations in the form 


z=f(a), 
@) | ty = $(a); 
each value of a giving a value of x and a value of y. Equations 
(B) are called parametric equations of the curve. If we eliminate 
a between equations (B), it is evident that the relation (A) must 
result. For example, take equation of circle 


e+ yor’, or y= Vr? — x. 
Let x=rcosa; then 
y =r sin a, and we have 
x=rcosa, 
oe a, 


(C) 


as parametric equations of the circle in figure, 
a being the parameter. 

If we eliminate a between equations (C’) by squaring and adding 
the results, we have 

+ y? = 1 (cos’ a + sin’ a) = 1°, 

the rectangular equation of the circle. It is evident that if a 
varies from 0 to 27, the point P(z, y) will describe a complete 
circumference. 

In § 84, p. 104, we shall discuss the motion of a point P, which 
motion is defined by equations such as 


Joti 
y= (i). 

We call these the parametric equations of the path, the time ¢ 
being the parameter. Thus in Ex. 2, p. 106, we see that 


(x=v, cosa-t, 
y=—tg? + sin a-t 


are really the parametric equations of the trajectory of a projectile, 
-the time ¢ being the parameter. The elimination of ¢ gives the 
rectangular equation of the trajectory 

Lid 


20, COS a 


y=«tana— 
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Since from (B) y is given as a function of a, and a as a function 


of x, we have 


pa mee by XXVI 
dz ‘da dz 
eu by XXVII 
da dx : 
da 
that is, 
dy 
dy _ da. 
(D) ee dat 
da 


Hence, if parametric equations of a curve are given, we can find 
equations of tangent and normal, lengths of subtangent and sub- 
normal. at a given point on the curve, by first finding the value 


of ‘w at that point from (D) and then substituting in formulas 
ny 
(1), (2), (3), (4) of last section. 


Ex. 1. Find equations of tangent and normal, lengths of subtangent and sub- 
normal to the ellipse 


x= acos ¢, 
(2) y = bsin p,* 


.at the point where ¢ = 7 


Solution. The parameter being ¢, ce =— asin ¢, dy = bcos ¢. 
dp dg 


dy ____—beos 
dz asin d 


Substituting in (D), 


= slope at any point. 


* As in figure draw the major and minor auxiliary 
circles of the ellipse. Through two points B and C on the 
same radius draw lines parallel to the axes of codrdinates. 
These lines will intersect in a point P (x, y) on the ellipse, 
because 

x= OA= OB cos =a cos b 
and y= AP= OD= OCsin = bsin ¢, 


or, == cos @ and i= sin >. 


Now squaring and adding we get 
a yy? 2 
“+2 = cos? 24= 
fa SP pe cos? ¢ +sin?¢=1, 
the rectangular equation of the ellipse. is sometimes 
called the eccentric angle of the ellipse, 
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Substituting ¢ = ji in the given equations (Z), we get (a =) as the point of 
contact. Hence va v2 
dyy _ 
dx, 
Substituting in (1), p. 89, : 


a8 


g 
a 


or, ) bx + ay = V2 ab, equation of tangent. 
Substituting in (2), p. 90, : 
- ra t = 2 (« ss)" 
V8 V2 
or, v2 (ax — by) = a? — b?, equation of normal. 


Substituting in (8) and (4), p. 90, 
: b DN b2 
V2 ( =) av2 


b a a 
=— ~— = length of subtangent. 
v2 meu? 


Ex. 2. Given equation of the cycloid* in parametric form 
x% =a(0 —sin 6), 
y =a(1 — cos 4); 


= length of subnormal. 


6 being the variable parameter. Find lengths of subtangent, subnormal, tangent, 


and normal at the point where 0 = : : 
F dy ; 
Solution. : — = a(1 — cos 6), ye asin 0. 


*The path described by a point on the circumference of a circle which rolls without sliding 
on a fixed straight line is called the cycloid. Let the radius of rolling circle be a, P the gener- 
ating point, and M the point of contact with the fixed line OX, which is called the base, If are- 


PM equals OM in length, then P will touch at 0 if circle is rolled to the left. We have, denoting 
angle PCM by 4, : 4 

x= OM-NM=a0-—asiné6=a(6—sin 6), 
5 y= PN=MC-— AC=a-— acos 6=a(1— cos 6) ; 


the parametric equations of the cycloid, the angle @ through which the rolling circle turns 
being the parameter. OD=2 7a is called the base of one arch of the eycloid, and the point V 
is called the vertex. Eliminating 6, we get the rectangular equation 


#=«aarc Cos (*)- V2ay—y%. 
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dy —s sin 8 


= = slope at any point. 
dx 1—cosé P “ie? 


Substituting in (D), p. 94, 


d 
Since 6 = x the point of contact is (= — a, a); and os = il 


Substituting in (3), (4), (5), (6) of last section, we get 
length of subtangent = a, 
length of subnormal = a, 
' length of tangent =, V2, 
length of normal =av2. Ans. 


Notre. Draw the tangent PZ, the vertical diameter MB, and ' 
connect P and B. 


By tas ee 


in 6 2 é 
fan MEE ee Z sonptio’s 
dz i1—cos?@ Pen, 2 
2 sin? — 
2 
[From 37, p. 2, and 39, p. 3.] 
1 or 6 
Hence angle MTP = 3 ie By 29, p. 2 
Oe H,¥ 
Also, angle PBM = 5, since it is measured by one half 
the are MP which measures the central angle 0, and we have 


angle APB = a oe . 


Comparing, we see that 
angle MTP — angle APB. 
Therefore : 


The tangent to a cycloid always passes through the highest point 
of the generating circle. 


EXAMPLES 
In the following curves find lengths of (a) subtangent, (b) subnormal, (c) tangent, 
(a) normal, at any point. 


1. The curve t= a(cost+ tsin ¢), 
y = a(sint —¢cos?). 


Ans. (a) ycott, (b) y tant, 


ve a hs 
(c) sin t’ _) cost 
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x= 4acos3t, 
y=4asin3t. 
Ans. (a) —ycott, (b) — ytant, 


(Ne eed) a, 


2. The hypocycloid (astroid) 


sin t COs 
3. The cardioid te 2G i pbs ie 2 
y = a(2sin t — sin 22). 


80. Angle between the radius vector drawn to a point on a curve 
and the tangent to the curve at that point. . Let the equation of 
curve in polar coordinates be p — f(@). 

Let P be any fixed point (p, @) on the curve. If 6, which we 
assume as the independent variable, takes 
on an increment A@, then p will take on a 


RQ 
corresponding increment Ap. Denote by 
Q the point (ep +Ap, 064 A0). Draw PR f if 
perpendicular to OQ. Then 0Q=p+Ap, oO Dex, 
PR=psin Aé, and OR=pcosA@. Also, 
OR a PR p sin A@ 


RQ OQ—OR p+Ap—pcosAé 

Denote by y the angle between the radius vector OP and the 
tangent P7. If we now let A@ approach. the limit zero, then 

(a) the point Q will approach indefinitely near P ; 

(6) the secant PQ will approach the tangent PT as a limiting posi- 
tion; and ; 

(c) the angle PQR will approach as a limit. 


a limit ___psin A@ 


Aé = 0 p + Ap — pcos AO 
_ limit —_ p sin A@ 
mA0=0 


tan y= 


2p sin? O° + Ap 


- Ad 
[ Since from 39, p. 3, p—p cos A@= p (1— cos Ad) = 2p sin? ‘| 


Aé Aé 


[Dividing both numerator and denominator by A@.] 
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sin Aé 
_ ters P18 
~ A@=0 ; 
sin i 
CE OPP A OG wOn AD 
2 
Since pe Ga Be oa nd ae (si in =) =0, also 


sin 
limit (i ) ot fe limit 2 


=1 by (14), p. 30, we have 


Ad=0\ AO A026 =Ga 
2 
(A) tan f = Te, 
EP RS 
do ; 
: ; je 
From the triangle OPT we get , 
O TEX 
(B) T=6+y. 
Ex. 1. Find y and 7 in the cardioid p = a(1 — cos 8). 
Solution. a =asin@. Substituting in (A) gives 
1 / 2a sin? : é : 
han pe Cnt 008 By cope en eee 
dp asin 6 2 : 


aut 0 
2 a sin — cos — 
de 2 2 


Since tan y = tan - y= - Ans. Substituting in (B), 7 =@+ : = ~ Ans. 


81. Lengths of polar subtangent and polar sub- 


N normal. Draw a line V7 through the origin per- 
pendicular to the radius vector of the point P on 
p the curve. If PT is the tangent and PN the 

O X normal to the curve at P, then 


OT = length of polar subtangent, 
and ON = length of polar subnormal 


T of the curve at P. 
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In the triangle OP7, tan y= es aia herefore 
P 


(3) OT=ptany = ae = length of polar subtangent.* 


In the triangle OPN, tan y= ae - Therefore 


CeO Nee = OP 


d , 
tan ado length of polar subnormal. 


The length of the polar tangent (= PT) and the length of the 
polar normal (= PN) may be found from the figure, each being 
the hypotenuse of a right triangle. 


Ex. 1. Find lengths of polar subtangent and subnormal to the lemniscate 
p? = a? cos 2 6. 
Solution. Differentiating as an implicit function with respect to 6, 
2 sin 2 
py a =— 2a? sin 26, or ae pen See 2 
dé dé p 


Substituting in (7) and (8), we get 
3 


length of polar subtangent = — =, 
a? sin 26 
2 sin 26 
length of polar subnormal = — ees 
p 


Tf we wish to express the results in terms of @, find p in terms of 6 from the given 
equation and substitute. Thus, in above, p=+aVcos 206; therefore length of 
polar subtangent = + a cot 2@ Vcos2 6. 


EXAMPLES 
1. In the circle p= sin 0, find y and 7 in terms of 0. LEGER, ae ih, op 3 OMG), 
6 
2. In the parabola p = asec? m) show that 7 + y=r. 


3. Show that y is constant in the logarithmic spiral p = e"®. Since the tangent 
makes a constant angle with the radius vector this curve is also called the equiangular 
spiral. 


me, 
4, Given the conchoid p= a aoe prove that 7 =4y. 


5. Show that tan y = @ in the spiral of Archimedes p=aé. Find values of y 
when 6=27 and 47. Ans. y = 80° 57’ and 85° 27’. 


* When @ increases with p, is positive and y is an acute angle, as in above figure. Then the 
subtangent OT is positive and is measured to the right of an observer placed at O and looking 
along OP. When a is negative the subtangent is negative and is measured to the left of the 
observer. 
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6. Find y in the curves p” = a” sin nd and p” = 6” cos né. ; 
Ans. y = né and 5 + ne. 


7. Show that the curves in the preceding example intersect at right angles. 


Hint. Find + for each curve and compare. 


eis 


8. Prove that the spiral of Archimedes p = a@, and the reciprocal spiral p = 
intersect at right angles. 


0 . 
9. Find the angle between the parabola p= user and the straight line 
at in@= Ans. 45° 
se psin 6 = 2a. ns. 45 
a Se 


_ 10. Show that the two cardioids p = a(1 + cos @) and p = a(1 — cos @) cut each 
other perpendicularly. 


vA 11. Find lengths of subtangent, subnormal, tangent, and es of the spiral of 
ff Archimedes p = ad. ns. abt. = is caries Vaz + 2, 
subn. =a, nor. = Va? + 2. 


The student should note the fact that the subnormal is constant. 


12. Get lengths of subtangent, subnormal, tangent, and normal in the logarithmic 


. i 
Ans. subt. =—° tan. = p /1 — 
log a’ C a log? aN P 


subn. = ploga, nor. =p V1 + log? a. 


When a = e we notice that subt. = subn., and tan. = nor. ss 


spiral p= aé. 


13, Find the angles between the curves p= a(1 + cos 6), p = b(1 — cos 6). 
Ans. 0 and? = 


pe os 


; a 14. Show that the reciprocal spiral p = 5 has a constant subtangent. 


15. Prove that the curves p” = a” cos(n@ — a) and p” = a” cos (né — £) intersect 
at an angle a — B. 


16. Show that the area of the circumscribed square about the cardioid 
p = a(1 — cos 6) 


formed by tangents inclined 45° to the axis is 27 (2 + V3) a, 

aga 5 a 
“ 82. Solution of equations having multiple roots. Any root which 
occurs more than once in an equation is called a multiple root. 
Thus 38, 8, 8, — 2 are the roots of 


(A) Ce Or qe eee: 


hence 3 is a multiple root occurring three times. 
Evidently (A) may also be written in the form 


(a — 3)? (a + 2)=0 
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Let f(x) denote an integral rational function of x having a mul- 
tiple root a, and suppose it occurs m times. Then we may write 

(B) S(@®)=(%@— a)" $2), 
where $(z) is the product of the factors corresponding to ‘all the 
roots of f(x) differing from a. Differentiating (B), 

SF (@)=(@— a)" ¢! (x) + $ (x) m (a — a)", ‘or, 

(C) fi (x)= (e— a)" [(a— a) $! (x) + 6 (a) mi). 

Therefore f’ (x) contains the factors (v— a) repeated m—1 times 
and no more; that is, the highest common factor (H.C.F.) of f(z) 
and jf" (#) has m—1 roots equal to a. 

In case f(x) has a second multiple root 8 occurring r times, it is 
evident that the H.C.F. would also contain the factor (« — 8)", 
and so on for any number of different multiple roots, each occur- 
ring once more in f(z) than in the H.C.F. 

We may then state a rule for finding the multiple roots of an 
equation f(7)=—0 as follows: 

First step. Find f" (2). 

Second step. Find the H.C.F. of f(x) and f' (2). 

Third step. Find the roots of the H.C.\F. Hach different root 
of the H.C.F’. will occur once more in f(x) than tt does in the H.CLF. 


If it turns out that the H.C.F. does not involve 2, then f(z) has 
no multiple roots and the above process is of no assistance in the 
solution of the equation, but it may be of interest to know that 
the equation has no equal, i.e. multiple, roots. 


Ex. 1. Solve the equation 23 — 822+ 138¢%—6=0. 


Solution. Place f(z) = x8 — 8x? + 1382 —6. 
First step. Sf (&) = 302 — 16% + 18. 
Second step. BCR S72 — 1: 

Third step. Go leW, Sib 


Since 1 occurs once as a root in the H.C.F. it will occur twice in the given equa- 
tion; that is, (x — 1)? will occur there as a factor. Dividing 2° — 8a? + 182-6 
by (x — 1)? gives the only remaining factor (« — 6), yielding y 
the root 6. The roots of our equation are then 1, 1, 6. 

Drawing the graph of the function, we see that at the double 
root « = 1 the graph touches OX but does not cross it.* { 6 


* Since the first derivative vanishes for évery multiple root, it 
follows that the axis of X is tangent to the graph at all points corre- 
sponding to multiple roots. If a multiple root occurs an even number 
of times, the graph will not cross the axis of X at such a point (see 
figure); if it occurs an odd number of times, the graph will cross. 
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EXAMPLES 


Solve the first ten equations by the method of this section. 


1. 2 —7224+16% —12=0. , ANSI os 
2. cf — 6a? 84—38=0. Anas, =) =< lee 
3. cf — 728+ 902 4+ 27e —54=0. Ans. 3, 3, 3, —2. 
4, 24 — 523 —9o?2+ 8124 —108=0. Ans. 3, 3,3, — 4. 
Sa ani ee ld I: Ansilpl fesse 
—_ 6. at —9a3 + 2322 — 3” —36=0. An 3.3021) 
7. af —6234+1022-8=0. Ans. 2, 2,143. 
8. 2 —axt—5ae+a2+82e4+4=0. Ans. —1, —1, —1, 2, 2. 
9. 2 — 1523 + 1022 + 60% —72=0. Ans. 2, 2,2, — 3, —3. 


10. # — 3et— 523 +13822+244410=0. Ans. —1, —1, —1,84+V—1, 
mmm 
Show that the following four equations have no multiple (equal) roots. 


11. 78 + 922+ 22 — 48 =—0. 

12. wt 1502-1027 4+ 24=0. 

13, «tf —3823 62724 14%412=0. 

“14. 2 —ar=0. 
15. Show that the condition that the equation 
Be+3qe+r=0 

shall have a double root is 4q3 + r? = 0. 

16. Show that the condition that the equation 


e+ 3pe+r=0 
shall have a double root is r (4 p% + r) = 0. 


83. Applications of the derivative in mechanics. Velocity. Con- 
sider the motion of a point P describing a 
curve AB. Let s be the distance measured 
along its path from some fixed point as A 
to any position of P, and let ¢ be the corre- 
sponding elapsed time. To each value of ¢ 
corresponds a position of P in the path and 


therefore a distance (or space) s. Hence s will be a function of ¢, 
and we may write 


8 = (t). 
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Now let ¢ take on an increment At; then s takes on an increment 
As, and 


A , 
(A) & = magnitude of the average velocity * 


of P during the time interval At. If P moves with uniform motion, 
the above ratio will have the same value for every interval of time 
-and is the speed (= magnitude of the velocity) at any instant. 

For the general case of any kind of motion, uniform or not, we 
define the-speed v (= magnitude of the velocity) at any instant as 


the limit of the ratio =~ as At approaches the limit zero; that is, 


»— limit Av 
mer AF ONAN, oes? 
_ ds 

(9) ees 


The speed (= magnitude of the velocity) for any motion is the deriv- 
ative of the distance (= space) with respect to the time. 

To show that this agrees with the conception we already have 
of speed, let us find the speed (= magnitude of the velocity) of a 
falling body at the end of two seconds. 

By experiment it has been found thata body falling freely from rest 
in a vacuum near the earth’s surface follows approximately the law 

(B) s= 16.17, 
where s=space fallen in feet, ¢=time in seconds. Apply the 
General Rule, p. 42, to (B). 

First step. s+As= 16.1 (¢ + At)? =16.17482.2t.At+16.1 At)’. 

Second step. As=382.2t.At+16.1(At)’. 


Third step. x = 32.2t+16.1 At =average speed (= magnitude 


of the average velocity) throughout the time interval At reckoned from 
any fixed instant of time.t 

Placing ¢ = 2, 

(C) = = 64.4 4+ 16.1 At = average speed throughout the 
time interval At after two seconds of falling. 


* Velocity is defined as the time rate of change of place, and is a vector quantity. 
+ As being the space or distance passed over in the time At. 
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Our notion of speed tells us at once that (C) does not give us 
the actual speed at the end of two seconds; for even if we take At 
‘very small, say z45 or zqyq of a second, (C) still gives only the 
average speed during the corresponding small interval of time. But 
what we do mean by the speed at the end of two seconds is the 
limit of the average speed when At diminishes towards zero; that is, 
the speed at the end of two seconds is, from (C), 64.4 ft. per second. 
Thus even the everyday notion of speed which we get from experi- 
ence involves the idea of a limit, or in our notation 


aelimit 4/489 ey 
Oar ie ay = 64.4 ft. per second. | 


The above example illustrates well the notion of a limiting value. 
The student should be impressed with the idea that a limiting value 
is a definite, fixed value, not something that is only approximated. 
Observe that it does not make any difference how small 16.1 A¢ 
may be taken; it is only the lemiting value of 

64.4 + 16.1 At, 


when At diminishes towards zero, that is of importance, and that 
value is exactly 64.4. 

84. Component velocities. The codrdinates x and y of a point 
P moving in the XY plane are also functions of the time, and 
the motion may be defined by means of two equations, 

z=f(), y= $id 

These are the parametric equations of 
the path (see § 79, p. 92). 

The horizontal component v, of v + is the 
z velocity along OX of the projection M of P, 
and is therefore the time rate of change 
of x Hence, from (9), p. 103, when s is replaced by z, we get 


da 
10 et 
20) ee dt 


In the same way we get the vertical component, or time rate of 
change of y, 


(11) vy 


— Wy 
— e 
dt 
* The equation of the path in rectangular codrdinates may be found by eliminating ¢ between 


these equations, 
+ The direction of v is along the tangent to the path. 


7 


Do 
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Representing the velocity and its components by vectors, we 
have at once from the figure 


O =U U, OF, 
12 _ ds" =4(22)' +(2) =) (2 
2) GE (Gp a) ae Ake 
giving the speed (= magnitude of velocity) at any instant. 


_ If rt be the angle which the direction. of the velocity makes with 
the axis of X, we have from the figure, using (9), (10), (11), 


dy da dy 
(13) ec ree a5 aoa 
v ds v~ ds ve de 
at at at 
85. Acceleration. In general v will be a function of t and we 
may write 
y v= v(t). 


Now let ¢ take on an increment At, then v takes on an increment 
Av, and 


A : 5 ‘ : 
= = magnitude of the average acceleration* of P during the time 


interval At. 
For any kind of motion we define the magnitude of the accelera- 


tion a at any instant as the limit of the ratio a as At approaches 
the limit zero ; that is, 


(14) = 


The magnitude of the acceleration for any motion is the derivative 
of the velocity with respect to the time. 

86. Component accelerations. Following the same plan used in 
finding the component velocities, we get for the component accelera- 
tions parallel to OX and OY, 


é du dv 
(15) ax = ago ay = ane Also, 
ie dv rt” Avex 2 avy 2 
uO ier ae (esa 


giving the magnitude of the acceleration. 


* Acceleration is defined as the time rate of change of velocity, and is a vector quantity. 
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EXAMPLES 


1. By experiment it has been found that a body falling freely from rest in a 

vacuum near the earth’s surface follows approximately the law 
Siw Omlate. 

where s = space (height) in feet, ¢= time in seconds. Find magnitudes of the 
velocity and acceleration 

(a) at any instant ; 

(b) at end of the first second ; 

(c) at end of the fifth second. 


Solution. (A) s= 16.128. 
(a) Differentiating, = 82.2%, or, from (9), 
(B) v = 382.2¢ ft. per sec. 
dv 


Differentiating again, ae 82.2, or, from (14), 


(C) a = 82.2 ft. per (sec.)?, 
which tells us that the acceleration of a falling body is constant ; in other words, the 
velocity increases 32.2 ft. per sec. every second it keeps on falling. 
(b) To find v and a at the end of the first second, substitute ¢ = 1 in (B) and (C); 
v = 82.2 ft. per sec., 
a = 82.2 ft. per (sec.)?. 
(c) To find v and a at the end of the fifth second, substitute ¢ = 5 in (B) and (C); 
® = 161 ft. per sec., 
a = 82.2 ft. per (sec.)?. 


2. Neglecting the resistance of the air, the equations of motion for a projectile are 
%= 1008 ¢-t, ; 
y=sin¢g-t—16.1#; 

where v; = initial velocity, ¢ = angle of projection with 

horizon, ¢ = time of flight in seconds, « and y being meas- 

“4 x ured in feet. Find the magnitudes of velocity, accelera- 

tion, component velocities, component accelerations 


(a) at any instant ; 
(b) at the end of the first second, having given v; = 100 ft. per sec., ¢ = 80°; 
(c) find direction of motion at the end of the first second. 


Solution. From (10) and (11), 

(a) Vz = 01 COS H; Vy = V1 Sin fp — 82.2 t. 
Also, from (12), v= Vo,2 — 64.4¢0; sin ¢ + 1036.82. 
From (15) and (16), -e,=0; a,=— 32.2; a4=— 32.2. 


(b) Substituting t=1, v; = 100, ¢ = 30° in these results, we get 
Vz = 86.6 ft. per sec. a, = 0. 
vy = 17.8 ft. per sec. ay = — 32.2 ft. per (sec.)2. 
v = 88.4 ft. per sec. a =— 32.2 ft. per (sec.)2. 
17.8 
(ce) 7 =are tan” = are tan —- = 11° 3OG0 r= i 
- 36.6 angle of direc- 


tion of motion with the horizontal. 
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3. If a projectile be given an initial velocity of 200 ft. per sec. in a direction 
inclined 45° with the horizontal, find 


(a) the magnitude of the velocity and direction of motion at the end of the third 
and sixth seconds ; 
(b) the component velocities at the same instants. 
Conditions are the same as for Ex. 2. 
Ans. (a) Whent= 3, v =148.3 ft. persec., r= 17°35’ 
whent=6, vu=150.5 ft. per sect, r= 159° 53’; 
(b) when t = 8, v, = 141.4 ft. per sec., v, = 44.8 ft. per sec. 
when t = 6, vz = 141.4 ft. per sec., vy = — 51.8 ft. per sec. 


4. The height (= s) in feet reached in t seconds by a body projected vertically 
upwards with a velocity of v; it. per sec. is given by the formula 
8 = vit — 16.1 £2. 
Find (a) velocity and acceleration at any instant; and, if v; = 300 ft. per sec., 
find velocity and acceleration (b) at end of 2 seconds; (c) at end of 15 seconds. 
Resistance of air is neglected. Ans. (a) v=, — 32.2, a =— 82.2; 
(b) v = 236.6 ft. per sec. upwards, 
a = 82.2 ft. per (sec.)? downwards ; 
(c) v = 188 ft. per sec. downwards, 
a = 32.2 ft. per (sec.)? downwards. 


5. A cannon ball is fired vertically upwards with a muzzle velocity of 644 ft. 
per sec. Find (a) its velocity at the end of. 10 seconds; (b) for how long it will 
continue to rise. Conditions same as for Ex. 4. 

- Ans. (a) 322 ft. per sec. upwards ; 


—— (b) 20 seconds. 


eo 


6. A train left a station and in ¢ hours was at a distance (space) of 
s= 8424 8t 
miles from the starting point. Find its acceleration * (a) at the end of ¢ hours; 


(b) at the end of 2 hours. Ans. (a) a=6¢-+4; 
(b) a = 16 miles per (hour)?. 


an : 
q oS In t hours a train had reached a point at the distance of $74 4#4 16? 


Y 


/wailes from the starting point. (a) Find its velocity and acceleration. (b) When 


will the train stop to change the direction of its motion? (¢c) Describe the motion 


ing the first 10 hours. 
ee Ans. (a) v= t — 124 + 821, a= 3 —24t +32; 


(b) at end of fourth and eighth hours ; 
(c) forward first 4 hours, backward the next 
4 hours, forward again after 8 hours. 


8. The space in feet described in ¢ seconds by a point is expressed by the formula 
s= 48¢—162. 
i he velocity and acceleration at the end of 14 seconds. 
ae ‘ Ans. v=0, a= — 82 ft. per (sec)?. 


*In this and the following examples the magnitudes only of velocity and acceleration are 


required. 
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9. Given s =2t+ 302+ 4¢# ft. ; find velocity and acceleration (a) at origin; 

(b) at end of 5 seconds. Ans. (a) w= 2 ft. per sec., a = 6 ft. per (sec.)7; < 
(b) v= 382 ft. per sec., a = 126 ft. per (sec. )?. 

10. Given s= - + bé2, where a and 6 are constants; find velocity and accelera- 


ce 2a 
tion at any instant. Ans. v=— i +26t, a= Ze + 26. 


11. At the end of t seconds a body has a velocity of 312 + 2¢ ft. per sec.; find 
its acceleration (a) in general; (b) at the end of 4 seconds. ° 
Ans. (a) a=6¢ + 2 ft. per (sec.)?; (b) a = 26 ft. per (sec.)?. 
12. The vertical component of velocity of a point at the end of ¢ seconds is 
vy = 3 — 2t-+4 6 ft. per sec. 
Find the vertical component of acceleration (a) at any instant; (b) at the end of 
2 seconds. Ans. (a) ay =6¢—2; (b) 10 ft. per (sec.)?. 


13. If a point moves in a fixed path so that 
s= Vt, 


show that the acceleration is negative and proportional to the cube of the velocity. ~ 


14, If the distance in feet described by a point in ¢ seconds is given by the formula 


s=10log 


’ 


44 
find velocity and acceleration (a) at the end of 1 second; (b) at the end of 16 seconds. 
Ans, (a) U == —2)tt. persecs, a = 2) ft, per (sec:)23 
: (b) v= — i ft. per sec., a = 7 ft. per (sec.)?. 


15. Tf the space described is given by 


Jt 
8 = aet + be-*, : we 


show that the acceleration is always equal to the space passed over. 


: t 2 
16. Given 8=acos find acceleration. ADS, @= a 3 
17. Ifa point referred to rectangular codrdinates moves so that 
x=acost+b, andy=asint+e, 
show that its velocity has a constant magnitude. 


18. If the path of a moving point is the sine curve 
Lab. 
y = bsin at, 
show (a) that the component of the velocity is constant ; (b) that the acceleration 
of the point at any instant is proportional to its distance from the axis of X. 


19. Ifa particle moves so that 
BU Y= Be 
(a) show that the path is the semicubical parabola y? = 23; 
(b) find vz, vy, v; 
(c) find az, ay, a ; 
(d) when ¢= 2sec., find v, a, position of point (codrdinates), and direction of 
motion. 


aa 


~~ 


\h 


CHAPTER VII 
SUCCESSIVE DIFFERENTIATION 


87. Definition of successive derivatives. We have seen that the 
derivative of a function of x is in general also a function of 2. 
This new function may also be differentiable, in which case the 
derivative of the first derivative is called the second derivative 
of the original function. Similarly the derivative of the second 
derivative is called the third derivative; and so on to the nth 
derivative. Thus, if 


Y= 30, 
OT pes 
dx 


a ay = 86 2 
dx\ da 2 


el) ¢ a = 722, .ete. 
dx 


88. Notation. The aa for the successive derivatives are 
usually abbreviated as follows: 


d (dy\_ ay 

da Cs ~ dx?’ 
O\ a (ay a (ay d°y 
dzx| dx we) dx a ~ da?’ 


d (&)- ay 
GaN di Js aa. 
‘If y=f (x), the successive derivatives are also denoted by 
P'), S's Bae) FEB) voy FOS 
Ys y's y Po YS 
o, fe), Fe), SIs GIO» FoF 
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89. The wth derivative. For certain functions a general expres- 
sion involving n may be found for the nth derivative. The usual 
plan is to find a number of the first successive derivatives, as many 
as may be necessary to discover their law of formation, and then 
by induction write down the nth derivative. 


Ex. 1. Given y = e; find oy, 
da” 
Solution. a = Ger, 
dx 
Gy = ae, 
dx? 
By = are, 
dx? 
0, suit =arew, Ans. 
“dan ee 
Ex. 2. Given y=logaz; find oy 
dan 
Solution. dy = = 
Che ae 
dey _ 
dz2 gt’ 
hd) a ee) 
daz as 
dy 1-2-8 
dzt et 
n n— i 
any =(— yn Ans 
dan awe 
Ex. 3. Given y =sing; find ay. 
dx 
3 dy cs Tv 
Solution. —=cos¢=sin (« + *); 
dz 2 


dy das. Te us A 27 
Tet = gehin(# + 5) = c0s(a +5) =sin(e + 27 ’ 


3a 27 Q4 ; 30 
aioe t+) = cos(#+—")=sin(« +"), 


° 
° 


dry ; nT 
pee sin(« + =): Ans. 
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90. Leibnitz’s formula for the wth derivative of a product. This 
formula expresses the nth derivative of the product of two variables 
in terms of the variables themselves and their successive derivatives. 

If u and v are functions of x, we have, from V, 


d du dv 
ag (wv) = aan + Ue 
Differentiating again with respect to 2, 
dl” du dudv  dudv d’v 


__ —— 


ate aps Cuan eas dah aaa 
du du dv ue? 


Similarly 
a d*u au dv @u dv du d*v du dv d®y 
NT ee ee es OU) i Ee oe 
dz ue) dx eax da? dx = dx? dx ae dz dz? da dz My dx 
_@u,, gdudv, gdudy, de 
da? dx? dx da dz da? 


However far this process may be continued, it will be seen that 
the numerical coefficients follow the same law as those of the 
Binomial Theorem, and the indices of the derivatives correspond 
to the exponents of the Binomial Theorem.* Reasoning then by 
mathematical induction from the mth to the (m+ 1)th derivative 
of the product, we can prove Leibnitz’s Formula 


17) d” au da -tu dv . n(n — 1) d”-2u dv 

— = y ee oe es abt oh TS Sel pa Ci 

“0, da” ee) ax” are dx*-1 dx |2 dar-2 ax? 
du ad” lv ay 


wees a é 
da da”-1 dan 


3 
Ex. 1. Given y= e*loga; find va by Leibnitz’s Formula. 
x 


Solution. Let u= et, and v=logaz; 

re a ° de « 
du d?v 1 
—= ee’, —_ =- —) 
dx dx? x 
Bu dy 2 
— =e, —_ =-— 
dx Gags ad 


; du dy 
* To make this correspondence complete, u and v are considered as re and Eek 
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Substituting in (17), we get 


By _ ser ser B2iex 
Tesh ep har einer oS. 
ae ae Dy 


Hx, 2. Given y= ve; find ae by Leibnitz’s Formula. 
Xe re 


Solution. Let u= x, and v= e2; 
du dv 
—=22 — = ae 
then an ; dn A 
au ho dv = Q2er% 
dx? dx? 
3 
du — 0, dv — aeer, 
da? dx 
au =i dry sce 
dan ace 


Substituting in (17), we get 
dry 


FEE xranerm + 2 nar—trew + n(n — 1)ar—2eox 
on ; 


= Qn—2¢eax | 7202 +2nax + n(n—1)]. 


91. Successive differentiation of implicit functions. To illustrate 


2 
the process we shall find a from the equation of the hyperbola 
x 
Ce Sry = ab". 
Differentiating with respect to x as in § 75, p. 84, 


Die Wat ae moe 


dy bx 
A hed Ape io 
( ) da, ay 


Differentiating again, remembering that y is a function of a, 


dy 
2 6b? 62 2 
a; de 


Oo 
dat oy 
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a. 
Substituting for = its value from (A), 


d. 


dy b? (B2x? — ay?) ; 
dx? aty? aty? 
But from the given equation, 072? — a’y? = ab’. 
Oyen & 
“Gke ay? 
EXAMPLES 
Differentiate the following. 
d?y 
1. y=423 —6227442+47. po eee) 
: 8 : [4 
SS Sg iv ———————e 
\\ 2 s0- — ONS eae 
Bao iy) =2. f(y) =|6. 
z dty 6 
4, Sap loa, SE a 
DL a dzt  & 
_& dy. n(n+1)je 
ae 5. Te 2 aero 
6. y=(e—38)e7 4+ 42er + a. WH = ber[(e—2)e* $242] 
2 
one cel rea 
Uh Os ae Ns ee + e Pap 
yx 8. f (x) = ax? -- bm +c. if (@) =: 
Srp is) Ff (2) = log (a 7 1); Fi¥ (x) a eso Tee 
al * 5 (x =t 1)# 
YIT re 8 (e% es e-*) 
10. f(x) = log (e* + e-*). I” (@) =- e@reas 
: bs Das Saree pest 
f7 Sinko: age sin ad = atr. 
Bee 6 sect A sec? 
a dg sect d — 4sec? ¢. 
13 it i a 2 cot ¢ cosec? 
Pd — — = * 
P . r=logsin ¢. dee 
14. f(t) =e-*cost. Fv (t) =— 4e-tcoost =— 4 f(t). 
«15. (0) = Vee 26. Ff” (0) = 8 F(A) ]5 —F (0). 
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* 


qd . dp 4a8 
1G; Oea(OF 2) are tan —- — = —_—-.. 
p= (¢ + @)are tan? eae 
dry 
Ie Sacre — = (log a)" ae. 
7 y=a re eS) 
[n—1 
18. y =log(1 5 —)r-l 
Pee Ce) A ma) Genny 
dry ni 
19. y= OY = gp (ax *): 
Yy = COS ax ae a” cos + 5 
jn—1 
200 yf = 0" log a. ee : 
da” x 
[n= a positive integer.] 
ee nN 
21. me Reyer ee 2. 
14% dan (1+ @)e+t 


Hint. Reduce fraction to form —1+ = before differentiating. 


22. Ifiy=e* sin, ee that au _ 9 +2y=0. 


23. If y= acos(log x) + bsin (log x), prove that wet oat aw +y=0. 


Use Leibnitz’s Formula in the next four examples. 
dry 


24. y = war, Fan =O" (log a)? [(@ log a + n)* — 2]. 
25. y = er. Ua) =e*(x+ n). 
dx 
26. f(x) = ersina. - fO(w) = (-V2)ner sin (« bs +) : 
27. (0) = cos a0 cos bd. FO (6) = e+e cos [ @ + 0)04 72 
ae Geo ee [@-0+™ 


28. Show that the formulas for acceleration, (14), (15), p. 105, may be written 


oO tke _ dy 
Wide ade e! ae 
29. y27=4az. CET. oe eum 
da? ys 
30. ba? + a2y? = a2b2, Oy Stee Sea ey 
du2 a2y Y adxzs aty> 
31, a% +92 = 9%, oy eee 
dx2 ys 
ay 24a 


32. yYt+y= 72. SA eee py 
4 dx (1+ 2y)® 


33. 
34. 


ag 
a * 35. 


36) 
rae 
37. 
38. 
ra 
13° 
40 
: 41 
Ps 
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ax? + 2 hey + by? = 1. 
y?2 — 2ay = a. 
=i pcosd=c. 

6 = tan (¢ + 86). 


log(u +v)=u—v. 


Ee + yu = ev + v. 


nesi= | tes. 

. e+ st—e=0. 

. y+ 2? — ary = 0. 

. yr —2mey+x227-a=0. 
- y=sin(e +9). 


5 GE SSO HE 


Oy he 1a) 
dx (ha + by)3 


dy 


Gy 3 aa 


da? (y—2)3’ de®  (y—a)y 
d?0 ‘tan? @ — tan? ¢ 


dg? tan? 6 

do = 2(5+8e+86) — Bu 
dgs 68 — 4 
dy 4(u + v) ; 
du (u+v+1)3 

d2v os (Ce Bos, 1) (e% es e”) 

du — (e”,+ 1)8 

ds Bi Se 

oe e s, 

di (2—s)8 

ds 32 —s)e42t 

dt? (e + t)8 

C2) 2 aay 

da? (y — aa)3 

@y _a(m?—1) 

da? (y — ma)8 

Py _ me) ‘ 

dx? [1—cos (a + y)]® 

@y — yf@—1)?+(y—-1)], 

dx? x? (y —1)8 


. ax? + Qhey + by2?+29x+2fy+e=0., 


CHAPTER IX 
MAXIMA AND MINIMA* 


92. Increasing and decreasing functions. A function is said to be 
increasing when it increases as the variable increases and decreases 
as the variable decreases. A function is said to be decreasing when 
it decreases as the variable increases and increases as the variable 
decreases. 

The graph of a function indicates plainly whether it is increas- 
ing or decreasing. For instance, consider the function a* whose 
graph (Fig. a) is the locus of the equation 

Y= a. a>1 

As we move along the curve from left to right the curve is ris- 
ing, i.e. as x increases the function (= y) always increases. There- 
fore a* is an increasing function for all values of z. 


Fic. a Fia. 6b 


On the other hand, consider the function (a — z)* whose graph 
(Fig. 6) is the locus of the equation 


y= (a— 2). 


* The proofs given in this chapter depend chiefly on geometric intuition. The subject of 
Maxima and Minima will be treated analytically in § 119, p. 169. 
116 
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Now as we move along the curve from left to right the curve 
is falling, i.e. as x increases the function (= y) always decreases. 
Hence (a — ~)* is a decreasing function for all values of 2. 

That a function may be sometimes increasing and sometimes 
decreasing is shown by the graph (Fig. c) of 

ete ge el Digs O. 

As we move along the curve from left to right the curve rises 
until we reach the point A, then it falls from 4 to B, and to the 
right of B it is always rising. Hence 


(a) from c=—o@ to x=1 the function is 
increasing ; Y [A 

(0) from x=1 to x=2 the function is de- 
creasing ; | 

(ce) from «=2 to x=+00 the function is 

| 

° ° MN 
wncreasimng. 1 xX 


The student should study the curve care- 
fully in order to note the behavior of the IGE 
function when e=1 and x=2. Evidently A 
and B are turning points. At 4 the function ceases to increase 
and commences to decrease ; at B, the reverse is true. At 4A and 
B the tangent (or curve) is evidently parallel to the axis of Y, and 
therefore the slope is zero. 

93. Tests for determining when a function is increasing and when 
decreasing. It is evident from Fig. ¢ that at a point, as C, where 
a function y=f (2) 


is increasing, the tangent in general makes an acute angle with the 
axis of X; hence 


slope = tan T ay f! (x) = 4 positive number. 


dz 


Similarly at a point, as D, where a function is decreasing, the tan- 
gous in general makes an obtuse angle with the axis of Y; therefore 


slope = tan T =—4 = f! (x) = a negative number.* 


* oa ereoy for any given value of z, 
if f' (a)=+, then f(x) is increasing ; 
if f'(@)=—, then f(x) is decreasing. 
When f'(2)= 0, we cannot decide without further investigation whether f(x) is increasing or 


decreasing. 
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In order then that the function shall change from an increasing 
to a decreasing function, or vice versa, it is a necessary and sutfi- 
cient condition that the first derivative shall change sign. But this 
can only happen for a continuous derivative by passing through 
the value zero. Thus in Fig. c, p. 117, as we pass along the curve 
the derivative (= slope) changes sign at A and B where it has the 
value zero. In general then we have at turning points 


(18) wt Evia) = 0: 


The derivative is continuous in nearly all our important apph- 
cations, but it is interesting to note the case when the derivative 
(= slope) changes sign by passing through o.* This would evi- 
dently happen at the points B, #, G in Fig. d, p. 119, where the 
tangents (and curve) are perpendicular to the axis of X. At such 
exceptional turning points 


or, what amounts to the same thing, 
1 — 
f'(2) 

94, Maximum and minimum values of a function.t A maximum 
value of a function is one that is greater than any values imme- 
diately preceding or following. 

A minimum value of a function is one that is Jess than any 
values immediately preceding or following. 

For example, in Fig. ¢, p. 117, it is clear that the function has 
a maximum value M4 (= y= 2) when z=1, and a minimum value 
WB Gay = 1) when ge 2, 

The student should observe that a maximum value is not neces- 
sarily the greatest possible value of a function nor a minimum 
value the least. For, in Fig. ¢ it is seen that the function (= y) has 
values to the right of B that are greater than the maximum M4, 
and values to the left of A that are less than the minimum WB. 

* By this is meant that its reciprocal passes through the value zero. 


+ The student should not forget that in general the definitions and proofs given in this book 
apply only at points where the function is continuous. 
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A function may have several maximum and minimum values. 
Suppose that the following figure represents the graph of a 
function f(z). 

At B, D, G, I, K the function is a maximum, and at C, 1b Jee a! 
aminimum. That some particular minimum value of a function 
may be greater than some particular maximum value is shown in 


Fie. d 


the figure, the minimum values at C and H being greater than the 
maximum value at K. 
At the ordinary turning points C, D, H, I, J, K the tangent 
(or curve) is parallel to OX; therefore 
slope a 
PY dx ; : 
At the exceptional turning points B, H,G the tangent (or curve) 
is perpendicular to O.X, giving 


slope = =a} (0) 100, 

One of these two conditions is then necessary in order that 
the function shall have a maximum or a minimum value. But 
such a condition is not sufficient; for, at / the slope is zero and at 
A it is infinite, and yet the function has neither a maximum nor a 
minimum value at either point. It is necessary for us to know, in 
addition, how the function behaves in the neighborhood of each 
point. Thus at the points of maximum value, B, D, G, 1, K, the 
function changes from an increasing to a decreasing function, and 
at the points of minimum value, C, L, H, J, the function changes 
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ad 


from a decreasing to an increasing function. It therefore follows 
from § 98 that at maainum points: 


slope = a = f'(x) must change from + to —, 
x 


and at minimum points 
dy ' 
slope ie = f'(x) must change from — to + 


when we move along the curve from left to right. 
At such points as A and # where the slope is zero or infinite, 
but which are neither maximum nor minimum points, 


slope = “o = f'(x) does not change sign. 
ve 


We may then state the conditions in general for maximum and 
minimum values of f(x) for certain values of the variable as follows: 

(49) f(x) is a maximum if f!(v) = 0, and f'(a) changes from + 
to —. 

(20) f(x) is a minimum if f!(7) = 0, and f/'(a) changes from — 
to +. 

The values of the variable at the turning points of a function 
are called critical values; thus x=1 and 2=2 are the critical 
values of the variable for the function whose graph is shown in 
Fig. c, p. 117. The critical values at turning points where the 
tangent is parallel to OX are evidently found by placing the first 
derivative equal to zero and solving for real values of x, just as 
UDGer S11, p..60." 

To determine the sign of the first derivative at points near a 
particular turning point, substitute in it, first a value of the variable 
just a (ttle less than the corresponding critical value, and then one 
a little greater. If the first gives + (as at L, Fig. d, p. 119) and 
the second — (as at J), then the function (= y) has a maximum 
value in that interval (as at 1). 

} * Similarly if we wish to examine a function at exceptional turning points where the tangent 
is perpendicular to OX, we set the reciprocal of the first derivative equal to zero and solve to 
find critical values. 

+ In this connection the term ‘little less,” or ‘trifle less,’ means any value between the 


next smaller root (critical value) and the one under consideration ; and the term “ little greater,” 
or ‘‘ trifle greater,” means any value between the root under consideration and the next larger one, 
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If the first gives — (as at P) and the second + (as at ), then 
the function (= y) has a minimum value in that interval (as at C). 

If the sign is the same in both cases (as at Q@ and R), then the 
function (= y) has neither.a maximum nor a minimum value in 
that interval (as at /’).* 

We shall now summarize our results into a compact working rule. 

95. First method for examifiing a function for maximum and 
minimum values. Working rule. . 

First step. ind the first derivative of the function. 

Second step. Set the first derivative equal to zero} and solve the 
resulting equation for real roots in order to find the critical values of 
the variable. 

Third step. Write the derivative in factor form; if it is algebraic, 
write it in linear factor form. 

Fourth step. Considering one critical value at a time, test the 
first derivative, first for a value a trifle less and then for a value a 
trifle greater than the critical value. If the sign of the derivative is 
first + and then —, the function has a maximum value for that partic- 
ular critical value of the variable; but if the reverse is true, then 
it has a minimum value. If the sign does not change, the function 
has netther. ; 

Ex. 1. Examine the function (w —1)?(¢ +1)? for maximum and minimum 
values. 

Solution. f(x) = (#@ —1)?(a + 1). 

First step. f’ (x)= 2(¢ —1)(x +1)?+8 (xe —1)?(@+1)? 

= (x —1) (a +1)2(52 —1). 

Second step. (#—1) (a+ 1)?(5a —1)=0, 

#=1, —1, 4, which are eritical values. 

Third step. SF’ (x) = 5(@ —1) @ + 1)? (@ — 5). 

Fourth step. Examine first for critical value x = 1 (C in figure). 

When «<1, f’(x) = 5(—) (+)?(+) =—- 
When «> 1, f’ (x) =5(+)(+)2(4+) =+. 

Therefore, when x =1 the function has a minimum value f(1) = 0 (= ordinate 

of C). 


* A similar discussion will evidently hold for the exceptional turning points B, 2, and A 
respectively. 

+ When the first derivative becomes infinite for a certain value of the independent variable, 
then the function should be examined for such a critical value of the variable, for it may give 
maximum or minimum yalues, as at B, H, or A (Big. d, p.119). See footnote on preceding page. 
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Examine now for critical value « = { (B in figure). 
When x <4, f’(z) =5(—)(+)?(—) =+- 
When «>, f(t) =5(—)(+)?(+) =—- 
Therefore, when # = } the function has a maximum value f (4) = 1.11 + (= ordi- 
nate of B). 
Examine lastly for critical value x =— 1 (A in figure). 
When « < —1, f’ (x) = 5(—) (—)?(—) =+- 
When « >—1, f’ (x) = 5(—)(+)?(-) =+- 
Therefore, when z =— 1 the function has neither a maximum nor a minimum 
value. 
Ex. 2. Examine sinz(1+ cosa) for maximum and minimum values. 
Solution. Ff (x) = sin x (1 + cos 2). 
First step. Ff’ (e) =—sin?x +(1+ cos x) cosa =2 cos? z+ cosa%—1. 


Second step. 2cos*x +cosx —1=0. 


Solving the quadratic, cosa = for —1; 
hence the critical values are e=+ 3 or 7. 
Third step. f’(&) = 2 (cos x — ) (cosa + 1). 


Fourth step. Examine first for critical value « = x 


When w<t f'(@) =2(+) (+) =+4. 


Tv 


When eed) f’(@) = 2(—)(+)=-. 
Therefore, when « = 3 the function has a maximum value f (=) = ; v3. 
Examine now for critical value 7 = — es 

When x <— x f'(") = 2(—-)(+)=-. 

When «> — at f(t) = 2(+) (+) =+. 


Therefore, when « = — 2 the function has a minimum value f ( — =) —— ; V3. 


Examine now for critical value « = 7. 
When «<7, f(x) =2(—)(+)=-. 
When @>7n, f(x) =2(—)(+) =-. 


Therefore, when x = 7 the function has neither a maximum nor a minimum 
value. 
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Since the cosine is a periodic function, the critical values are really 
c= 2nr + 5 and ne, 


where m is any integer. Therefore the function has an infinite number of maxima 
all equal to 3 V3, and an infinite number of minima all equal to — 3 V3, 

Ex. 3. Examine the function a — b( — c)’ for maxima and minima. 

Solution. f(t) =a—b(a= c)!. 

26 
f@) == —— 
3 (% — c) 

Since  =c is a critical value for which f’(x) =, but 
for which f(x) is not infinite, let us test the function for 
maximum and minimum values when « = c. 

When «<c, f(x) =+ 
When <>c¢, f/(¢)=— 


Hence, when = c = OM the function has a maximum value f(c) = a = MP. 


ee 4 = 


96. Second method for examining a function for maximum and 
minimum values. From (49), p. 120, it is clear that in the vicinity 
of a maximum value of f(z), in passing along the graph from left 

ight, 
ee Ff'(a) changes from + to 0 to —.* 
Hence f'(z) isa decreasing function, and by § 93 we know that its 
derivative, i.e. the second derivative of the function itself [= /"’(2)], 
is negative or zero. 

Similarly we have, from (20), p. 120, that in the vicinity of a 
minimum value of f(z) 


f'(x) changes from — to 0 to +. 


Hence f'(z) is an increasing function, and by § 93 it follows that 
J''(x) is positive or zero. 

The student should observe that f’ (2) is 
positive not only at minimum points (as at “) 
but also at points such as P. For, as a point 
passes through P in moving from left to right, 


slope = tan T = ct =f'(x) is an increasing function. 
z 


At such a point the curve is said to be concave upwards. 


* f(z) is assumed to be continuous, and f”" (x) to exist. 
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Similarly f(z) is negative not only at. 
maximum points (as at B) but also at points 
such as Q. For, as a point passes through Q, 


x 
slope = tan T = oe =f! (x) is a decreasing function. 
x 


At such a point the curve is said to be concave downwards.* 

We may then state the sufficient conditions for maximum and 
minimum values of f(x) for certain values of the variable as 
follows : 


(21) f(v) is a maximum if /'(z)=90 and /'(x)=a negative 
number. 

(22) f(x) is a minimum if f'(x)=90 and /''(a)=a positive 
number. ; 


Following is the corresponding working rule. 


First step. Find the first derivative of the function. 

Second step. Set the first derivative equal to zero and. solve the 
resulting equation for real roots in order to find the critical values of 
the variable. 

Third step. ind the second derivative. 

Fourth step. Substitute each critical value for the variable in the 

second derivative. If the result is negative, then the function is a 
maximum for that eritical value ; tf the result ts positive, the function 
is a minimum. 


Ex. 1. Examine «3? — 322—9z2 + 5 for maxima and minima. 


Solution. f(x) = #8 — 322 —9x +45. 
First step. S(t) = 8a? — 6a — 9. 
Second step. 322—6x%—9=0; 

hence the critical values are « =—1 and 3. 
Third step. J (a) =6a —6. 


Fourth step. f’(—1)=— 12) .. f(—1) = 10 = (ordinate of 
A) = maximum value. 
f’ (8) =+ 12... £(8) = — 22 (ordinate of B) 
= minimum yalue. 


* At a point where the curve is concave upwards we sometimes say that the curve has a positive 
bending, and where it is concave downwards a negative bending. 

+ When /" (x)= 0, or does not exist, the above process fails, although there may even then be 
a maximum or a minimum ; in that case the first method given in the Tast section still holds, 
being fundamental. Usually this second method does apply, and when the process of finding 
the second derivative is not too long or tedious, it is generally the shortest method, 
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Ex. 2. Examine sin? cosa for maximum and minimum values. 
Solution. J («) = sin? @ cos a. 

First step. SJ’ (&) = 2 sin x cos? 2 — sin? g. 
Second step. 2sin x cos? — sinia=0; 


hence the critical values are « = nr 


and t= nm + arctan V2 = nm 4a. 
Third step. J” (w) = cos %(2 cos? x — 7 sin? x). 
Fourth step. f’ (0) =+. _.. f(0) = 0.= minimum value at O. 
Seed i’ (mr) =—. «. f(r) =0 = maximum value at C. 
f’(a)=—. «. f(a) = maximum value at A. 
Sf’ (7 —a)=+. «. f(r —a) = minimum value at B, ete. 


The work of finding maximum and minimum values may frequently be simpli- 
fied by the aid of the following principles which follow at once from our discussion 
of the subject. 

(1) The maximum and minimum values of a continuous function must occur 
alternately. 

(2) When c is a positive constant, cf(x) is a maximum or a minimum for such 
values of x, and such only, as make f(x) a maximum or a minimum. 

Hence, in determining the critical values of x and testing for maxima and minima, 
any constant factor may be omitted. 

When c is negative, cf (x) is a maximum when f (x) is a minimum, and conversely. 


(8) If ¢ is a constant, f(z) and c + f(x) 


have maximum and minimum values for the same values of «. 
Hence a constant term may be omitted when finding critical values of x and 


testing. 
EXAMPLES 


Examine the following functions for maximum and minimum values. 


1. 823 — 9a? — 272% + 380. Ans. x =—1, gives max. = 45; 
«= 38, gives min. =— 51. 
2. 223 — 214? + 36a — 20. Ans. «= 1, gives max. =— 3; 
x = 6, gives min. =— 128. 
3 
$2 297 4804 1. Ans. ©=1, gives max. = {; 
% = 38, gives min. = 1. 
4, 203 — 152? + 36a + 10. Ans. x = 2, gives max. = 38; 
ai — Sh Cinema, = 8yf- 
5. 28 — 924 152 — 3. Ans. «=1, gives max. = 4; 
x= 5, gives min. = — 28. 
x? — 302+ 62+ 10. Ans. No max. or min. 
7. 2 —5at4+ 5a84+1 Ans. *=1, gives max. = 2; 
x = 3, gives min. = — 26; 


x = 0, gives neither. 


ra 
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8. 305 — 12528 + 2160. 
9. (7 — 8)2(a — 2). 


10. (« —1)8 (a — 2)% 


= aes 


11. (w — 4)5 (@ + 2)4. 


12. 


13. 


14. 


15. 


16. 


23. 


24, 


(x — 2) (2% + 1)4. 


(x + 1)? (@ — 5)2. 


(2% —a)3(a — a)’. 


x(a —1)2(% + 1)8. 


x(a + x)? (a — 2/3, 


. b+c(x — a)i. 
. a—b(z — opt. 
g—T2+6 
a — 10 

(a — x)8 
a—2% 
1l—7+22 
1+2— 72? 
w—324+2 
+3242 
(x — a) (b — &) 
=a 
aa b2 

g a-g 
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Ans. « =— 4 and 3, give max. ; 
x =—8 and 4, give min. 
Ans. «= 4, gives max. = +4; 


Ans. 


Ans. 


Ans, 


Ans. 


Ans. 


Ans. 


Ans. & 


Ans. 


Ans. 


Ans. 


© = 3, gives min. = 0. 


x = 8, gives max. = .03456 ; 
% = 2, gives min. =0; 
x =1, gives neither. 


x =— 2, gives max. ; 
x = 2, gives min. ; 
x = 4, gives neither. 


x =— i, gives max. ; 
% = 74, gives min. ; 
@ = 2, gives neither. 


\ 
x = i, gives max. ; 
x =—1 and 5, give min. 


PNGH os 
fi) = aan gives max, ; 


v= 4a, gives min. ; 


GB ac : 
c= 5) gives neither. 


. © = 4, gives max. ; 


x = 1 and — 14, give min. 


Ci 
: Seat IBL give max. ; 
Ch a : 
&=——, gives min. 
2 
. © =a, gives min. = 0. 


. No max. or min. 


. © = 4, gives max. ; 


x = 16, gives min. 


a é Q 
e®=-—, gives min. 


ies 


2, 


a 
+56 


1, gives min. 


a = V2, gives min. =12v3— 17. 
x 


2, gives max. =—12V2~—17, 


2 ae 
e > gives max, = (@ Oy 
+6 4ab 
a2 


3) gives min, ; 


» gives max, 
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x 
25. : Ans. x =e, gives min. 
log x 
e& é 
1) 26. ra je C=, Ans. Min. when z lies between 12 and 1, 
27. aekx + be- ke, : Ans. Min. = 2 Vab. 
Lames : 
28.) 0%. Ans. *=—, gives min. 
i Q 
SPAS Hae, Ans. © =e, gives max. 
30. cos z+ sin x. Ans. c=", gives max. = V2 ; 
4 
5 
Cli 7 , gives min. =— V2. 
F 31. sin2a%— 2. Ans. £= a gives max. ; 
S eee : 
y t=— ru gives min. 
32. x + tan @. i Ans. No max. or min. 
33. sin? cos g. Ans. %= 5° gives max. = =V8; 
a=— 4, gives min. e/a 
as 3 16 
i 34. © cos x. Ans. £=cotaz, gives max. 
35. sin + cos2 a. Ans. ©=arcsin }, gives max. ; 
Qune= 2 gives min. 
36. 2 tan az — tan?z. Ans. t=", gives max. 
fo 4 
Siler ce hos atalaiel Ans. =~, gives max. 
ys 1+ tang 4 
Ct, 2a a Ans. £=cosg, gives max. 
1+ ctan zx 
39. The range OA of a projectile in a vacuum is given by the formula 
V4 sin 2 
jee Wilanaak de y 


g 
where v; = initial velocity, g = acceleration due to grav- 
ity, @ = angle of projection with the horizontal. Find 
the angle of projection which gives the greatest range © 
for a given initial velocity. Ans. ¢ = 45°. 


40. The total time of flight of the projectile in the last problem is given by the 
formula T= 20; sing 
g 
At what angle should it be projected in order to make the time of flight a 
maximum ? Ans. ¢= 90°. 
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41. The time it takes a ball to roll down an inclined plane AB is given by the 
a formula 


UZ . 
‘A re, eee 
: gsin2¢ 


Neglecting friction, etc., what must be the value of ¢ to make the 


B quickest descent ? Ans. $= 45°. 


© 42. When the resistance of air is taken into account, the inclination of a pen- 
dulum to the vertical may be given by the formula 


6 = ae-*t cos (nt + e). 


Show that the greatest elongations occur at equal intervals * of time. 
n 


O 43. It is required to measure a certain unknown magnitude x with precision. 
Suppose that n equally careful observations of the magnitude are made, giving the 
results 

4, Ae, M3, +++, An. 
The errors of these observations are evidently 
%— Ay, © —Ag, © — dg, +++, © — Any 

some of which are positive and some negative. 

It has been agreed that the most probable value of z is such that it renders the 
sum of the squares of the errors, namely 


( — ay)? + (ae — aig)? + (@ — a)? +--+ + (© — O42, 


aminimum. Show that this gives the arithmetical mean of the observations as the 
most probable value of x. 


44, The bending moment at B of a beam of length J, uniformly loaded, is given 

by the formula M = iwle — Lwe, 

where w = load per unit length. Show that the maximum 
bending moment is at the center of the beam. 


ee: 45. If the total waste per mile in an electric conductor is 


2 


Va cya 
iP 


where ¢ = current in amperes, r = resistance in ohms per mile, and ¢ = a constant 
depending on the interest on the investment and the depreciation of the plant, what 
is the relation between c, r, and-¢ when the waste is a minimum ? EAS Cia 


vee 46. A submarine telegraph cable consists of a core of copper wires with a cover- 
ing made of nonconducting material. If # denote the ratio of the radius of the core 
to the thickness of the covering, it is known.that the speed of signaling varies as 


o2 logs. 
x 


Show that the greatest speed is attained when # = Js 
e 
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47. Assuming that the power given out by a voltaic cell is given by the formula 
BR | 
+R» 
where E = constant electro-motive force, r = constant internal resistance, R = exter- 
nal resistance, prove that P is a maximum when r= R. 


48. When a battery of mn cells is joined up so that m rows of n cells, connected 
in series, are joined in parallel, the current is given by the formula 
“2 mni 
mR + nr” 
where # =électro-motive force of each cell, r = internal, and R = external resist- 
ance ofeach-eell. Show that the current is a maximum when Rm =rn, that is, 
the total internal resistance equals the total external resistance. Z 


49. The force exerted by a circular electric current of radius a on a small magnet 
whose axis coincides with the axis of the circle varies as 


x 
Ss Sa eas 
(a? + x2)8 


where x = distance of magnet from plane of circle. Prove that the force is a maxi- 


4 


a 
mum when # = = 


50. We have two sources of heat at A and B with intensities a and b respectively. 
The total intensity of heat at a distance of x from A is given by the formula 


=S4+5-5 b 
(@— a) 


Show that the Ee iperatire at P will be the lowest when 
3 


Dae Vb 
ms 
Va 
that is, the distances BP and AP have the same ratio as the cube roots of the 
corresponding heat intensities. The distance of P from A is 
BE 
asd 


ae + be 


97. General directions for solving problems involving maxima and 
minima. In our work thus far the function has been given whose 
maximum and minimum values were required. This is by no means 
always the case; in fact, we are generally obliged to construct the 
function ourselves from the conditions given in the problem, and 
then test it as we have been doing for maximum and minimum 
values. 

No rule applicable in all cases can be given for constructing the 
function, but in a large number of problems we may be guided by 
the following 
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General Directions. 

(a) Express the function whose maximum or minimum is involved 
in the problem. 

(b) If the resulting expression contains more than one variable, the 
conditions of the problem will furnish enough relations between the 
variables so that all may be expressed in terms of a single one. 

(c) To the resulting function of a single variable apply one of our 
two rules for finding maximum and minimum values. 

(d) In practical problems it is usually easy to tell which eritical 
value will give a maximum and which a minimum value, so it is not 
always necessary to apply the fourth step of our rules. 


PROBLEMS 


1. It is desired to make an open-top box of greatest possible volume from a 
square piece of tin whose side is a by cutting equal squares out of the corners and 
then folding up the tin to form the sides. What should be 
the length of a side of the squares cut out ? 


Solution. Let « =side of small square = depth of box; 


then a—2e=side of square forming bottom of 
S box, and volume is 
=(a—22)?2; 
which is the function to be made a maximum by varying 2. 
Applying rule, - 
dV 


Fi AEN RUNES 


First step. 


Second step. Solving a? — 8ax + 122% = 0 gives critical values 2 = # ana 2. 
2 6 


Pa phat : a : 
It is evident from the figure that « = 5 must give a minimum, for then all the tin 
would be cut away, leaving no material out of which to make a box. By the usual 
a. ‘ ; PAGES ss 
test, 2 = 6 is found to give a maximum volume Hence the side of the square 
to be cut out is one sixth of the side of the given square. 
2. Assuming that the strength of a beam with rectangular cross section varies 


directly as the breadth and as the square of the depth, what are the dimensions of 
the strongest beam that can be sawed out of a round log whose 


diameter is d? ——- 
Solution. If « = breadth and y = depth, then the beam will 
have maximum strength when the function zy? is a maximum. 
From the figure, y? = d? — %; hence we should test the function 
Ses 


f(t) = @ (# — 22), 


MAXIMA AND MINIMA Lou 


First step. Sf (a) =— 2024 @ — a2 = @ — 322, 


d Bins 
Second step. d?—322=0. .. «= —~ = critical value which gives a maximum, 
Therefore, if the beam is cut so that 
depth = 2 of the diameter of log, 


and breadth = Vi of the diameter of log, 
the beam will have maximum strength. 


3. What is the width of the rectangle of maximum 
area that can be inscribed in a given segment OAA’ of a 
parabola ? - 

Hint. If OC=h, BC=h-«x and PP’=2y; therefore the area 


of rectangle PDD/P’ is 
2(h-x)y. 


But since P lies on the parabola y2= 2 pa, the function to be tested is 


2(h-2x)V 2px. 


Ans. Width = $h. 


4, Find the altitude of the cone of maximum volume that 
can be inscribed in a sphere of radius r. 


B 


Hint. Volume of cone=47ra*y. But 2=BCx  CD=y(2r—y); there- 
fore the function to be tested is 


Aa ar 
ne SM=EPCr-y). 


D Ans. Altitude of cone = ¢r. 


5. Find the altitude of the cylinder of maximum volume 
that can be inscribed in a given right cone. 


Hint. Let AC=r.and BC=h. Volume of cylinder = ray. 
But from similar triangles ABC and DBG@ 
r(h-y), 


risash:h-y. .. 2=——— 
h 


Hence the function to be tested is 
SY)=yh-y Ans. Altitude = $h. 
6. Divide a into two parts such that their product is a 


i a 
Se saa Ans. Each part = = 


7. Divide 10 into two parts such that the sum of their squares is a minimum. 


Ans. Each part = 5. 
eee 10 into two such parts that the sum of the double of one and square 


of the other may be a minimum. Ans. 9 and 1. 


9. Find the number that exceeds its square by the greatest possible quantity. 
Alig, Ye 
10. What number added to its reciprocal gives the least possible sum ? PAH Ssmel 
A 11. Assuming that the stiffness of a beam of rectangular cross section varies 

directly as the breadth and the cube of the depth, what must be the breadth of the 


stiffest beam that can be cut from a log 16 inches in diameter ? 
Ans. Breadth = 8 inches. 
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12. A torpedo boat is anchored 9 miles from the nearest point of a beach, and 
it is desired to send a messenger in the shortest possible time to a military camp 
situated 15 miles from that point along the shore. If he can walk 5 miles an hour 


but row only 4 miles an hour, required the place he must land. 
Ans. 3 miles from the camp. 


13. For a certain specified sum a man takes the contract to build a rectangular 
water tank lined with lead. It hasasquare base and open top, and holds 108 cubic 
yards. What shall be its dimensions in order to require the least possible quantity 
of lead ? Ans. Altitude = 8 yds., side = 6 yds., that is, 

; length of side = twice the altitude. 


14. A gasholder is a cylindrical vessel closed at the top and open at the bottom, 
where it sinks into the water. What should be its proportions for a given volume 
to require the least material (this would also give least weight) ? 

Ans. Diameter = double the height. 


15. What should be the dimensions and weight of a gasholder of 8,000,000 cubic 
feet capacity built in the most economical manner out of sheet iron ;; of an inch 
thick and weighing 23 lbs. per sq. ft.? 

Ans. Height = 187 ft., diam. = 273 ft., weight = 200 tons. 


16. What are the most economical proportions for a cylindrical steam boiler ? 
Ans. Diameter = length. 


17. A paper-box manufacturer has in stock a quantity of strawboard 30 inches 
by 14 inches. Out of this material he wishes to make open-top boxes by cutting 
equal squares out of each corner and then folding up to form the sides. Find the 
side of the square that should be cut out in order to give the boxes maximum 
volume. Ans. 3 inches. 


18. A roofer wishes to make an open gutter of maximum 
capacity whose bottom and sides are each 4 inches wide and 
whose sides have the same slope. What should be the width 
across the top ? Ans. 8 inches. 


19, Assuming that the energy expended in driving a steamboat through the 
water varies as the cube of her velocity, find her most economical rate per hour 
when steaming against a current running c miles per hour. 


Hint. Let v= most economical speed ; 


then av'— energy expended each hour, a being a constant depending upon the particular 
conditions, 
and v—c= actual distance advanced per hour. 


a , F < 
Hence eae is the energy expended per mile of distance advanced, and it is therefore the 


function whose minimum is wanted. Ans, v= 3 Cs 


20. Prove that a conical tent of a given capacity will require the least amount of 
canvas when the height is V2 times the radius of the base. Show that when the 
canvas is laid out flat it will be a circle with a sector of about 156° cut out. A bell 
tent 10 ft. high should then have a base of diameter 14 ft. and would require 272 
sq. ft. of canvas. 
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21. Find the right triangle of maximum area that can be constructed on a line 


of length A as hypotenuse. 
Bt yP Ans. 7 = length of both legs. 
2 


22. Show that a square is the rectangle of maximum area that can be inscribed 
in a given circle. Also show that the square has the maximum perimeter. 


23. What is the isosceles triangle of maximum area that can be inscribed in a 
given circle ? Ans. An equilateral triangle. 


24. Find the altitude of the maximum rectangle that can be inscribed in a right 


triangle with b b and altit r 
Se goo aud aide 2 ine Altitude = 5. 


25. Find the dimensions of the rectangle of maximum area that can be inscribed 
in the ellipse ba? + a?y? = a?b?. Ans. a V2 and b V2; area = 2ab. 


26. Find the altitude of the right cylinder of maximum volume that can be 


: inscribed in a sphere of radius r. Pera apa tiside of cylinger = ar ; 


3 
27. Find the altitude of the right cylinder of maximum convex (curved) surface 
that can be inscribed in a given sphere. Ans. Altitude of cylinder = r V2. 
28. Find the altitude of the right cylinder inscribed in a given sphere when its 
i emtise surface is a maximum. Devn ICR ( 9 a 

; V5 

29. Find the altitude of the right cone inscribed in a sphere when its entire 

surface is a maximum. Ans. Altitude = (23 —7 17) rs 

; 16 

30. Find the altitude of the right cone of minimum volume circumscribed about 
a given sphere. Ans. Altitude = 4r, and volume = 2 x vol. of sphere. 


31. A right cone of maximum volume is inscribed in a given right cone, the vertex 
a of the inside cone being at the center of the base of the given cone. Show that the 
altitude of the inside cone is one third the altitude of the given cone. 


32. Through a point (a, b) referred to rectangular axes a straight line is to be 
7-?£, drawn, forming with the axes a triangle of least area. Show that its intercepts on 
the axes are 2a and 26. 


33. Through the point (a, b) a line is drawn such that the part intercepted 
between the axes is a minimum. Prove that its length is (a3 + p33, 


34. Given a point on the axis of the parabola y? = 2 px at a distance a from the 


ag vertex ; find the abscissa of the point of the curve nearest to it. Ans. x=a—p. 
2 


: Y 35. What is the length of the shortest line that can be drawn tangent to the 
ellipse b2x2 + a’y? = ab? and meeting the codrdinate axes ? Ans. a+. 


36. Find the altitude of the least isosceles triangle that can be circumscribed 


about an ellipse, the base being parallel to the major axis. 
Ans. Altitude = 3 times semi-minor axis. 


/ 
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S 37. A Norman window consists of a rectangle surmounted by a semicircle. 
“Given the perimeter; required the height and breadth of the window when the 
quantity of light admitted is a maximum.- 
Ans. Radius of circle = height of rectangle. 


, 388. A tapestry 7 feet in height is hung on a wall so that its lower edge is 9 feet 
‘above an observer’s eye. At what distance from the wall should he stand in order 
to obtain the most favorable view ? 


Hint. ‘The vertical angle subtended by the tapestry in the eye of the observer must be at a 
maximum. Ans. 12 feet. 


39. The regulations of the British Parcels Post require that the sum of the length 
and girth of a parcel shall not exceed 6 feet. Show that 

(a) The greatest sphere allowed is about 172 inches in diameter and has a volume 
of about 1} cubic feet. 

(b) The greatest cube has an edge 142 inches in length and a volume of nearly 
12 cubic feet. 

(c) The greatest rectangular box is 1 ft. by 1 ft. by 2 ft., containing 2 cubic feet. 

(d) The greatest parcel of any shape is a cylinder 2 ft. long and 4 ft. circum- 
ference, and contains over 2} cubic feet. j 


40. What are the most economical proportions of a tin can which shall have a 
Pe given capacity, making allowance for waste ? 
oe Hint. There is no waste in cutting out tin for the side of the can, 


but for top and bottom a hexagon of tin circumscribing the circular 
pieces required is used up. 


V3 | 
Ans. Height = i x diameter of base. 
Tv 


Note 1. Ex. 16 shows that if no allowance is made for waste, then height 
- = diameter. 


Note 2. We know that the shape of a bee cell is hexagonal, giving a certain 
capacity for honey with the greatest possible economy of wax. 


41. An open cylindrical trough is constructed by bending a given sheet. of tin 
of breadth 2a. Find the radius of the cylinder of which the trough forms a part 


a when the capacity of the trough is a maximum. 2a 
Yd Ans. Rad. = —. 
Tv 


42. A weight W is to be raised by means of a lever with the force F at one 
end and the point of support at the other. If the weight is suspended from a point 
at a distance a from the point of:support, and the weight of the 


beam is w pounds per linear foot, what should be the length of F 
the lever in order that the force required to lift it shall be a CTL 
minimum ? Saw as 

i PAN Sr a J feet. _ 
—— w 


43. A rectangular stockade is to be built which must have a certain area. Ifa 
stone wall already constructed is available for one of the sides, find the dimensions 
which would make the cost of construction the least. 

Ans. Side parallel to wall = twice the length of each end. 
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44, An electric arc light is to be placed directly over the center of a circular 
plot of grass 100 feet in diameter. Assuming that the intensity of light varies 
directly as the sine of the angle under which it strikes an illuminated surface and 
inversely as the square of its distance from the surface, how high should the light 


be hung in order that the best possible light shall fall on a walk along the circum- 
ference of the plot ? Brae 50 fact: 
| v2 


- 45. The lower corner of a leaf, whose width is a, is folded over 
so as just to reach the inner edge of page. (a) Find the width of 
the part fottled over when the length of the crease is a minimum. 
(b) Find width when the area folded over is a maximum. 


Ans. (a) 3a (b) =a. 


CHAPTER X 
POINTS OF INFLECTION 


98. Definition. Points of inflection separate arcs concave upwards 
from ares concave downwards.* Thus, if a curve y= f(a) changes 
(as at B) from concave upwards (as at A) to 
concave downwards (as at C), or the reverse, 
then such a point as B is called a point of 
inflection. 

From the discussion of § 96 it follows at 
once that at 4, f’(x)=+4, and at C, f!""(“)=—. 
In order to change sign it must-pass through the value zero; ft 
hence we have 


(23) At points of inflection, /''! (x) = 0. 


Solving the equation resulting from (23) gives the abscissas of 
the points of inflection. To determine the direction of curving in 
the vicinity of a point of inflection, test f’"(v) for values of a, first 
a trifle less and then a trifle greater than the abscissa at that point. 

If f(x) changes sign, we have a point of inflection, and the signs 
obtained determine if the curve is concave upwards or concave 
downwards in the neighborhood of each point. 

The student should observe that near a point where the curve 
is concave upwards (as at A) the curve lies above the tangent, and 
at a point where the curve is concave downwards (as at C) the 
curve lies below the tangent. At a point of inflection (as at B) 
the tangent evidently crosses the curve. 


* Points of inflection may also be defined as points where 


a 24 

(a) =0 and ou changes sign, or 
atx 

(b) rs 


dx é 
——=(0 and — changes sign. 
dy? dy? 
+ It is assumed that /"(v) and f(z) are continuous. The solution of Ex, 2, p. 137, shows how 
to discuss a case where f'(x) and /"'(x) are both infinite. Evidently salient points (see p. 265) are 
excluded, since at such points f(z) is discontinuous. 
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Following is a rule for finding points of inflection of the curve 
whose equation is y= f(z), including also directions for examining 
the curve in the neighborhood of such a point. 


First step. Find f(z). | 

Second step. Set f’"(x)=0, and solve the equation for real roots. 
Third step. Write f(x) in factor form. 

Fourth step. Zest f'(x) for values of x, first a trifle less and then 


a trifle greater than each root found in the second step. If f"(z) 
changes sign, we have a point of inflection. 


When f"' (x) =+, the curve is concave upwards \+.* 
When f"'(x) = —, the curve is concave downwards ~~. 


EXAMPLES 
Examine the following curves for points of inflection and direction of bending. 


1. y=8at—4a3 +1. 


Solution. SJ (x) = 38at — 493 +1. 
First step. ii (@) S39 a? — 24a. 
Second step. - 36 22 — 24% =0. 

«.2= 2 and «= 0, critical values. 
Third step. SF (x) = 36% (a — 2). 


Fourth step. When «<0, f’ (x) =+; and when z>0, f” (x) =—. 

.. curve is concave upwards to the left and concave downwards to the right of 
x% = 0(A in figure). 

When « < 2, f” (e) =—; and when g > 2, f” (x) =+. 

.. curve is concave downwards to the left and concave upwards to the right of 
% = 2 (B in figure). 

The curve is evidently concave upwards everywhere to the left of A, concave 
downwards between A (0, 1) and B (2, 5+), and concave upwards everywhere to , 
the right of B. 


By. (y — 2)? = (@ — 4). 


Solution. y=2+4 (e —4)3. 
rt at ov oe ay 
First step. aes ’ 
dy = 2 (x 4)-8 
dx? 9 


* This may be easily remembered if we say that a vessel shaped like the curve where it is 
concave upwards holds (+) water, and where it is concave downwards spills (—) water. 
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Second step. When a = 4, both first and second derivatives are infinite. 


d?y 


@ 3 
Fourth step. When x <4, a =+; but whens >4, 75 =— 


12. 


1 


or 


10. 


iT 


13. 


ny 


v2 


We may therefore conclude that the tangent at (4, 2) is 
perpendicular to the axis of XY, that to the left of (4, 2) the 


curve is concave upwards, and to the right of (4, 2) it is 


Therefore (4, 2) must be considered 


(4,2) 
x concave downwards. 
a point of inflection. 
ios Ans. 


y=ee—3e?—-924+9. Ans. 


y =a+ (a — d)3. 

73 
CU meant 
a — 3bx? + a®y = 0. 


i ab 


y = vt — 1273 + 48 x2 — 50. 


Ans. 


_ 8a 
oe rare 


y¥ =2+36 027-2232. Ans. 


a+ 3 a2 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. Concave upwards to the left of ( — 3a, 


Concave upwards every where. 
Concave downwards everywhere. 


Concave downwards to the left and 
concave upwards to the right of (0, 0). 


Concave downwards to the left and 
concave upwards to the right of (1, — 2). 


Concaye downwards to the left and 
concave upwards to the right of (0, a). 


Concave downwards to the left and 


concave upwards to the right of ( a, 2) : 
0 


: “ en 268 
Point of inflection is (°, —~): 
a 


Concave upwards every where. 


Concave upwards to the left of «= 2, 
concave downwards between x = 2 and «= 4, 
concave upwards to the right of « = 4. 


concave upwards outside of these points. 


Concave downwards between ( =e 


Points of inflection at « = 2 and — 8. 


9a 


Se Fe ’ 


: oO 
concave downwards between ( —s3a, — <) and \0, 0), 


concave upwards between (0, 0) and ( 3a, 


concave downwards to the right of (3 a, 


Ont 


9a 


Te 


9a 


=_— 


a 


Ans. Points of inflection are # = + —. 
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LO a4 = ans — a. Ans. Points of inflection are # = + , V 27 — 385/33. 
a F A 
MWe DiS : Ans. Points of inflection arex=0, +a V3. 
a? + a 

18. y= sin x. Ans. Points of inflection are x = nm, n being any 
integer. 

LOM = tang: Ans. Points of inflection are « = nm, n being any 
integer. 

20. y = ue *. Ans. x = 2 gives a point of inflection. 


21. Show that no conic section can have a point of inflection. 
22. Show that the graphs of e* and log have no points of inflection. 


23. Show that the curve y (x? + a?) =a has three points of inflection lying on 
the straight line « —4 a®y = 0. 


24. Show that the abscissas of the points of inflection of the curve y? = f(z) 
satisfy the equation 


[J (@) ]? = 2F (2) -f" @). 


CHAPTER XI 
DIFFERENTIALS 


99. Introduction. Thus far we have represented the derivative 
of y=f(x) by the notation 


Ae 
We have taken special pains to impress on the student that the 
symbol dy 
dx 


was to be considered not as an ordinary fraction with dy as numer- 
ator and dz as denominator, but as a single symbol denoting the 
limit of the quotient Ay 

A 
as Az approaches the limit zero. 

Problems do occur, however, where it is very convenient to be 
able to give a meaning to dx and dy separately, and it is especially 
useful in applications of the Integral Calculus. How this may be 
done is explained in what follows. 

100. Definitions. If f(x) is the derivative of f(x) for a particular 
value of x, and Avis an arbitrarily chosen increment of xz, then the dif- 
ferential of f(x), denoted by the symbol df(zx), is defined by the equation 


(A) df (a) =J"(v) Aa. 
If now f(x) =, then f'(z)= 1, and (A) reduces to 
dx = Ag, 


showing that when z is the independent variable the differential 
of x (= dz) is identical with Az. Hence, if y=f(zx), (A) may in 
general be written in the form 

(B) dy = f' (a) da.* 


* On account of the position which the derivative f(x) here occupies, it is sometimes called 
the differential coefficient. 

The student should observe the important fact that, since dz may be given any arbitrary value 
whatever, dx is independent of x. Hence dy is a function of two independent variables x and dx. 
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The differential of a function equals its derivative multiplied by the 
differential of the independent variable. 

Let us illustrate what this means geomet- 
rically. 

Let f’(x) be the derivative of y —f (x) at P. 

Take dz= PQ, then 


dy =f" (0) dx =tanz-PQ = 2". pg = On 
PQ 

Therefore dy, or df(x), is the increment (= Q7’) of the ordinate 
of the tangent corresponding to dz.* 

This gives the following interpretation of. the derivative as a 
fraction. 

Lf an arbitrarily chosen increment of the independent variable x 
Jor a point P (x, y) on the curve y=f (x) be denoted by dx, then in 
the derivative 


dY pty — 
de) @)= tant 


dy denotes the corresponding increment of the ordinate drawn to the 
tangent. 

101. dx and dy considered as infinitesimals. In the Differential 
Calculus we are usually concerned with the derivative, i.e. with 
the ratio of the differentials dy and dz. In some applications it 
is also useful to consider dz as an infinitesimal (see § 30, p. 21). 
Then by (B), p. 140, and (2), p. 27, dy is also an infinitesimal. 
Hence in such cases dz and dy are corresponding variables each 
of which approaches the limit zero. 

102. Derivative of the arc in rectangular 
coérdinates. Let s be the lengtht of the are 
AP measured from a fixed point 4 on the 
curve. Denoting the corresponding incre- 
ments by Az, Ay, As, we have from the figure 


(chord P@)?= (Az)? + (Ay)’. 


* The student should note especially that the differential (=dy) and the increment (= Ay) of 
the function corresponding to the same value da(=Az) are not in general equal. For, in the 
figure, dy=QT but Ay=QP’. 

+ In the Integral Calculus dz and dy are always regarded as infinitesimals. 

+ Defined in § 224, 
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Both multiplying and dividing the first member by (are PQ)’ 
[= (As)*], we get 


/ 2 
(A) . Gass EO 


3 (Aw)? + (Ay)? 
wo Pg.) (AN = Aa + Ay) 
Dividing both members by eee 
chord PQ\?/As dee Ay 2 
are PQ Aa Az 
From this we get, when Av approaches the limit zero, 


> B- 


: imi ; ) 
assuming that ae Cea Hence 


Oi Us eare 20) 
ds _ dy? | 
(24) cooN Me Ge) 
Similarly, if we divide (A) by eu )? and pass to the limit, we get 
= dx 

Gs) i V\(2y+1. a 
Also, from the above figure, 

Bae: Az Ay warcle © nd 


chord PQ As “chord 128) 


Ay _ Ay. are P@ 
chord PQ As chord PQ- 


[Multiplying both numerator and denominator in each case by are PQ (= As).] 


sin 6 = 


As As approaches the limit zero, 6 approaches the limit 7, and the 
ratio of the are P@ to the chord PQ approaches unity. Therefore 


(26) Con ee sin 7 = dus 
ds ds 


Using the notation of differentials, (24) and (25) ‘may be written 


(2) ds = [4 ah (4) ine 


(28) dee fea a 1] oe 
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An easy way to remember the relations (24) to (28) between the 
differentials dz, dy, ds is to note that they are correctly repre- 
sented by a right triangle whose hypotenuse 
is ds, sides dx and dy, and angle at base r. 


Th 
© dex Vai + (ayy 


and dividing by dz or dy gives (24) or (25) 
respectively. Also, from the figure, 


-_ 


eayees reese 
~~ as’ ~ ds’ 


the same relations given by (26). 


3. Derivative of the arc in polar codrdinates. In what follows 


we shall employ the same figure, notation, and reductions used on 
pp: 97, 98. From the right triangle PRY 


(chord PQ)? = (PR)? + (RQ)? 
= (p sin A@)” + (p + Ap — p cos A@)? 
= p’ sin? AO + (2 p sin’ > + Ap)’. 
Multiplying and dividing the first 


member by (arc PY)” [= (As)*], and then 
dividing throughout by (A@)’, we get 


; cee : 
eherd PQ\’/ As\7 , /sin AOS? me AG Damp 
v ve nh eee 
( are PQ ) ea P*( JES SE IRE ING 
2 


Passing to the limit as A@ diminishes towards zero (see § 80, 
p- 98), we get 


(29) oe yer + (BY. 


In the notation of differentials this becomes 


5} 
(80) . ds = [ e + (<2)"| dé. 


144 DIFFERENTIAL CALCULUS 


These relations between p and the differentials ds, dp, and d0 
are correctly represented by a right triangle whose hypotenuse is 


ds and sides dp and pd@. ‘Then ~ 
ds = V(pd0)? + (apy, 


and dividing by d@ gives (29). 
Denoting by w the angle between dp 
and ds, we get at once 


which is the same as (A), p. 98. 

104. Formulas for finding the differentials of functions. Since 
the differential of a function is its derivative multiplied by the 
differential of the independent variable, it follows at once that 
the formulas for finding differentials are the same as those for 
finding derivatives given in § 46, pp. 46-48, if we multiply each 
one by dz. 

This gives us 


I ad (ce) — 0. 
Ill d(u+v—w)=du-+ dv— dw. 
va d (cv) = edv. 
V d (uv) = udv + vdu. 
VI d (vv, +++ ¥,) = (0,0, +++ 0,) dU, (005+. 0.) dv, aes 
+ (VV +++ U,_1) Wy. 
VII d (v") = nv™"" dv. 
Vila d(x") = nx"—" da. 
VIII a(*) Seas 
v v? 
Vl a a(*) Ue 
c Cc 
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IX *. d(log,v) = log,e ae 
v 
X _ d(a’)=a’ loga dv. 
Xe d (e”) = e” dv. 
XI d(u’) = vu’-"du + log w.u’. dv. 
XI d (sin v) = cosy dv. 
2g OW Fea d (cos v) =— sinv dv. 
XIV d (tan v) = sec’v dv, ete. 
: dv oe 
XIX d (arc sin v) =—_——., ete. 
( ) V1 — 


The term differentiation also includes the operation of finding 
differentials. 

In finding differentials, the easiest way is to find the derivative 
as usual, and then multiply the result by dz. 


Ex. 1. Find the differential of 


_#e£+3 
ae aie 
ror cure = 
Solution. ay = 4( 24" mie + 3)d(« + 3) — @ + 3)d(@? + 8) 
x43 (a2 +. 3)2 
_ (@ + 8)de —(%+3)2adx (38 — 6% — a) de vee 
: @+ 3p S dae? +3) 
Ex. 2. Find dy from 
b2a2 — a2y? = a2b?. 
Solution. 2 Padx — 2 a®ydy = 0. 
2: 
CM = ue dx. Ans 
a? 
Ex. 3. Find dp from 
p2 = a COs 210: 
Solution. 2 pdp = — a* sin 26-2 d0. 
Bee 
“, dp =— Gener ia, 
p 
Ex. 4. Find d[arc sin (82 — 4 #8)]. 
d(3t—4#) — 8d 


Ans. 


Solution. d{are sin (8t — 40°)] = arene ae = 
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105. Successive differentials. As the differential of a function is 
in general also a function of the independent variable, we may ~ 
deal with its differential. Consider the function 

y =F (@)- 
d(dy) is called the second differential of y (or of the function) 
and is denoted by the symbol 
dy. 
Similarly the third differential of y, d[d(dy)] is written 
d*y, 
and so on, to the nth differential of y, 
OOP 

Since dz, the differential of the independent variable, is inde- 
pendent of x (see footnote, p. 140), it must be treated as a constant 
when differentiating with respect to x Bearing this in mind 
we get very simple relations between successive differentials and 
successive derivatives. For 


dy = f' (x) da, 
and — dy = f" (2) (dx)*, 
since dx is regarded as a constant. 
Also, ay = Ff" (a) (dz)’, 
and in general Cy =f” (a) (dz). 


Dividing both sides of each expression by the power of dz 
occurring on the right, we get our ordinary derivative notation 


Py »,. By. dl" 
= = fila), = =f" (x), ce, = == J" (2). 


Ex. 1. Find the third differential of 
y=o — 203 + 3a — 5. 
Solution. dy = (5a4 — 62? + 3) da, 
dy = (2028 — 12 x) (dx)?, 
dy = (60x? — 12) (dz)®. Ans. 
Nore. This is evidently the derivative of the function multiplied by the cube of 


the differential of the independent variable. Dividing through by (dx), we get the 


third derivative 
ou = 602? — 12 
dx3 ‘ 
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EXAMPLES 


Differentiate the following, using differentials. 


if 


2. 


14. 
15. 
16. 


17. a 


y=axi—ber?+er+d. dy = (8 ax* — 2 bx + c) da. 
y =203 — 322 4+ 6a-14 5. ay = (522 — 2074 — 62-2) dz. 
¥y = (a? — &)>. - dy = — 10a (a? — x*)4dz. 
x 
y=V1l4 2. CN) = 
= V1+ a2 
gen 2nu2n-1 
aes dy = ——____dz 
(al + x2) (1 ae 2\n a 
= 3 ada 
= log 1— 23. ea rma 
Y =( + e-2)2. dy = 2(e22 — ¢ 22) Ge 
: il 
. Y=e log az. dy = e* (log + —) da. 
ig ea ee s=(2-—) a 
eete t ef + e-t 
_1+sin¢ 
= tan ¢.+ sec ¢. = Gee 
Pianeta dr = sect 6d6. 
3 (log x)2da 
. F(a) = (log x). f (a) dx = eer. 
3 3 dt 
. o(= : 2 ¢ (t)dt = — 
ae)! (1-8) 
] < ada 
ape a a | a 
— @) 
dy 
d [arc tan lo SS SS oe 
[are tan los 01 = T+ (log 0") 
al are vers Y —V2ry— | = 
‘ = 
cos®@ 1 | _ ado 
SE Sie || = = : 
2sin?¢ 2 See sin’ p 


ce —— a — 
—_— 
— 


CHAPTER XII 
_ RATES 


106. The derivative considered as the ratio of two rates. Let 
y =F (2) 

be the equation of a curve generated 
by a moving point P. Its coordinates 
x and y may then be considered as 
functions of the time, as explained 
in § 84, p. 104. Differentiating with 
respect to t, by XXVI, we have 


dy _ iq A 

(31) pe UN 
At any instant the time rate of change of y (or the function) equals 
its derivative multiplied by the time rate of change of the independent 


variable. 
Or, write (31) in the form 


dy 

dt dy 
32 ay Bl (- = —e 
(32) di ie) da 

dt 


The derivative measures the ratio of the time rate of change of y 
to that of x. 


ds . . 
= being the time rate of change of length of arc, we have from 


dt 
(12), p. 105, 
a _ | di\* | (dy\* 
dt dt dt ja 
which is the relation indicated by the above figure. 
Ex. 1. A point moves on the parabola 6 y = 2 in such a way that when « =6 
the abscissa is increasing at the rate of 2 ft. per second. At what rates are the 


ordinate and length of arc increasing at the same instant ? 
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Solution. Differentiating with respect to the time t, we get 
ree 

le 

Gip 3) ale 

This means that at any point on the parabola 

(Rate of change of y) = (4x) (Rate of change of x). 


(A) 


But from the problem, when x = 6, . = 2 ft. per sec. 


Substituting in (A), 2 = ; - 6.2 ft. per sec. = 4 ft. per sec. 
Also, Saviet =2V56 ft. per sec. 


That is, at the point P (6, 6) the ordinate changes in value twice as rapidly as 
the abscissa. : 
If we consider the point P’ (— 6, 6) instead, the result is = = — 4 ft. per sec. 


The minus sign indicates that the ordinate is decreasing as the abscissa increases. 


Ex. 2. A man is walking at the rate of 5 miles per hour towards the foot of a 
tower 60 ft. high standing on a horizontal plane. At what rate is he approaching 
the top (a) at any instant; (b) when he is 80 ft. from 

--x the foot of the tower ? 


Solution. Let y = distance from top and x = dis- 
tance from foot of tower at any instant. Then 
x? + (60)? = y?. ‘ 
Differentiating with respect to the time ¢ gives 
eS dy «da 
dt ydt 


(a) Hence he is approaching the top times as fast as he is approaching the foot. 


-----60---- 


iL 


b) When « = 80, y = 100; and we have given de = 5 x 5280. Therefore 
; dt 


dy _ 80 
z dt 100 


= 4 miles per hour. 


x 5 x 5280 ft. per hour 


Ex. 8. A circular plate of metal expands by heat so that its radius increases 
uniformly at the rate of .01 inch per second. At 
what rate is the surface increasing (a) at any instant ; 
(b) when the radius is 2 inches ? 
Solution. Let « = radius and y = area of the plate. 
Then y = 722, and differentiating with respect to the 
time Z, 
go =12 ee : 
dt at 
(a) That is, at any instant the area of the plate is 
increasing in square inches 2 rz times as fast as the radius is increasing in linear 


inches. 


150 DIFFERENTIAL CALCULUS 
dx , ; 
(b) When aa .01 in. per sec. and # = 2 in. 


dy _ 
dt 


i.e. the area is increasing .04 7 sq. in. per sec. at that instant. 


.04 sq. in. per sec. ; 


Ex. 4. An arc light is hung 12 ft. directly above a straight horizontal walk on 
which a man 6 ft. in height is walking. How fast is the man’s shadow lengthening 
when he is walking away from the light at the rate of 168 ft. per minute ? 


ie Solution. Let « = distance of man from a point directly 
under light Z, and y=length of man’s shadow. From 
the figure, 
Deesor ks 
a 12 yiyt ’ 
or, a $M. 
ZA _ Differentiating, we sao. 
S M F dt Tdt 


i.e. the shadow is lengthening % as fast as the man is walking, or 120 ft. per minute. 


EXAMPLES 


1. Inaparabola y? = 12 2, if x increases uniformly at the rate of 2 in. per second, 
at what rate is y increasing when # = 3in.? Ans. 2 in. per sec. 


2. At what point on the parabola of the last example do the abscissa and ordi- 
nate increase at the same rate ? Ans. (8, 6). 


3. In the function y = 223+ 6, what is the value of a at the point where y 
increases 24 times as fast as x? ANS. G=3 2: 


4, Find the value of « when the function 2 x? — 4 is decreasing 5 times as rapidly 


as x increases. Ans. x=-— &. 


5. Find the values of x at the points where the rate of change of 
x3 — 1242+ 45% —13 
is zero. ; Ans. © =3 and 5. 


6. What is the value of x at the point where x3 — 522 +172 and 23 — 3a change 
at the same rate ? ATS ae 2. 


7. At what point on the ellipse 16 x2 + 9 y? = 400 does y decrease at the same 
rate that # increases ? Ans. (8, 48). 


8. Given y= 23 —622+4 382 +5; find the points at which the rate of change of 
the ordinate is equal to the rate of change of the slope of the tangent to the curve. 
Ans» © — Wandyo: 


9. Where in the first quadrant does the arc increase twice as fast as the sine? 
Ans. At 60°, 
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10. The side of an equilateral triangle is 24 inches long, and is increasing at the 
rate of 3 inches per hour; how fast is the area increasing ? 


— = Ans. 36 V3 sq. in. per hour. 


fl. Find the rate of change of the area of a square when the side d is increas- 
ing at the rate of a units per second. Ans. 2 ab sq. units per sec. 


12. (a) The volume of a spherical soap bubble increases how many times as fast 
as the radius? (b) When its radius is 4 in. and increasing at the rate of 4 in. per 
second, how fast is the volume increasing ? Ans. (a) 4rr? times as fast ; 

‘ (b) 32 7 cu. in. per sec. 


13. One end of a ladder 50 ft. long is leaning against a perpendicular wall stand- 
ing on a horizontal plane. Supposing the foot of the ladder be pulled away from the 
wall at the rate of 3 ft. per minute; (a) how fast is the top of the ladder descending 
when the foot is 14 ft. from the wall? (b) when will.the top and bottom of the 
ladder move at the same rate ? (c) when is the top of the ladder descending at the 
rate of 4 ft. per minute ? Ans. (a) 7 ft. per min.; 

(b) when 25 V2 ft. from wall; 
(c) when 40 ft. from wall. 


14. A barge whose deck is 12 ft. below the level of a dock is drawn up to it by 
means of a cable attached to a ring in the floor of the dock, the cable being hauled 
in by a windlass on deck at the rate of 8 ft. per minute. How fast is the barge 
moving towards the dock when 16 ft. away ? Ans. 10 ft. per minute. 


15. An elevated car is 40 ft. immediately above a surface car, their tracks inter- 
secting at right’‘angles. If the speed of the elevated car is 16 miles per hour and of 
the surface car 8 miles per hour, at what rate are the cars separating 5 minutes 
after they met ? Ans. 17.8 miles per hour. 


16. One ship was sailing south at the rate of 6 miles per hour; another east at 
the rate of 8 miles per hour. At 4 p.m. the second crossed the track of the first 
where the first was two hours before. (a) How was the distance between the ships 

~ changing at 3 p.m.? (b) how at 5 p.m.? (c) when was the distance between them 
not changing ? Ans. (a) Diminishing 2.8 miles per hour ; 
(b) increasing 8.73 miles per hour; 
(c) 3.17 p.m. 


17. Assuming the volume of the wood in a tree to be proportional to the cube 
of its diameter, and that the latter increases uniformly year by year when growing, 
show that the rate of growth when the diameter is 3 ft. is 86 times as great as when 
the diameter is 6 inches. 


CHAPTER XIII 
CHANGE OF VARIABLE 


107. Interchange of dependent and independent variables. It is 
sometimes desirable to transform an expression involving deriva- 
tives of y with respect to x into an equivalent expression involving 
instead derivatives of « with respect to y. Our examples will 
show that in many cases such a change transforms the given expres- 
sion into a much simpler one. Or, perhaps @ is given as an explicit 
function of y in a problem and it is found more convenient to use 

2, ; 
a formula involving 7 = , etc., than one involving “, oe 
We shall now proceed to find the formulas necessary for making 
such transformations. 


Given y=f(x), then from XXVII we have 


» etc. 


Ly 1 dx 
3) dx ax’ dy gral 
dy 


giving “ in terms of 7 Also, by XXVI, 

dy _d dif d /dy\ dy 
dat dx\ da dy daz) da’ dics 
By aaiel dy 


(A) 
dca dy | dx| dx 
dy 
Ta 
Paik dy? Gye 
But — |—|\=-——; = =— 
u ie 1D =; and Tn sia (33). 
dy dy dy 
Substituting these in (A), we get . 
da 
(34) ay _ ou 
dx? dx 


dy 
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es aes ae d ; Nels 
giving “os in terms of es and Similarly, 
@adx (dw 
By _, dy? dy dy? 
oo) dat a 
dy 


and so on for higher derivatives. This transformation is called 
changing the independent variable from- x to y. 


Bxcaly | Change the independent variable from @ to y in the equation 


3 d?y )) dy aby d? ae a 0 
: dx? dc dx dx2\dz/ " 
Solution. Substituting from (83), (34), (85), 
d2e \ 2 Bx dx _ ee Ny ax 


dy? |i iN | dyidy “\dy2/ || «ay? LN the 
yh EN ey cy] (@) ~* 
dy dy dy dy dy 


Reducing, we get 
be abr dex 


dys" dy?” 


a much simpler equation. 
J 


108. Change of the dependent variable. Let 


and, suppose that at the same time y is a function of z, say 
(B) y = $(2)- 


2, Qe 
= ee, etc., in terms of es - 


We may then express 
follows. 

In general, z is a function of y by (B), § 55, p. 57, and since y 
is a function of 2 by (A), it is evident that 2 is 4 function of 2. 
Hence by XXVI we have 


» etc., as 


dy _ dy dz _ ay, ad, 


(C) dx dz dx 


| ay _ een aye By V 
Aso, 54-5. (#07) = qa? + OZ y 
See nee = aa) By XXVI 
But ae marae) 7 oP eho i 
a tz 
(D) “ SYK oie (ZY + aS. 
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Similarly for higher derivatives. This transformation is called _ 
changing the dependent variable from y to z, the independent vari- 
able remaining z throughout. We will now illustrate this process 
by means of an example. 


Ex. 1. Having given the equation 
My _,,20+y) 


(4) daz 14+y? Z 
change the dependent variable from y to z by means of the relation 
(Ff) y = tan z. 
Solution. From (f), 
eas = sec? z — ds ay = ep ae 2 sec? z tan (= y. $ 
da da’ dx? dx? 


Substituting in (2), 


Bt fretsees (as) =1 +4 20+ EEA (00 ecte 
dx dx 1+ tan 2z 


and reducing, we get —— 2(2 =e COS" 2A nS: 
109. Change of the independent variable. Let y be a function of 


x, and at the same time let x (and hence also y) be a function of a 
new variable ¢. It is required to express 


dy dy 
dl ) ae etc., 
in terms of new derivatives having ¢ as the independent variable. 
By XXVI, dy dy de 
dt 2 dedi” 
dy 
(A) OU a A, 
x die 
at 
d 
2 
Also, ay d dy d dy dt _ dt\de} 
dz dx\dx) dt\dx) dx dx 
dt 


But differentiating (A) with respect to ¢, 
dy dx Dy dy dx 
d “(Z)- djdt| dtd? dt dt 
dt\dx] dt\ dv | da? 
AGE (a) 


CHANGE OF VARIABLE 155 


Therefore dx dy dy @x 
dy dt dt? dt dat? 
(B) a= ; 
da? (2y 
dt 


and so on for higher derivatives. This transformation is called 
changing the independent variable from x to t. It is usually better 
to work out examples by the methods illustrated above rather 
than by using the formulas deduced. © 


Ex. 1. Change the independent variable from = to ¢ in the equation 


d’y dy 


C Cee =) 
(¢) a eae 
by means of the relation 
(D) i= Cs 
Solution. < = et, therefore 
dt 
# —=e4, 
(Z) ais 
dy dy dt » 
— = — —,, therefore 
aes da dt dx 
: dy dy 
—=et—. Also 
(F) dx dt : 


TY et (2) dy , ut eae dy, , at 


= = € — . 
dx? dx\ dt dt dx dt\dt/dx dt dx 


Substituting in the last result from (2), 


dy pt CR cae 
—_=e-2t_— _ — ¢-2t, 
©) dan. ah at 


Substituting (D), (Ff), (@) in (C), 


oe OG 
at( e—2t_ 4 _ =4 62% al ewe = (Ne 
BY eG BG re Ne: 
: dy 
and reducing, we get de +y=0. Ans. 


“Since the formulas deduced in the Differential Calculus gener- 
ally involve derivatives of y with respect to x, such formulas as 
(A) and (B) are especially useful when the parametric equations of 
a curve are given. Such examples were given on pp. 92-97, and 
many others will be employed in what follows. 
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110. Simultaneous change of both independent and dependent 
variables. It is often desirable to change both variables simul-_ 
taneously. An important case is that arising in the transforma- 
tion from rectangular to polar coérdinates. Since 


z=pcos@ and y=psin 8, 


becomes by substitution an equation between p and @ defining p 
as a function of @. Hence p, 2, y are all functions of 0. 


the equation 


Ex. 1. Transform the formula for the radius of curvature (40), p. 168, 


Sor 


a 
dx 


(A) 


into polar coérdinates. 


Solution. Since in (A) and (B), pp. 154, 155, t is any variable on which « and y 
depend, we may in this case let t = 0, giving 


dy 

(B) ae = ab and 
CoAT 
ado 


dx d?y dy dx 


@y dod do ae? 
daz (2 ) 
i) 


Substituting (B) and (C) in (A), we get 


(C) 


3 


Cy c 242 dad’y dy ae 


\do/ "\de) | , dode de de 


GE en. : TRG or, 
a) 
(S) 2 gab 
(D) np baa) + Cao) J 
da d?y dy dx 
de de? do de? 
But since « = p cos 6 and y = psin 6, we have 
da ; dp dy | dp 
— =— psin @+ cosd—; —=pcosé im (Se 
de , a do? dette. ater 
da, d ap d? 
=—pcoséd—2sin8d 88 pales i Ms = paineeh ens ee” asin eo 


de de’ de do dee" 
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Substituting these in (D) and reducing, 


[e+ (B) 


1h = Pea eee - Ans. 


qd? 
p+2(t Pas 


EXAMPLES 


Change the independent variable from z to y in the four following equations, 


Gosia) i By 


1 R=——————_.. CANS eh 
d?y ; dx 
da? ; dy? 
dy dy \?2 OPN Ohi 
2, 2 cles Ane = a0 
dx goad dx * dy? Yay 
d : 2 lp \ 2 
+( ayo 0. Ans. A ae ore ~) ==Kht 
os dx . dy? dy : 
2 3 Qo \ 2 39 
v (oH fy (2 (at a, py. eee (S)ya(F ia Dar 
dx? dx dx? dy? dy dy? 
Change the dependent-variable from y to z in the following equation. 
> (Gy ly ; dy dy 
bs (Gl y)2(4—2y) 2 v\'=2(14+ y y=224+22. 
ae ate a) dx dv? 1 


dz dz dz 


Ans. (2 -+-1 = — 
eet ) aes dx dx 


Change the independent variable in the following eight equations. 


2 a2 
ue ae g ="(0); x= cost. Ans. Yiys 
da? 1l—xdx 1—2? dt? 
2 Ui dy : 
tls (Weer wit =o, x = COS Z. Ans. qn! 
i CPUS oo cb 
8. (=v) Tey + eu= 0, y = sine. Ans. pe 
2 
f 1 
9 oY taal 4 Ae C= Ans SE Dae 
4 
dev 
10. no? 4 3 sr +ee + 0=0, a—et Ans 0 
x 4 
> 
F ; d%, 
» alle ay ee e = ()); x = tan 0. Ans. Fy 
dx? 1+a%de (1+ 27)? dé 
12. ast TY + sue + seo?s = 0, ee ie 
ant) $1=0. 
dy = ee Ano tee Day a2y = 0. 
Uys, ce eo x Z nv de Anes 
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In the following four examples the equations are given in parametric form. 


2, 
Find dy and ey in each case. 
dx dx? 
d ad? 
14. 2=740,7=38+P—8t Ans = 6 ea 
dx dx? 


: dy “ dy : Pare 
IS, ASS CON, OPS Ans. —=-—3sin*é cost, — = 3sin5t (4 — 5sin??). 
da dx? 


16. «=a(cost+tsint), y = a(sint —tcost). 
2 
Ans. We nite 
da dx? at cos*t 


1-¢t 2t dy Cry 


lo Abe y =——- Ans. —=— == 0% 
Tee meee dat ” da? 
18. Transform ——~__ by assuming & = pcos 6, y = psin 0. 


dy \? 
ve) . 

dx : Ans. en 
zy 

2 pol 

vo G 
19. Let f(x, y) =0 be the equation of a curve. Find an expression for its 
slope (2) in terms of polar codrdinates. 


2 dp 
cos 6 + sin @— 
! dé 


, dp 
— psin é+ cos d— 
é “do 


CHAPTER XIV 
CURVATURE. RADIUS OF CURVATURE 


111, Curvature. The shape of a curve depends very largely 
upon the rate at which the direction of the tangent changes as 
the point of contact describes the curve. This rate of change 
of direction is called curvature and is denoted by K. We now 
proceed to find its analytical expression, first for the simple case 
of the circle, and then for curves in general. 

112. Curvature of a circle. Consider a circle of radius R. Let 

7 = angle that the tangent at P makes with OX, and 
t+ Ar=angle made by the tangent at a neighboring point P’. 
Then we say y 
Ar = total curvature of are PP’. 

If the point P with its tangent be 
supposed to move along the curve to 
P', the total curvature (= Ar) would 
measure the total change in direction, 
or rotation, of the tangent; or, what 
is the same thing, the total change in 
“direction of the arc itself. Denoting by s the length of the are 
of the curve measured from some fixed point (as A) to P, and 
by As the length of the are PP’, then the ratio 

(Gy 

As 
measures the average change in direction per unit length of arc.* 
Since from the figure, 


As= Re At, 
Ar_1 
ay IN Ne 


* Thus, if Arse radians (= 30°), and As=3 centimeters ; then 
a radians per centimeter = 10° per centimeter = average rate of change of direction. 
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it is evident that this ratio is constant everywhere on the circle. 
This ratio is by definition the ewrvature of the circle, and we have 
1 

(36) K= R 

The curvature of a eirele equals the reciprocal of its radius. 

113. Curvature at a point. Consider any curve. As in the last 
section, 

Ar = total curvature of the are PP’, 


and. ar = average curvature of the are PP’. 
8 


More important, however, than the notion of the average curva- 
ture of an arc is that of curvature at 
a point. ‘This is obtained as follows. 
Imagine P' to approach P along the 
curve, then the limiting value of 


the average curvature (=3) as P! 
As 


approaches P along the curve is defined 
as the curvature at P, i.e. 


Curvature at a point = limit e& ihe 


As=0\As}) ds 
(3%) oe ToS oa curvature. 
ds 


If we suppose P to move along the curve, r and s are functions 
of the time ¢, and we may write 


dr 

Oke whe 
iS SS S55 
ds ds 

dt 


where a = angular velocity of rotation of the tangent, 


and = v = magnitude of the velocity of P in the path. 


Let v=1, then kat, 
and we have the theorem: 
The curvature at P is equal to the angular velocity of the tangent 


at P when P describes the curve with unit velocity. 
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114. Formulas for curvature. It is evident that if in the last 
section, instead of measuring the angles which the tangents made 
with OX, we had denoted by 7 and 7 + Ar the angles made by the 
tangents with any arbitrarily fixed line, the different steps would 
in no wise have been changed, and: consequently the results are 
entirely independent of the system of codrdinates used. How- 
ever, since the equations of the curves we shall consider are all 
given in either rectangular or polar codrdinates, it is necessary to 
deduce formulas for K in terms of both. We have 


dy 
i ) 45, p. 44 
tan 7 Tn § 45, p. 4 
dy 


or T=are tan—. 
, dz 


Differentiating with respect to s, 


& a 
a = (ay by XXT 


dy dx 
(A) aie CB By XXVI 
ds 1+ dy 2 “ 
da 
But oe eee ee By: (al), pele 


dy 
dt da?’ 
ds dy 243 
[+ (Gz) | 
and, since K= =, we have 
dy 
pe MEP so 1b 


(38) 


eal 
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If the equation of the curve be given in polar coordinates, 
K may be found by transforming* the above formula by means 
of the relations 

x=pcos 0, y=psin 0; 
giving 
a ap»? 
p— poh +2 (SF) 


[e+ (46)'} 


Ex. 1. Find the curvature of the parabola y? = 4 pz at the upper end of the 
latus rectum. 


; dy _ J dy 2pdy__—4p 
Solution. a =; DE Sere oe 


" Substituting in (38), 
Saar oe a 
(y? + 4 p?)? 
giving the curvature at any point. At the upper end of the latus rectum (p, 2p) 
2 1 2 
1S af aS ae = u ait Ans. 
(4p? + 4 p?)? 16 V2p3__ 425 


Ex. 2. Find the curvature of the logarithmic spiral p = e*? at any point. 


d, a 
<P — qewd = ap; oa = 0-600 — 0p. 


Solution. 


Substituting in (89), 1 
K = —_—_. Ans. 


PV1+a2 


115. Radius of curvature. By analogy with the circle [see (36) 
p- 160], the radius of curvature of a curve at a point is defined as 
the reciprocal of the curvature of the curve at that point. Denot- 
ing the radius of curvature by &, we have 


=; 
K t 

* The details of this transformation were given in Ex. 1 on pp. 156, 157. 

+ While in our work it is generally only the numerical value of K that is of importance, yet 
we can give a geometric meaning to its sign. Throughout our work we have taken the positive 


sign of the radical VY 1+ (34) - Therefore K will be positive or negative at the same time as 
dy 


Te that is (§ 98, p. 136), according as the curve is concave upwards or concave downwards. 
+ Hence the radius of curvature will have the same sign as the curvature, i.e. + or — according 


as the curve is concave upwards or concave downwards. 
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or, substituting the values of K from ve and (39), 


y 
[1 ar Ge as ls 

(40) Ji5— 

aye any 

da? 

a 
[+ (96) 
(41) B= JT 
a 
ve pt poet 2( 35 
a 
Ex. 1. Find the radius of curvature at any point of the catenary y = : (et 4 ea), 
é Op al 2 oe Es Eee 
Solution. — = -— (et : ituting i 
olution we (e*—e “); ratte ale +e %). Substituting in (40), 
2 H2\ BS)5 DENTS 
peat a) (ee ‘) (eae) 
i= = ese Ey ae Ans 
x Ee = 22 4 
Gap & GY se Q © 
2a 2 


If the equation of the curve is given in parametric form, find 
the first and second derivatives of y with respect to x from (A) 
and (B), p. 154, 155, namely: 


dy 
dy dt. =. 
ee ae ATIC 
(B) ia a 
dt 
da d’y dy dx 


dy dt dt dt de. 


dz dz\? : 
(i) 


and then substitute the results in (40). 


(C) 


Ex. 2. Find the radius of curvature of the cycloid 
x=a(t—sint), 
y = a(1—cost). 


; da d A 
Solution. ~ rr = a(1 —cos?), = =asint; 
d2x: ; d’y 


A == t 10 COS 
Ae ares de 


164 DIFFERENTIAL CALCULUS 


Substituting in (B) and (C), and then in (40), p. 163, we get 
dy _—ssint dy _ a(1—cost)acost—asintasint __ 1 ; 
dz 1—cost’ dx? a3 (1 — cost) a(1 — cost)? 


es) 
R= = 20 2—2cost. Ans. 
“4 (1 — cost)? 
Note. From (6), p. 90, we get 


| fay? git tay" 
Saxe: . ae panes == —_— 1 +h? ae 
length.of normal yi sie eB a(1 — cost) a3 G — cos 3) 


=a V2— 2 cost. 
Hence from a comparison of the last two results: 
At any point on the eycloid the length of the radius of curvature 
ts twice the length of the normal. 


EXAMPLES 


1. Find the radius of curvature of the equilateral hyperbola xy =12 at the 
point (8, 4). Ans. R= 428. 


2. What is the curvature of y = ct — 42° — 18 x? at the origin ? : 
Ans. K = — 36. 


3. Find the radius of curvature of the ellipse bx? + ay? = a*b? (a) at any 
point, (b) at end of major axis, (c) at end of minor axis (a> 0). 


Ans. (a) R= epee ee 


atbt 
(4. What is the radius of curvature of the curve 16 y? = 4%4 — x6 (a) at (0, 1), 
(b) at (2, 0)? Ans.) (&)E = 05s (b) == 2s 
—— 
5. Find the curvature of the cubical parabola a2y = 23. 
~~ 6 ate 
Pr Ans. K = ———_. 
7 : (at + 9 xt)? 
6. Get the radius of curvature in the semicubical parabola ay? = «3. 
ec ea 3 
ol Ans. R= aee tee 
a 


' 7. Find the radius of curvature of the curve y = 23 + 5a? + 62 at the origin. 
Ans. R= 225506: 


8. Find the point on the parabola y? = 8 at which the radius of curvature 
is 713. Ans. (2, 3). 


get) 


9. Find the curvature of the curve(=) + y+ (4)'= = 1 at the point (0, 6). 
3b 


ANS, (Ki = 
q2 
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10. Determine the radius of curvature of the curve a*y = ba? + cx2y at the o 
origin. Ans. B =) 
PYF a 


Op 
11. Show that the radius of curvature of the witch y2 = NE at the vertex 


12. Find the radius of curvature of the curve y = log sec a at any point. 
Ans, R= seca. 


li 
— si 4 rb 1 ; bY 
- 13. Find K at any point on the parabola z?+y2=a?. Ans. K= ween sige 
ow. 2(x + y)? 


14. Find R at any point on the hypocycloid #3 + y2=a?. Ans. R=3 (axy)3. 
15. Find R at any point on the cycloid « = r arc vers y —V2ry — y. 
ING, IE OIE 


Find the radius of curvature of the following curves at any point. 


16. The circle p= asin 0. Ans. R= 

aa 23 
17. The spiral of Archimedes p = af. Ans. pens 

“ : p? + 2a 
18. The cardioid p = a(1 — cos 6). Ans. R=2V2ap. 

FP ha 
19. The lemniscate p? = a?cos 2 4. Ans. R=—. 

— ; : 3p 
va 20. The parabola p=a sec? >. Ans. R= 264 sect 
mo RAC 
Fa 21. The curve p=a Cee Ans. R= 3a oS 


a(5 — 4 cos 6)? 


i i = — a. Ans. R= 
22. The trisectrix p= 2acosé—a ns weeanias 
3 
23. The equilateral hyperbola p2cos 2 6 = a?. Ans. R= i 
1—eé a(1 — e) (1 — 2ecos 6 + e2)? 
ont dienes oe ee Je ea oe 
1— ecosé (1 — ecos 8) 
C= 7) 
25. The curve i Kee: Ans. R=4(1+2)% 


x= acos%t, 


26. The hypocycloid y = asin't. Ans. R=38asint cost. 


27. The curve =a(sint — t cost). Ans. R= at. 


x = a(mecost + cos mt), 


=a(msint — sin mt). Viveg Ne 4ma n( 
omit j 


ve =a(cost +¢sint), 
28. The curve = 
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116. Rolle’s Theorem. Let y=/(zx) be a continuous single-valued 
function of 2 vanishing for z=a and x=8, and suppose that f"(z) 
changes continuously 
when 2 varies from a 
to 6. The function will 
then be represented 
graphically by a contin- 
uous curve with a con- 
tinuously turning tan- 
gent as in the figure. 
Geometric intuition shows us at once that for at least one value of a 
between a and 6 the tangent is parallel to the axis of X (as at P), 
i.e. the slope [=f'(z)] is zero. This illustrates Rolle’s Theorem : 

Tf f(x) vanishes when «=a and x= 6b, and 
F (x) and f'(x) are continuous for all values of x 
from «=a to x=b, then f'(x) will be zero for 
at least one value of x between a and b.* 

This theorem is obviously true, because 
as @ increases from a to 6, f(x) cannot always 
increase or always decrease as x increases, 
since f(a)=0 and f(b)=0. -Hence for 
at least one value of z between a and 8, 
J (x) must cease to increase and begin to 
decrease, or else cease to decrease and 
begin to increase; and for that particular 
value of x the first derivative must be 
zero (§ 93, p. 118). 

* The second figure shows the graph of a function which is discontinuous (= 0) for v=c, avalue 
lying between a and b. The third figure shows the graph of a continuous function whose first 
derivative does not exist for such an intermediate value x=c. In each case it is seen that at no 


point on the graph between x= a and x= b does the tangent (or curve) become parallel to OX. 


166 
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117. The Theorem of Mean Value.* Consider the quantity @ 
Oe by the equation 


fO—F(@ _ 
(A) bag TO 
(B) FO)—F(a)—(b— a) Q=0. 


Let F(x) be a function formed by replacing } by in the left- 
hand member of (B); that is, 

(ae B(x) =f (2) —F (a) — (2 — 4) @. 

From (B), f(b) = 0, and from (C), F(a) = 0, 
therefore by Rolle’s Theorem, p. 166, #'(z) + must be zero for at 
least one value of a between a and 6b, say x, But by differenti- 


ating (C’) we get F'(e)=f'(a)— Q 
Therefore, since F'(x,) = 0, then also f'(z,) — Q = 0, and 
Q = (a) + 
Substituting this value of @ in (A), we get the Theorem of Mean 
Value, 


ie f(b) — f(a) 


b—a 

where in general all we know about 2, is that it lies between a and 6. 

The Theorem of Mean Value can be easily interpreted geomet- 
rically. Let the curve in the figure be the locus of 
y =F (2). 

Take OC=a and OD=4; then 
f(a)=CA and f(b)=DB, giving 
AE=b—a and HB=f(b)— f(a). 

Therefore the slope of the chord 
SESS AOE SAY 

cts. ee 
and the Theorem of Mean Value 
simply asserts that there is at least one point on the curve between 
A and B (as P) where the tangent (or curve) is parallel to the 
chord AB. If the abscissa of P is 2,, the slope at P is f"(a,), and 


have , 
we nav UE) au. ite iy 


* Also called the Law of the Mean. + If F(z) and #’(x) are continuous, 


= fl (a1), @ <0 <b 


168 DIFFERENTIAL CALCULUS 


The.student should draw curves to show that there may be more 
than one such point in the interval, and curves to illustrate on the 
other hand that the theorem may not be true if f(x) becomes discon- 
tinuous for any value of a between a and 4, or if f"(z) ceases to exist. 

Clearing (42) of fractions, we may also write the theorem in the form 

(43) f(b) =f(@) + (b — a) fo). 

Let 6—a+Aa; then 6— a= Aa, and since z, is a number lying 
between ‘@ and 6, we may write 

2,=a+0.Aa, 
where @ is a positive proper fraction. Substituting in (43), we get 
another form of the Theorem of Mean Value, 

(44) f(a + Aa) — f(a) = Aafia + 64a). C204 


118. The Extended Theorem of Mean Value.* Following the 
method of the last section, let R be defined by the equation 
(A) f®)—F(@)— 6 — a) f"(a)- 4 0— a R= 0. 
Let F(x) be a function formed by replacing 6 by x in the left- 
hand member of (A); that is, 
(B) F (x) = f (x) — f(a) — (x — a) f' (a) — k (vx — a)? R. 
From (A), F(6)=0; and from (B), F(a)=0, 
therefore, by Rolle’s Theorem, -p. 166, at least one value of 2 be- 
tween a and 6, say 2,, will cause /’'(2) to vanish. Hence, since — 
F' (x) = f' (a) — f' (a) — (@ — a) R, we get 
BM (a)=f (%)-f' ()-@— a k=0. 
Since F'(x,) = 0 and F'(a)= 0, it is evident that F'(z) also satis- 
fies the conditions of Rolle’s Theorem, so that ¢ts derivative, namely 


(x), must vanish for at least one value of w between a and 2,, 
say x, and therefore x, also lies between a and 6. But 


Ff" (a) = f"(«)— R; therefore F"(a,) = f" (x,) — R = 0, and 
E = fl" (a,). | 
Substituting this result in (A), we get 
(C) J (6) =f (a) + (6 — a) f' (a) + 5 (o—a)*f" (a). aaa, 


* Also called the Extended Law of the Mean, 
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In the same manner, if we si S by means 1 the equation 
fO-F(@—(b— a) f"(a) - 2 + (6 — a)? fl (a) — 
we can derive the equation | 


1 
D) 10=S\ + 6—OF (+ O— a F"+ iG —a)°f" (a), 


ee 0, 


[3 


F a<ay<b 
where «, lies between a and 8. : 


By continuing this process we get the general result,* 


(6— 


=) (a a ily 
EL) f(b)= Ase neue as 


Ona 
[n — 


where z, lies between aand b. (£) is called the Extended Theorem 
of Mean Value. 

119. Maxima and minima treated analytically. By making use 
of the results of the last two sections we can now give a general dis- 
cussion of maxima and minima of functions of a single independent 
variable. 

Given the function f(z). Let h be a positive number as small 
as we please; then the definitions given in § 94, p. 118, may be 
stated as follows: 

If, for all values of « different from a in the interval [a—h,a+h], 


a)? mw 
a)+-- 
B age gh) 


+ ae ee na) + © Fi OO 6 (a), a<a%<b 


(A) F(x) —f (a) = 4 negative number, 
then f(z) is said to be a maximum when x= a. 

If, on the other hand, 

(B) fF (v)—f(a)=4 positive number, 
then f(z) is said to be a minimum when x =a. 

Consider the following cases: 


I. Let f'(a) # 0. 
From (48), p. 168, replacing 6 by # and transposing f(a), 


(C) SF (a) —f (a) = («@ — a) f' (a). Ae, <2 


* It ig assumed that f(x), f'(«), f" (a), +-+, f(™ (a) exist throughout the interval [a, 6]. 
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Since f‘(a) #0, and f'(x) is assumed as continuous, h may be 
chosen so small that '(z) will have the same sign as f(a) for all 
values of a in the interval [a—h, a+h]. Therefore f'(2,) has the 
same sign as f'(a) (§§ 29-33). But «—a changes sign according 
as a is less or greater than a. Therefore, from (C), the difference 

F(®) — F(a) 
will also change sign, and by (A) and (B), f(a) will be neither a 
maximum nora minimum. ‘This result agrees with the discussion 
in § 94, where it was shown that for all values of x for which f(a) ts 
a maximum or a minimum the first derivative f' (x) must vanish. 
II. Let f'(a)=0, and f" (a) # 0. 
From (C), p. 168, replacing 6 by x and transposing f(a), 


(x =z a)” 1 
) Fee) — Fay = SE Fe Gotyeae 
Since f"(a)# 0, and f(x) is assumed as continuous, we may 
choose our interval [a — h, a+ A] so small that f"(a,) will have the 
same sign as f(a) (§§ 29-38). Also (x — a)’ does not change sign. 
Therefore the second member of (D) will not change sign, and the 


difference fe) F(a) 


_ will have the same sign for all values of x in the interval [a —h, 
a+h], and moreover this sign will be the same as the sign of f''(a). 
It therefore follows from our definitions (A) and (B) that 
(EL) f(a) is a maximum if f'(a) = 0 and f"(a) =a negative number ; 
(F) f(a ts a minimum vf f'(a) = 0 and f'"(a) =a positive number. 
These conditions are the same as (21) and (22), p. 124. 
III. Let f'(a)=f"(a)=0, and f(a) # 0. 
From (D), p. 169, replacing 6 by 2 and transposing f(a), 
1 
(G) F(a) —F (a) = 8 (w— apr f(a). Oe 
As before, f'"(x,) will have the same sign as f'"(a). But (x —a)* 
changes its sign from — to + as x increases through a. Therefore 
the difference 
F(x) —F(4) 


must change sign, and f(a) is neither a maximum nor a minimum. 
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IV. Let f'(a)=f"(a)=..... =f (a)—=0, and f(a) + 0. 

By continuing the process as illustrated in I, IJ, and III, it is 
seen that if the first derivative of f(x) which does not vanish for 
x= a is of even order (= z), then 


(45) f(a) is a maximum if 7™)(a) = a negative number; 
(46) f(a) is a minimum if f(a) = a positive number.* 


If the first derivative of f(z) which does not vanish for x= a is 
of odd order, then f(a) will be neither a maximum nor a minimum. 


Ex. 1. . Examine 23 — 942 + 24% — 7 for maximum and minimum values. 


Solution. F(a) = x8 — 9a? + 24¢ — 7. 
SJ’ (@) = 82? — 184 + 24, 
Solving 3822 —18%+4 24=0 
gives the critical values =2anda2=4. .. f(2) =0, and f (4) =0. 
Differentiating again, F(a) = 6a — 18. 


Since f”(2) = — 6, we know from (45) that f(2) = 13 is a maximum, 
Since f”(4) =+ 6, we know from (46) that /(4) = 9 is a minimum. 


Ex. 2. Examine e* + 2 cosz + e-* for maximum and minimum yalues. 
Solution. F(x) = e* + 2 cose + €-*, 
Sf (e) =e = 2sinz — e-#=0, fore =0,t 
i (a) =e — 2 cosa 6-7 =, fora = 0; 
i (ec) eo 2 sing — 6~S— 0) tor 7 = 0; 
J ¥(e) =e + 2 cose + e-*—4, fora’ = 0, 
Hence, from (46), f(0) = 4 is a minimum. 


EXAMPLES 


Examine the following functions for maximum and minimum values, using 
method of the last section. 


1. 824-423 4 1. Ans. %=1 gives min. =0; 
x = 0 gives neither. 
2. 28 — 642+ 122% + 48. Ans. w = 2 gives neither. 
3. (@ — 1)?(@ + 1)8. Ans. x =1 gives min. = 0; 
% = 1 gives max. ; 
x = — 1 gives neither. 


4, Investigate 2° — 5244523 —1,ate=1lande=3. 
5: Investigate 73 — 34%2+3a+7, atvw=1. 
6. Show that if the first derivative of f(x) which does not vanish for 7 = a is 


of odd order (= n), then f(x) is an increasing or decreasing function when « = a, 
according as f(a) is positive or negative. 


* As in § 94, a critical value x= a is found by placing the first derivative equal to zero and 
solving the resulting equation for real roots. 
+ z=0 is the only root of the equation e*—2s8in x—e-#=0, 
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120. The Generalized Theorem of Mean Value. This theorem 
asserts about the two functions f(z) and F(z) that 
f(b) —F(a)_ _ f'(@1) | a<2,<6 
F(b)— F(a) F'"(a1) 
where 2, lies in the interval [a, 6] and F'(x) does not vanish in 
the interval. 

Proof. By multiplying both sides of (4%) by #'(a,) and trans- 
posing f'(x,) to the left-hand side, we see that this theorem requires 
that the equation 


(47) 


f(6)—F() 

Ge ee —f'(z)=90 

shall have a root 2, lying between a and 6. In order to make it 
possible to apply Rolle’s Theorem, p. 166, let us try to construct a 
function having this left-hand member for a derivative and such 
that it (the function) vanishes forv=aandx=6. Such a func- 


tion is f(b) “FG 
( a Bioy\— 
FO—F@ (z) — F(a)]—[f@)—f(@)], 
because it vanishes for «=a and x=6, and hence by Rolle’s 
Theorem its derivative must vanish for an TESST Ete value of 
2, Say x,; that is, 
FO)—F(a) 
F — f'(z,)=0 
F(b) — F(a) (a Fy) ie (2) ’ 
which is equivalent to (4%). 
121. Indeterminate forms. When, for a particular value of the 
independent variable, a function takes on one of the forms 


0 ee) ) 0° ° ie 
0’ oO? “Dy, O— WH, 9 Ds, ’ 


it is said to be indeterminate, and the function is not defined for 
that value of the independent variable by the given analytical 
expression. For example, suppose we have 


I(2).. 
F(x)’ 
where for some value of the variable, as «= a, 


f(a)=90, F(a)= 


i= 
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For this value of # our function is not defined and we may 
therefore assign to it any value we please. It is evident from 
what has gone before (Case H, p. 28) that it is desirable to assign 
to the function a value that, will make it continuous when z— a, 
whenever it is possible to do so. 

122. Evaluation of a function taking on an indeterminate form. If 
when w= a the function f(z) assumes an indeterminate form, then 


limit 
-< py BAC 
as taken as the value of f(x) for x= a. 
The assumption of this limiting value makes f(z) continuous 


for x=a. This agrees with the theorem under Case II, p. 28, 
and also with our practice in Chapter IV, where. several functions 


: : ‘ 0 
assuming the indeterminate form — were evaluated. Thus, for 


a2 
a = 2, the function ~— 


é assumes the form 0” but 


ay EN ‘ 

Hence 4 is taken as the value of the function fora=2. Let us 
now illustrate graphically the fact that if we assume 4 as the value 
of the function for z = 2, then the function is continuous for x = 2. 
Gerd 


ee) 


This equation may also be written in the form 
y (uv — 2) = (uw — 2) (e+ 2), 
or, (x — 2) (y—x—2)=0. 

Placing each factor separately equal 
to zero, we have 

g=2,andy=2+ 2. 

In plotting, the loci of these equations 
are found to be the two lines 4B and CD 
respectively. Since there are infinitely 
many points on the line 4B having the 
abscissa 2, it is clear that when x= 2 
(= OM), the value of y (or the function) may be taken as any 


* The calculation of this limiting value is called evaluating the indeterminate form. 
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number whatever, but when 2 is different from 2 it is seen from 
the graph of the function that the corresponding value of y (or the 
function) is always found from 


Y= 4- 2, 
the equation of the line CD. Also, on CD, when x= 2, we get 
y = MP =4, 


which we saw was also the limiting value of y (or the function) 
for ¢—2; and it is evident from geometrical considerations that 
if we assume 4 as the value of the function for 2= 2, then the 
function is continuous for v= 2. 

Similarly, several of the examples given in Chapter IV illustrate 
how the limiting values of many functions assuming indeterminate 
forms may be found by employing suitable algebraic or trigonomet- 
ric transformations, and how in general these limiting values make 
the corresponding functions continuous at the points in question. 
The most general methods, however, for SNES indeterminate 
forms depend on differentiation. 


123. Evaluation of the indeterminate form e. Given a function 
of the form ce such that f(a)=0 and F(a)—0; that is, the 
- ; 
function takes on the indeterminate form — when a is substituted 
for x It is then required to find 
limit f(z) 
C=aA F(a) 
Considering the functions f(z) and F(z) the same as in § 120 
and replacing 6 by x in (4%), p. 172, we get 
F (2) = FED : 
Bia) 2G) 
[Since f(a)= 0, and F (a)=0.] 
Since 2, lies between w and a, x, approaches a as its limit when 
x approaches a, and we have 


limit f(x) _ limit f'(x,) _ limit "(x t) 
t= F(x) a= FG) f= 8 Fig >) 


f = does approach a limit as 2 approaches a. 


* Assuming that + 
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If f'(x) divided by F'(z) does not assume an indeterminate form 
for x= a, we may write 


| limit £@) _ *'@ 
a = a Br) F(a)” 


where f(a)=0, F(a)=0, F’(a)# 0. Hence 


Rule for evaluating the indeterminate form 2. Differentiate the 
numerator for a new numerator and thé denominator for a new 
denominator-* The value of this new fraction for the assigned 
value} of the variable will be the limiting value of the original 
fraction. 

In case it so happens that 

f'(a)=90 and F'(a)= 0, 
that is, the first derivatives also vanish for x=a, then we still 
have the indeterminate form 
0 


Fel 


0 


and the theorem can be applied anew to the ratio 
Sf") 
PM(a)’ 
giving us 
limit F(2) _ F'(@ 


=a F(x) | F(a) 
When also fl'(a)=0 and F''(a)= 0, we get in the same manner 


limit f(z) _ f(a) 
L=a F(x) = Fl(a)’ 


and so on. 
It may be necessary to repeat this process several times. 


* The student is warned against the very careless but common mistake of differentiating the 
whole expression as a fraction by VIII. 


+ If a=, the substitution x= z reduces the problem to the evaluation of the limit for z=0 ; 


simi £@) _ timit Oe _ limit @ _ limit a 
= = 2=0) >See C= L=0O Fl(q) 
een Li (a) ie r(2) 1 F(3) 


: zi 


thus, 


Z, 


Therefore ihe rule holds in this case also. 


ee ee 
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F(@)  @— 38% + 2 


= when ¢=1. 
TG) = a = cle 


Ex. 1. Evaluate 


Solution. LOT Rommel See .. indeterminate. 
1G) Wap eto eee heel 
F'() = cae geet Desk. = uy .. indeterminate. 
HAG) Bart eig — een Ba 
Pea ee a 


F’(l) 62—2Je-1 6-2 2 


limit e& — e-*— 2a 


ix. 2. Evaluate - 
2=0 g#-sing 


ROO Nee ae oes =] es eres 
F(0) x — sing x=0 OW 
LA ee aa a =] pe eee deere 
F’ (0) l—cosz Iz=o IL dl 0 
Ff” (0) sf — =| = al = oe .. indeterminate. 
FF” (0) sin ® 1 2=0 0 


0 
MO) eee | ace Tempe 
Fr” (0) cos% Iz-9 1 


EXAMPLES 


Evaluate the following by differentiation.* 


limit, 22 — 16 8 limit 9 — are sin 6 
Ls eS we Ase 9. Se ane 
w=4524 ¢ — 20 9 0=0 sin3a 
limit #—1 1 Png rie ee 
2. evecare a 10. limit sin & — sin cone 
_— : t= “Z-@ : 
~ 3 limit loge. 4 
Nicat hae velit 2 
'¥9=0 log+y - ; 
glume cP eo ; gs ( ) 
2=0 sin x 12 limit tan 6 -+ sec @ —1 : 
limit tana —2 6=0 tan @— sec 641 ; 
5. ——__.. 2. 
x=0%—sing 
nae ; 13, limit sec? ¢ — 2 tan 1 
A, limit log sin & ele =" 1+c0s4¢ a 
&= 5 (7 — 2a) 8 4 
. . ” 2 
limit a” — 6” a 14, limit az — 2 ee 
UE es logs. Z= 0 qt — 2 a8z + Qaze— 2 00, 
5 Oa ase ee eee Get 
r=. y2 — q2 % = 2 (x — 4)er + ey 3 


* After differentiating, the student should in every case reduce the resulting expression to its 
simplest possible form before substituting the value of the variable. 


INDETERMINATE FORMS leg: 


Poa 


=“ 


124, Evaluation of the indeterminate form 2. 


In order to find limit a) 

when Le J (v) = and ca I (2) =, 

that is, when for 2 =a the function 

J (2) 

F(a) 

assumes the indeterminate form 
[e.6) 
— er wo? 


we follow the same rule as that given on p. 175 for evaluating 


the indeterminate form ib Hence 


Rule for evaluating the indeterminate form 2- Differentiate the 
numerator for a new numerator and the denominator for a new 
denominator. The value of this new fraction for the assigned vatue 
of the variable will be the limiting value of the original fraction.* 

In case the new fraction is indeterminate for the given value of 
the variable, we repeat the process as in the last section. 

To prove this rule we must show that 

limit f(z) f'(a) 
z= OF() F(a) 


when ies Fl: r) = ©, ee * F(a) = 


First we assume that 
limit f'(2) 
=a F'(a) 
From the Generalized Theorem of Mean Value, p. 172, we have 


= 1, where 7 is a definite number. 


oN / 
(A) SO 35 Ore J te), =e, = b= ok 
F(z) —F(b) F(a) 
[Replacing b and a by @ and 6 respectively.] 


where 6 is an arbitrary number and /’'(z) does not vanish in the 
interval [a,a +h]. From (A) 


F(a) — $0) = FEM (Fe) — FO) 


on, F=f) + FE re) — FO) 


* f(x) and F(x) are assumed to be continuous. 
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Dividing through by F(z), 


I (2) oe OA) 1 £0 : 
Gel (a) ae ea.) F(a) 


(B) 


In (B), let 2 approach a as a limit. Then 


limit f(x) _ limit f'(%) , 
@=AF(x) L=a F'(x,) 
[since sea Ra~o rea re? 
Now let A approach the limit zero; then 2, will approach the 
limit a, and we get 
limit fv) _ £'(@) 
wa F(a) --F!(a) 


In the same manner the rule may be shown to hold true when 


linite, (2) 8 


x=a Ef" (x) aa 


Ex. 1. Evaluate Use for z= 0. 


CSC & 
Solution. F() = log = | = —*. ... indeterminate. 
F(0) c¢sc®@l,-0 oO | 
1 

7 a +9 . 
a) = Lendl eo aa | = S .. indeterminate. 
F’(0) —cscexcotzte=o ZiCOsej|n—9 0 
LE 2 sin # cosa ] eo Es 
F’(0) cos” — xsintlx=0 1 


125. Evaluation of the indeterminate form 0-0. If a function 
FS (x)-$(x) takes on the indeterminate form 0-0oo for =a, we write 
the given function 


Fa) (2) = 22 [or, =£ 
$ (2) Fo) 


so as to cause it to take on one of the forms ; or =, thus bringing 


it under § 123 or § 124. 
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Ex. 1. Evaluate sec 32 cos52 for « = = 


Solution. sec 3x cos 5 @)a—% =-0. «. indeterminate. 
Substituting for sec 3z,, the function becomes coped: = cA), 
cos 8a cos8a F(x) 
Tv 
1G ) cos 5a 0 E : 
= "| «s=7’° -: indeterminate. 
F(Z) cos 32a a= 0 
5 : 
-_— , Ye 
ZG) _ —sinda-5 PAL. ne 
w/(Z) ~ —sin32-8 a 3 
2 


126. Evaluation of the indeterminate form o—o. It is possible 


in general to transform the expression into a fraction which will 


é 0 oo) 
assume either the form — or —. 


oc 


Ex. 1. Evaluate sec x — tanx for x= = 


Solution. secx —tanx],-7 =o-—o, .*. indeterminate. 
2 
: Fey BL sing 1l—sing _ f(a) 
By Trigonometry, sec *—tan x = Ral SESS RCO. F@) 7 
i qT 
r(Z) i 
e = bee dl = pea! = » .. indeterminate. 
7 cosx% Ja== 0 0 
F(5) : 


ie 
HE Ny eres le 
PN eisai 7 8 1 
He) : 
2 


EXAMPLES 


Evaluate the following expressions by differentiation.* 


limit a? +b a limit tan 6 
ih ae Ans. —- 4. : Ans. 3. 
eer a g 6=" tan 36 
‘g limit cota ae me 
x= log x ‘ log(#—=) 
5 limit 27. 0. 
a limit loge 0. “g== tang 
L=oO gr 


* In solving the remaining examples in this chapter it may be of assistance to the student to 
refer to § 37, pp. 35, 36, where many special forms not indeterminate are evaluated. 
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Rutel rac 1 1 
limit Ys 19 nit [2 | ee 
6. ee Ans. 0. oe [et at eed 9 
limit limit [1 L | 
A — 2) tan a. 2. 13. eS S| Sik 
Fe pee x) tan Dee loga loge 
poy ETON aa ge a. 14, Beet [sec @ — tan 6}. 0. 
t=O CL Cri 
2 
9. limit xv" log x. [n positive.] 0. 15. limit - z = : | : : ‘ 
z= 0 ~=O0Lsin?6 1—cos¢ 2 
limit limit [_Y 1 | 1 
= see 2 6: ib 16. a: = 
10 gaz tan @) sec 2 6 y=Tly—1 logy 2 
mit 4 wp 4a? limit [7 ™ ] mW? 
abi I 2 2) tan . . ie 3 ; 
FSO MR ii Z z=OL4y 22(e"4)1 8 


127. Evaluation of the indeterminate forms 0°, 1°, 0°. 
Given a function of the form - 


Ff (a). 


In order that the function shall take on one of the above three 
forms, we must have for a certain value of x 


F(z)=9, $(v)=9, giving 0°5. 


or, ih O»a (2) =o, giving 1”; 
or, f@=—, $(2)=9, giving o”. 
Let ORES Ces 


taking the logarithm of both sides, 
log y= $(#) log f(a). 


In any of the above cases the logarithm of y (the function) will 

take on the indeterminate form 
0-0. 

Evaluating this by the process illustrated in $125 gives the 
limit of the logarithm of the function. This being equal to the 
logarithm of the limit of the function, the limit of the function 
is known.* 


* Thus, if limit log. y= a, then y= e%, 
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Ex. 1. Evaluate x7 when x — 0. 


Solution. This function assumes the indeterminate form 0° for x = 0. 


Let y= a2; 
then logy=alogz=0-—o, when 2=0. 
By § 125, p. 179, logy = a = —*; when «=0. 
ie 
3 P 
By § 124,°p. 177, log y= eal get es 0, #$when «=0. 


1 

2 

Since y = x, this gives log. 7* = 0; thatis,7*=1. Ans. 
1 


Ex. 2. Evaluate (1+ 2)” when a = 0. 


Solution. This function assumes the indeterminate form 1” for 7 = 0. 
1 


Let y=(1+2)3; 
then logy = «log (l+¢2)=o0-0, when z=0. 
By § 125, p. 179, logy = 108 ct x) = ! when «= 0. 
. 1 
By § 123, p. 174, log y : ot 7 ; Z le when «= 0. 


a 1 1 
Since y = (1+ 2)*, this gives log. (1+ ”)*=1; ie. (1+2)"=e. Ans. 
7 


Ex. 8, Evaluate (cot x)si"* for « = 0. 


Solution. This function assumes the indeterminate form «© for « = 0. 


Let y = (cot x)sin=; 
then log y = sin x log cote = 0-a, when «=0. 
, log cot® 
By § 125, p. 179, log y = en ae when «= 0. 
— esc?a 
cot x _ sing 


= 0, when ~=0. 


9 ] = ———“—- = 
Byes Je: as Bo  Sesexicata © costx 


Since y = (cot x)sin@, this gives log, (cot x)s™*™ = 0; ie. (cota)sm™=1. Ans. 
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EXAMPLES 


Evaluate the following expressions by differentiation. 


1 1 
limit eae 1 - limit = 2 
A ee Ans. x 5. ag (+2) Ans. 
limit : ] 
log x ae 
2. ‘Baa Cm : 6. es g (cot x) 0g x , Zi 
== Uae 
yea 5 
= Me ee (1+ Aye en, 
Inbaan pee 
oh (sin 6\tan@, hs 
G='- limit wh yer 1 
2 8. ¢ = tan ep 26 


ae Lee ah et. 9 pny (608 moye e- drm, 


CHAPTER XVI 
CIRCLE OF CURVATURE. CENTER OF CURVATURE 


128. Circle of curvature.* Center of curvature. If a circle be 
drawn through three points P,, P,, P, on a plane curve, and if ve, 
and P, be made to approach P, along the curve as a limiting ‘posi- 
tion, then the circle will in general approach in magnitude and 
position a limiting circle called the circle of curvature of the curve 
at the point P, The center of this circle is called the center of 
curvature. 

Let the equation of the curve be 


(1) Y =F (2); 
and let x, 7,, 7, be the abscissas of the 
points P,, P,, P, respectively, (a) & 
the coordinates of the center, and R! 
the radius of the circle passing through 
the three points. Then the equation Pow) 
of the circle is 


12, (aq Ya) 


(e—al +y— Bi = B%; 
and since the codrdinates of the points P,, P,, P, must satisfy this 
“equation, we have 
(0%) — al)? + (yo — Bl)? — R? = 0, 
(2) (=a) Yi 8) a — 0, 
(0, — a") +(y,— RB’ — BR" = 0. 
Now consider the function of x defined by 
: F(x) = (ea! + (y — BY BY, 
in which y has been replaced by f(x) from (1). 
Then from equations (2) we get 
F(x,)=9, F(x,)=0, F(a.) = 09. 


* Sometimes called the oscwlating circle. 
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Hence by Rolle’s Theorem, p. 166, #'(x) must vanish for at _ 
least two values of 2, one lying between 2, and 2,, say z', and the 
other lying between x, and 2,, say 2"; that is, 

fF (z’) = 0, F(a") = 0 

Again, for the same reason, #'"(x) must vanish for some value 

of x between z' and 2", say x,; hence 
He Vex 

Therefore the elements a’, §', &' of the circle passing through 

the points P,, P,, P, must satisfy the three equations 
F(a)=9, F'(2')= 0, BN (a,) = 

Now let the points P, and P, approach P, as a limiting position ; 
then 2,, x, x', x", 2, will all approach 2, as a limit, and the elements 
a, 8, & of the osculating circle are therefore determined by the 
three equations 

F(x) =0, F'(a)=0, BM(x,)=0 


or, dropping the subscripts, what is the same thing, 


(A) (v—a)'+(y—B)= BR’, 
(B) (a@—a)+(y— B) - = 0, differentiating (A). 
(C) 1+ a +(y— pS EES) differentiating (B). 


Solving (B) and (C) for «—a and y — 8, we get, ( Tat) 
x 


dy dy\’ 
OR aa (aed 
+: dx “: () ] 


oa 
oo 
da? 
(D) Ane 
iba ae 
eos da) 
y = Fy 3 
ds » 
hence the codrdinates of the center of 
curvature are 
2+) eG ve 
(E) a= ea ae 
Tio. d?y dz? 


dat dac? 
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Substituting the values of #—a and y— 8 from (D) in (A), and 
solving for R, we get 


Econ 
ee ee / es 


a? 


add 
dx? 
which is identical with (40), p. 163. Hence 
Theorem. The radius of the circle of curvature equals the radius 
of curvature. 
From (23), p. 186, we know that at a point of inflection (as @ 
in the figure) 
dy 


i = 8 


Therefore, by (38), p. 161, the curvature 
K=0; and from (40), p. 168, and (£), p. 184, 
we see that in general a, 8, R increase with- 
out limit as the second derivative approaches 
zero. That is, if we suppose P with its tangent 
to move along ‘the curve to P’, at the point of 
inflection Q the curvature is zero, the rotation 
of the tangent is momentarily arrested, and as the direction of 
rotation changes, the center of curvature moves out indefinitely 
and the radius of curvature becomes infinite. 


Ex. 1. Find the codrdinates of the center of curvature of the parabola y? = 4 px 
corresponding (a) to any point on the curve; (b) to the vertex. 
dy 2p dy _ Ap? 
de yd ys 
(a) Substituting in (£), 


2 2 9 8 
ine I ra ys 
Pp 


Solution. 


y2 4p? 4p? ; 
3 
Therefore (3 x+2p, — 4) is the center of curva- 
p 


ture corresponding to any point on the curve. 
(b) (2p, 0) is the center of curvature corresponding 
to the vertex (0, 0). 
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129. Center of curvature the limiting position of the intersection 
of normals at neighboring points. 
Let the equation of a curve be 


(A) y= (0): 
The equations of the normals to the curve at two neighboring 
points P, and P, are* 


: dy, 
— if Vi) 
C@,B) Coss )+ (Yo ) dxy 


: 7) a 
eatin rsh no 


If the normals intersect at C'(a’, 8’), 
L A(y%) the coordinates of this point must 
etn satisfy both equations, giving 


d 
(9-2!) + (Yo— BY) 5? = 


(B) 


t na 
(x — a!) +(y,— 8) 7 =0. 


. Now consider the function of x defined by 


$(z)=(e— a) + (y— p<, 


in which y has been replaced by f(x) from (A). 
Then equations (B) show that 


p(X%)=9, $(x%,)=9 


But then by Rolle’s Theorem, p. 166, ¢'/(z) must vanish for some 
value of 2 between x, and z,, say wv’. Therefore a’ and #’ are deter- 
mined by the two equations 


d(x) =0, (a!) = 0 
If now P, approaches P, as a limiting position, then 2’ approaches 


Ly giving 


P(t) = 9, $'(x) = 0 


and C" (a’, £') will approach as a limiting position the center of 


* From (2), p. 90, X and Y being the variable codrdinates. 
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curvature C (a, 8) corresponding to P, on the curve. For, if we 
drop the subscripts and write the last two equations in the form 


(eal) +(y— 8) 2 =0, 


dy 
1+ (42) +u- py TL = 0 ; 


it is evident that solving for a' and 8! will give the same results 
as solving ( (B) and (C), p. 184, for a and 8. Hence 

Theorem. The center of curvature C corresponding to a point P 
on a curve is the limiting position of the intersection of the normal to 


the curve at P with a neighboring normal. e 


oe it 


130. Evolutes. The locus of the centers of curvature of a given 
curve is called the evolute of that curve. Consider the circle of 
curvature corresponding toa point P on 
a curve. If P moves along the given 
curve, we may suppose the correspond- 
ing circle of curvature to roll along the 
curve with it, its radius varying so as Cr 
to be always équal to the radius of cur- 
vature of the curve at the point P. The 
curve CC, described by the center of the 
circle is the evolute of PP,. 

Formula (E£), p. 184, gives the coérdi- 
nates of any point (a, 8) on the evolute expressed in terms of the 
codrdinates of the corresponding point (a, y) of the given curve. 
But y is a function of xz, therefore 


dy\?| dy dy 
dy\*") dy 1 
E ae eS) |e re 1+ (Zt) 


+ 
d*y 4 dy 


ax” di? 


a= 


give us at once the parametric equations of the evolute in terms of 
the parameter x. 

To find the ordinary rectangular equation of the evolute we 
eliminate x between the two expressions. No general process of 
elimination can be given that will apply in all cases, the method 
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to be adopted depending on the form of the given equation. Ina. 
large number of cases, however, the student can find the rectan- 
gular equation of the evolute by taking the following steps. 

General directions for finding the evolute. 

First step. Hind a and B from (E), p. 184. 

Second step. Solve the two resulting equations for x and y m 


terms of a and B. 
Third step. Substitute these values of x and y in the given equa- 
tion. This gives a relation between the variables a and B which is 


the equation of the evolute. 
Ex. 1. Find the equation of the evolute of the parabola of y? = 4 px. 


Up AD GEN A 
dey dz y8 


Solution. 
First step. a=3e+2p,p=——-. 

: a—2p 4 
Second step. ce ore: y =— (4p’)*. 


Third step. (428)? =4p (=), or, 


4 
p= a7" _ 2 p)8. 


Remembering that a denotes the abscissa and £ the 
ordinate of a rectangular system of codrdinates, we see 
that the evolute of the parabola AOB is the semicubical parabola DC’E; the 
centers of curvature for O, P, Pi, Pz being at CO’, C, C1, C2 respectively. 


‘ 


Ex. 2. Find the equation of the evolute of the ellipse b2x2 + a2y? = a2b2, 


2, 2 4 
Solution. Cy FET Oy Ie b ; 
dx ay dz arty? 
2 _ b2\y3 
First step. = sisal , 
at 
a Cea 
ata 3 
Second step. L= (a) A 


big \3 
a ee a : 
Third step. (aa) + (08)? = (a? — b2)8, 
the equation of the evolute HHE’H’ of the 
ellipse ABA’B’, E, E’, H’, H are the centers of curvature corresponding to the 
points A, A’, B, B’ on the curve, and C, 0’, OC” correspond to the points P, POOPY 
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When the equations of the curve are given in parametric form, 


2 
we proceed to find ay and oe, as on pp. 154, 155, from 
x 


Ww 


* 


ay 

(A) dy _ dt 
- dz dx 
dt 

(au dxd’y dy @x 

(B) ce dt dt? dt Te 
aa? dx 3 
| oh. 


and then substitute the results in formulas (£), p. 184. This 
gives the parametric equations of the evolute in terms of the same 
parameter that occurs in the given equations. 


Ex. 3. Find the parametric equations of the evolute of the cycloid. 


“x =a(t—sinf), 


(C) y =a(1 — cost). 
Solution. As in Ex. 2, p. 163, we get 
2 dy sint dty 1 
dz 1—cost’ dx? a(1—cosé)? 


Substituting these results in for- 
mulas (£), p. 184, we get 
 (a=a(t+sin?), 
(D) ie =—a(l1—cost). Ans. 


Norse. If we eliminate ¢ between 
equations (D) there results the rectan- 
gular equation of the evolute OO’QY 
referred to the axes O’a and O%. 
The codrdinates of O with respect to 
these axes are (— ra, —2a). Let 
us transform equations (D) to the new set of axes OX and OY. Then 


a=“%—n7rda,B=y—2a,t=U—T. 
Substituting in (D) and reducing, the equations of the evolute become 
z=a(l’ —sin?), 
GD) ie a(1 — cost’). 
Since (#) and (C) are identical in form, we have : 
The evolute of a cycloid is itself a cycloid whose generating circle equals that of 
the given cycloid. 
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131. Properties of the evolute. Differentiating a and 8 from (Z),. 
p. 184, with respect to x gives : 


an Gale c an ay 


da dy dx\dx da? daz} dz 
(4) Baw. oe 
da? 
gly (LyV’_ Py _ (dy\’ ty 
dB da \ dz da? dz} dx 
(B) = SO  —", 


de yy 
Ge 


Dividing (B) by (A), member for member, 


(0) ae = 
da dy 
dz 


dB 


But apo tan 7!=slope of tangent to the evolute at C, and 
a E 


ct = tan 7 =slope of tangent to the given curve at the 
v 


corresponding point P. 
Substituting the last two results 
in (C), we get . 


tan 7’! =— 


tant 

Since the slope of one tangent is 
the negative reciprocal of the slope 
of the other, they are perpendicular. 
But a line perpendicular to the tan- 
gent at P is a normal to the curve. Hence . 

A normal to the given curve is a tangent to its evolute. 

From (12), p. 105, and (A) and (B), we have for an are s of 
the evolute 


ds\*_(da\* , (a8? 
2) i Ge & 
3 dy ayn: Lys dy\? dy\ ? 
=a dc \ da ae dz} da 


dz 
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But this is identically the result we get by differentiating R, (40), 
p. 1638, with respect to x and then squaring. Therefore 


ds Pus: dk 2 
rales 
or, ds=tdR. 


That is, the radius of curvature of the given curve increases or 
decreases as fast as the arc of the evolute increases. In our figure 


this means that PC, — PC are CC. 


The length of an are of the evolute is equal to the difference between 
the radit of curvature of the given curve which are HM to this are 
at its extremities.* 

Thus in Ex. 3, p. 189, we observe that if we fold QP’ (= 4a) 
over to the left on the evolute, P’ will reach to O', and we have: 

The length of one are of the cycloid (as OO'Q") is eight times the 
length of the radius of the generating circle. 

132. Involutes and their mechanical construction. Let a flexible” 
ruler be bent in the form of the curve C,C,, the evolute of the 
curve P,P,, and suppose a string 
of length R, with one end fastened 
at C, to be wrapped around the ruler 
(or curve). It is clear from the 
results of the last section that when 
the string is unwound and kept 
taut the free end will describe the 
curve P,P,. Hence thenameevolute. 

The curve P,P, is said to be an 
involute of C,C,. Obviously any 
point on the string will describe 
an involute, so that a given curve 
has an infinite number of involutes but only one evolute. 

The involutes P,P,, P,'P,', P,P," are called parallel curves since 
the distance between any two of them measured along their com- 
~ mon normals is constant. 

The student should observe how the parabola and ellipse on 
p- 188 may be constructed in this way from their evolutes. 


IR f 
* Tt is assumed that ‘a does not change sign. 
la 
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EXAMPLES 


Find the coérdinates of the center of curvature and the equation of the evolute 
of each of the ues curves. 


ee : ‘ Zz (a? + b?) ni aly, (a? + b?) ys ; 

aeehe Peper aes ctl cA NS eee? = “> ae 
evolute (aa)# — (b8)3 = (a? + b2)3, 

2. The hypocyeloid a+ yi= a. Ans. a=2+4+3 ay, Bp=y+83 ay? ; 


evolute (a + 6)? + (a — 6/8 = 2a8. 


3. The eycloid # = r arevers 2 — V2 ry — 7. 
Ans. a=“%4+2V2ry—y*?, B=—Y; 


ee evolutea=r arevers ( _ °) +V—2rpB— B2. 


4. The semicubical parabola x? = ay?. 9 x2 


Ans. Oe ot B= a(a+%) af 


evolute 729 ap? = 16[2a + Va? — 18 AOE — 18aa— a). 


a 


es Wa — 
~~ 5. The tractrix 2 = alog “+ ; LW a ape 
4 Whi we 2 @ 
Ans. ea aloe 7 FP, p=; evotnte p= Sle: + 4). 


x 


a a oe ous “ 
6. The catenary y = 5 (e+ ¢ 2). Ans. a=u—5(e—e @ 5 es 


2 4 g2)? ; 
evolute a = alog 2 = @ 20) e (6? — 4 a2)3. 


SS 2a 4a 


7 7. Find the codrdinates of the center of curvature of the cubical parabola 


3 — a2. A 4 15 yt 44 —_ Qa 
a ox Ans. Fest Es wo) Se gee ws, 


6 ary Ss ae 
8. Show that in the parabola x? + 3? =a? we have the relation a + B=38(e+y). 


Cyd 


9. Find the equation of the evolute of the cissoid y? = 5 : 
a—« 
Ans. 4096 a8a + 1152 a26? + 27 Bt = 0 


10. Given the equation of the equilateral hyperbola 2ay = a2; show that 


a+ p= Ee a p= Ue. 
a a 


From this derive the equation of the evolute (a + 8)? — (a — p)§ = 2a’. 
Find the parametric equations of the eyolutes of the following curves in terms 
of the parameter ¢. 


x= acosst, a = acos®t + 8acost sin2t 
11. h ] : ‘ 
sKhediypoeyeloia = asinit. aes a = dacos*tsint + asin t 
ct=3 a= 38(1 +420 — #4) 
12. : : : : 
2. The curve =3t_B Ans e Sea 
x = a(cost+tsint) a=acost 
1 ; ’ ? 
Saglbe. CHEE ee er t). rae FE =asint. 
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133. Continuous functions of two or more independent variables. 
A functior-f(x, y) of two independent variables z and y is defined 
as continuous for the values (a, 0) of (x, y) when 


limit 


a= af (ty y)=F(dy 8), - 
Y= b 


no matter in what way x and y approach their respective limits a 
and 6. This definition is sometimes roughly summed up in the 
statement that a very small change in one or both of the independ- 
ent variables shall produce a very small change in the value of the 
Sunetion.* 

_ We may illustrate this geometrically by considering the surface 
represented by the equation 


@ Ka, y)- 


Consider a fixed point P on the surface where x=a and y=). 

Denote by Az and Ay the increments of the independent vari- 
ables 2 and y, and by Az the corresponding increment of the 
dependent variable z, the codrdinates of P! 


as (z+ Ax, y + Ay, 2+ Az). 


At P the value of the function is 
Zz =) (a; b) = MP. 


If the function is continuous at P, then how- Y, 
ever Ax and Ay may approach the limit zero, 
Az will also approach the limit zero. That is, M’P! will approach 
coincidence with WP, the point P’ approaching the point P on the 
surface from any direction whatever. 


* This will be better understood if the student again reads over § 33, p. 22, on continuous 
functions of a single variable. 
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A similar definition holds for a continuous function of more 
than two independent variables. 

In what follows, only values of the independent variables are 
considered for which a function is continuous. 

134. Partial derivatives. Since 2 and y are independent in 


z2=f (2 y), 
« may be supposed to vary while y remains constant, or the reverse. 


The derivative of z with respect to z when x varies and y remains 
constant* is called the partial derivative of z with respect to x, and 


is denoted by the symbols =. We may then write 

oz limit [f(v¢+Az, y)—fia y) 

ot int Fea ep aft i : 
Similarly, when 2 remains constant* and y varies, the partial 


derivative of 2 with respect to y is 


(B) dz _ limit [f(~ y¥+Ay)—S(@ y) 


of 


“ is also written ° SF (@, y) or ee similarly 


5 eo 


62 
— is al itten — f(x, 
a RON ENED atte y) or ay 


In order to avoid confusion the round é+ has been generally 
adopted to indicate partial differentiation. Other notations, how- 
ever, which are in use are 

dz dz 

eit tea! | 3 da (ly Undy (Or 0)s dal Y)a sy rig) nO ee 

dx dy 

Our notation may be extended to a function of any number of 
independent variables. Thus, if 

u= F(a, y, 2), 
then we have the three partial derivatives 
ou du ou. |, OF OF OF 
dx’ dy 2’ du’ dy’ be 


* The constant values are substituted in the function before differentiating. 
+ Introduced by Jacobi (1804-1851). 
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Ex. 1. Find the partial derivatives of z = az? + 2 bry + cy. 
‘ Oz : 
Solution. ee 2axu + 2 by, treating y as a constant, 


02 
eS =2bx + 2 cy, treating x as a constant. 


Ex. 2. Find the partial derivatives of u = sin (ax + by 4+ cz). 


‘ ou ; 
Solution. om a cos (ax + by + cz), treating y and z as constants, 


ou : 
rents, b cos (ax + by + cz), treating x and z as constants, 
y 


ou F 
as = € COS (ax + by + cz), treating y and « as constants. 
z 


Again turning to the function 
2=f(%, y), 
we have by (A) defined . as the limit of the ratio of the increment 
of the function (y being constant) to the increment of 2, as the incre- 
ment of x approaches the limit zero. Similarly (B) has defined a 


It is evident, however, that if we look upon these partial deriva- 
tives from the point of view of § 106, p. 148, then 


02 

Ox 
may be considered as the ratio of the time rates of change of z and 
x when y is constant, and Pe 

ey 


as the ratio of the time rates of change of 2 and y when @ is 
constant. 

135. Partial derivatives interpreted geometrically. Let the equa- 
tion of the surface shown in the figure (next page) be 


2=f(%, y)- 

Pass a plane HGH through the point P (where x = a and y = 6) 
on the surface parallel to the YOZ plane. Since the equation of 
this plane is ee bs 
the equation of the section JP cut out of the surface is 


a ST (a, b), 
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if we consider EF as the axis of Zand HH as the axis of Y. In 


this plane = means the same as 
x 


dz 


—, and we have 
dx: 


& = tan MTP 
Ox 


= slope of section JK at P. 


Similarly, if we pass the plane 
BCD through P parallel to the 
YOZ plane, its equation is 


c= a, 


and for the section DPJ, means the same as =. Hence 
] B | 


0z a 
— = tan MT'P = slope of section DI at P. 
cy 
J ss OP SS é 
Ex. 1. Given the ellipsoid — + — +W—=1; find the slope of the section of 


242 ea 
the ellipsoid made (a) by the plane y = 1 at the point where # = 4 and 2 is positive; 
(b) by the plane « = 2 at the’ point where y = 8 and 2 is positive. 


Solution. Considering y as constant, 


Qn 22a _y 4 %__ 2 
D6 ew iies a og Ae 
2 } z 
When z is constant, ete Ta or, eae AE 
1% 6 oy oy z 
3 0z 2 
(a) When y=1 anda=4,z=~4/-- »«.—=—-~/-. Ans 
2 ox 3 
1 0z 3 
b) When a =2 andy=3,z=——. ».“=-~=2~v2. Ans. 
ee C/o Moye ae 
EXAMPLES 
a8 2 3 ou 
1 w=2724 3 ax2y — y3, Ans. pape cep RO 
7 
Eye Wy 
oy 
2. u= Ax?+ Bey+ Cy2?+De+ Hy+F. Ans. OU 9 An + By + D; 
ox : 
Ou 


— = Ber+2Cy+H#. 
oy 


10. 
ih 
12. 
13. 


14, 


15. 
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U = (ax? + by? + cz?)n, Ana ee zor . 
6e% =§=ax2 + by? + cz?’ 
ou 2 bnyu 
oy ax? + by? + cz? 
w= arcsin~. ‘ Ans. Te Re aD 
y Ce Wy? _ gy” 
ou e 4 x 
cy y Vy? — x 
eed Ans. ee yt" 
ou 
— =X log x, 
uUu= ax y2z + bayizt + cy® + daxz. Ans. “ = 8 axy?z + by8zt + dz3; 
AD 


ou 
= = 2ax yz + 3 bry2zt + 6 cy5; 


(a) 
oe = ay? + 4 bry3z3 + 3 daxz?. 
u= xy? — 2aryt + 322y3; show thats en e =O, 
Ox ey 
i ; show eat ae es 
B+ Y ox oy 
us 9G 2-0); show that: 2% 4 2% 1 & _ 9, 
CLEMO Oz 
2 ou 
u = log (e* + e”); show thate ase 
ox «oy 
evry ou. OU 
C= show naar — ao —1)u. 
rar ; as =(«+y-—1) 


ae 
U = Ly; mow that 224 y 2 (x + y + log u)u. 


Se ae show that +S 4 = 


oy oz aty+2 


u=etsiny + e”sinz; show that 


(= “y+ (= Uy = ert etn + Bertusin (e+ 9), 


u = log (tang + tan y + tan z); show that 


0 
sin a2 OM + sin 2y— + sin 22 o = 2, 
i ow oy az 


16. Let y be the altitude of a right circular cone and z the radius of its base. 
Show (a) that if the base remains constant, the volume changes $72? times as fast 
as the altitude ; (b) that if the altitude remains constant, the volume changes } zy 
times as fast as the radius of the base. 
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; 2 2 
17. A point moves on the elliptic paraboloid z = 5 + = and also in a plane par- , 


allel to the XOZ plane. When x = 3 ft. and is increasing at the rate of 9 ft. per 
second, find (a) the time rate of change of z; (b) the magnitude of the velocity of 
the point; (c) the direction of its motion. 


Ans. (a) vz = 6 ft. per sec.; (b} v = 38V 18 ft. per sec. ; 
(c) + = are tan 3, the angle made with the X OY plane. 


18. If, on the surface of Ex. 17, the point moves in a plane parallel to the plane 
YOZ, find, when y = 2 and increases at the rate of 5 ft. per sec., (a) the time rate 
of change of z; (b) the magnitude of the velocity of the point ; (c) the direction of 
Lae COR. Ans. (a) 5 ft. per sec.; (b) 5 V2 ft. per sec. ; 


©) r= 2 the angle made with the plane YOY. 


136. Total derivatives. We have already, on page 57, considered 
the differentiation of a function of one function of a single inde- 
pendent variable. Thus, if 


y =f (v) and v= $(2), 
it was shown that 


. dy | dy dv 
dz dv dz 


We shall next consider a function of two variables, both of which 
depend on a single independent variable. Consider the function 


u= f(x,y), 
where x and y are functions of a third variable ¢. 


Let ¢ take on the increment At, and let Az, Ay, Aw be the corre- 
sponding increments of 2, y, u respectively. ‘Then the quantity 


Au=f (x + Ax, y + Ay) —f (a, y) 
is called the total increment of wu. 
Adding and subtracting f(x, y + Ay) in the second member, 


(A) Au=[f(7+Az,y+Ay)—f(ey +Ay)]+[F(@ y +Ay)—F (ay): 


Applying the Theorem of Mean Value, (44), p. 168, to each of 
the two differences on the right-hand side of (A), we get, for one 
first difference, 


(B) Fe + Az, y+ Ay) —F (a y + Ay) =F (@ + 0,- Ax, y + Ay) Ac. 


(ee zw, Aa= Aw, and since wx varies while y+ Ay remains 
constant, we get the partial derivative with respect to a. 
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For the second difference we get 
CC) FR Yyt+AY)—S(% N=S/ (Gy +9 Ay) Ay. 


c =¥Y, Aa= Ay, and since y varies while 2 remains con- 
stant, we get the partial derivative with respect to y. | 


Suisse (B) and (C) in (A) gives 
(D) Au=fl(v + 9,-Ax, y + Ay) Ax + f(x, y + 0,-Ay) Ay, 
where @, and @, are positive proper oe eae Dividing (D) by At, 
Aw 
(Hh) 5, Sie t+ O, Ax, g y+ Ay athe y +4, Ay) oe. 


Now let A¢ approach zero as a limit, then 


() pea, NE + ffl Ne 


Since Av and Ay converge to zero with At, we get 
ea Sx'(@ + 0,- Ax, y + Ay) = f2'(x,y), and es Fy (L,Y + 92- Ay)=Sy'@, »,| 


Su (x, y) and fy'(x, y) being assumed continuous. 


Replacing f(x, y) by wu in (f), we get the total derivative 


du _dudx , ou dy 
dt 0a dt ° dy dt 


(49) 
In the same way, if 
2 y b= I (L, Ys 2), 
and x, y, 2 are all functions of ¢, we get 


(50) du_ dudx , Oudy , du dz | 
dt dx dt oy dt ' dz dt’ 
and so on for any number of variables.* 
In (49) we may suppose ¢= 2; then y is a function of 2, and w is 
really a function of the one variable 2, giving 
du _ ow , Ou dy, 


oe da dx * dy da’ 
In the same way from (50) we have 


52 du _ Ow Ou dy OU dz 
22) da dx Oy ax. dz dx 


* This is really only a special case of a general theorem which may be stated as follows: 
Tf w is a function of the independent variables x, y, z,---, each of these in turn being a funce- 
tion of the independent variables 7, s, ¢,-.-, then (with Goria assumptions as to oo 
; Ou Ou ava Ow Oy ie Ou Oz 
Or Ox Or Oy Cr Oz Or 


Ou Ou 


and similar expressions hold for Bs’ dl’ ete. 
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The student should observe that a and = have quite different . 
x 


meanings. The partial derivative is formed on the supposition 


that the particular variable x alone varies, while 


du limit (Au 

dx Ar=0\Az)’ 
where Aw is the total increment of w caused by changes in all the 
variables, these increments being due to the change Av in the inde- 


pendent variable. In contradistinction to partial derivatives, BP eh 
z 
are called total derivatives with respect to ¢ and x respectively.* 
Ex. 1. Given w= sin a Le — renind: ay 
y at 
Solution. a = u cos = SY = zs cos ae oy =O dy = 2: 
Gan y oy y? y dt dt 
d t t 
Substituting in (49), AG PN eiees iG 
: at B v 
: ‘ du 
Ex. 2. Given u = e“(y — z), y=asing, 2=cosz; find a 
Av 
; ou ou ou dy dz 
Solution. —=ae(y —z), —=e%, —=—e™; ~=acosxz, — =— sine. 
Fi ee), oy Be * dx ” da 
Substituting in (52), 
d 


e | 
a = ae™ (y — 2) + ae cos x + e sin e = e(a24+1)sing. Ans. 
5 ‘ 


Norz. In examples like the above, u could, by substitution, be found explicitly 
in terms of the independent variable and then differentiated directly, but generally 
this process would be longer and in many cases could not be used at all. 


137. Total differentials. Multiplying (49) and (50) through by dé, 


we get, ($ 104, p. 144), 
ou Ou 


du = — di —ad 
(53) 1] 5 a+ ou dy, 
Ou Ou Ou 
du = — d —d — dz; 
(54) TB ape h oh dz; 


*It should be observed that eS has a perfectly definite value for any point (a, y), while 2 
a dx 


depends not only on the point (#, y) but also on the particular direction chosen to reach that 
point. Hence Ou 
Ba is called a point function ; while 
be 
du. F . amy 
oe is not called a point function unless it is agreed to approach the 
dx 


point from some particular direction. 


PARTIAL DIFFERENTIATION 201 


and so on.* Equations (53) and (54) define the quantity du, which 
is called a total differential of wu or a complete differential, 
ou Ou > . OU 


ee ey yp 
ery lag a 


and 


are called partial differentials. These partial differentials are 
sometimes denoted by du, du, du, so that (54) is also written 


du = dw + du + du. 


Ex. 1. Given u = arc tan 2 ; find du. 


Ou y ou x 


Solution. =— ) = ci 
ox a+y2 oy a+ y2 


Substituting in (53), 
_ «dy — yda 


OO 
x + y2 


Ans. 


Ex. 2, The base and altitude of a rectangle are 5 and 4 inches respectively. 
At a certain instant they are increasing continuously at the rate of 2 inches and 
1 inch per second respectively. At what rate is the area of the rectangle increasing 
at that instant ? 


Solution. Let «x = base, y = altitude; then u = xy = area, “ =Y; = SRD 
hi, y 
Substituting in (49), 
du dx dy 
A — = yy — \—— 
(A) dt & dt = dt 


ty V 


a, wh : d ; 
But v= 5in., y= 4 in., == 2 in. per sec., = = 1 in. per sec. 


, a = (8 + 5) sq. in. per sec. = 18 sq. in. persec. Ans. 


Nore. Considering du as an infinitesimal increment of area due to the infinites- 
imal increments dx and dy, du is ‘evidently the sum of two thin strips added on to 
the two sides. For, in du = ydx + xdy (multiplying (A) 


by dt), dy ZZ 


ydx = area of vertical strip, and 
ady = area of horizontal strip. 
y 


But the total increment Aw due to the increments dz and dy 


pecyiaently Au=ydzx + xdy + dxdy. 


Hence the small rectangle in the upper right-hand corner (=dzdy) 7) dx 
is evidently the difference between Aw and du. This figure illus- 
trates the fact that the total increment and the total differential of a function of several vari- 


ables are not in general equal (see p. 141). 


WA geometric inter™retation of this result will be given on p. 274. 
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138. Differentiation of implicit functions. The equation 


(A) LACEY 
defines either 2 or y as an implicit function of the other.* It rep- 
resents any equation containing 2 and y when all its terms have 
been transposed to the first member. Let 


(B) u=f(%, ¥)3 
du ou , ou dy 
then Fats a oy aan (51), p. 199 
But from (4), f@y=0-. =. u— 0 and . = (0; that is, 
iz 
du, ou dy 
Ce EET) 
so) ox a cy dx 
dy + 
Solving for —,' we get 
dx au 
dy as Oe Ou 
(35) dc ow by 7 0 


a formula for differentiating implicit functions. This formula in 
the form (C) is equivalent to the process employed in § 75, pp. 83, 
84, for differentiating implicit functions, and all the examples on 
-p. 85 may be solved using formula (55). Since 
(D). Fla, 9) =0 
for all admissible values of 2 and y, we may say that (55) gives the 
relative tume rates of change of x and y which keep f(x, y) from chang- 
ing at all. Geometrically this means that the point (x, y) must 
move on the curve whose equation is (D), and (55) determines the 
direction of its motion at any instant. Since 
u=f(% Y), 


we may write (55) in the form 


of 
| dy __ dx, j 
(55 @) de of ; ay + 0) 
oy 


* We assume that a small change in the value of # causes only asmall change in the value of y 
Ow 


+ It is assumed that — and ou exist. 
Ox oy 
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Ex. 1. Given a?y4+siny=0; find z. 
he 


Solution. Let f(x, y) =‘xy4 + sin y. 


of . dy 
— = 2ay4, — =4 8 fal asics = 
om y*, a xy? + cosy from (55a), Es 


2 xy 
4 xy3 + cos y 


Ex. 2. If @ increases at the rate of 2 inches per second as it passes through the 
value « = 3 inches, at what rate must y change when y = 1 inch, in order that the 
function 2 xy? — 3 ”2y shall remain constant ? 

Solution. Let f(x, y) = 2ay? — 3a%y; then 

ies. af ay 
Ox 
Substituting in (55 a), 


y? — 6 ay, of = 4ay — 822. 
oy 


dy = 2y? — 6 ay dian 2y?2 — 6ay 


By (A), p. 154 


dx Aaxy—3a2 ’ dz 4ay — 322 
dt 
d: dy — 
Butte 35 7 — 4, a ares = =— 27; ft. per second. Ans. 


Let P be the point (2, y, z) on the surface given by the equation 
(£) u= F(a, y, 2)=— 9, 
and let PC and AP be sections made by planes through P parallel 
to the YOZ and XOZ planes respectively. Along the curve AP, 
y is constant, ‘therefore from (#), 2 is 
an implicit function of x alone, and we 
have from (55 @) 


ar 
Oz Ox 

(56) BS =— oF’ 
; oz 


giving the slope at P of the curve AP, 
§ 133, p. 198. 


“ is used instead of e in the first member since z was originally 
x z 


Y 


from (#) an implicit function of « and y, but (56) is deduced on 
the hypothesis that y remains constant. 
Similarly the slope at P of the curve PC is 


or 
a2 __ oy, 
(5%) } oy OF 
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EXAMPLES 
Find the total derivatives, using (49), (50), or (51) in the following six examples. 
1. w= 224434 zy, z=sing, y=er. Ans. = = 3 7+ e"(sina+cosx)+sin 2a. 


du e(1 +2) 


2. wu = are tan (xy), y = &. Ans. denny es 
e du 
3. u = log (a? — p?), p=asin 6. Ans. ie oe a 
du 2 
SM a ean EEA 1S: pan A i, 
: ds 8 
Pe F du 3 
/® u=arcsin(r—s),r=3t, s=48. Ans. oe 
6. yaw) y Sanne, 2 = con®. Ans. Gu — eax gin 2, 
az+1 dz 


Using (53) or (54), find the total differentials in the next eight examples. 


7. w= by + cx? + gyi + ex. Ans. du = (by?+2 cx+e) dx-+ (2 byx+8 gy?) dy. 


8. u=logz. Ans. du= 2 aa + log ady. 
9 us yine, Ans. du = y%™” log y cos xdx% + aed 
CONCISE 
10. w= gloey, Ans. du = u( 284 ae + 28% ay). 
Cae y 
11. eee ahs Ans. que ee) 
s—t (8 = t)? 

12. w= sin (pq). Ans. du = cos (pq) [gdp + pdq]. 
13 a2. Ans. du = x¥—1 (yzdx-+ za logady + ay log xdz). 


14. u = tan? ¢ tan? 6 tan? y, Ans. du = 4u( dhe + ud + ay : 
sn2¢ sin26 sin2y 


15. Assuming the characteristic equation of a perfect gas to be 


op — hb, 
where v = volume, p = pressure, ¢ = absolute temperature, and. R a constant, what 
is the relation between the differentials dv, dp, dt? Ans. vdp + pdv = Rate 


a 


16. Using the result in the last example as applied to air, suppose. that in a 
given case we have found by actual experiment that 


t = 300° C., » = 2000 Ibs. per sq. ft., v = 14.4 cubic feet. 


Find the change in p, assuming it to be uniform, when ¢ changes to 801° C., and 
v to 14.5 cubic feet. R= 96. Ans. — 7.22 lbs. per sq. ft. 
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In the remaining examples find wu , using formula (55 a). 
iy 


17. (x? + y?)2 — a2 (a? — y?) = 0. Ans. ee! A Ug 
dx y 2(a + y?) + a? 


Lamere ct 4 ry = 0, 5 De el b 
e de eis 


dy _ y[cos (xy) — ety — 2a] 
de «|x + eY — cos (xy)] 


19. sin (wy) — ew — xy = 0. Ans. 
c e 


20. sin zsin y + cosx cosy —y = 0. 


139. Successive partial derivatives. 
If Saar Y)s 


then, in general, 


are functions of both 2 and y, and may be differentiated again 
with respect to either independent variable, giving swecessive par- 
tial derivatives. Regarding 2 alone as varying, we denote the 
results by 

Pu Pu ou oe 
aa? CT Oe 


oy” oy* b] oy” 


the notation being similar to that employed for functions of a 
single variable. : 

If we differentiate w with respect to x, regarding y as constant, 
and then this result with respect to y, regarding x as constant, we 
obtain 


: ee) , which we denote by 


ay \ ex 


Ou 
OY OL 
Similarly, if we differentiate twice with respect to 2 and then 
once with respect to y, the result is denoted by the symbol 
Ou 
oyou* 
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140. Order of differentiation immaterial. Consider the function 
f(% y). Changing x into «+ Av and keeping y constant, we get 
from thé Theorem of Mean Value, (44), p. 168, 


(A) f(a + Ax, y)—S(@, y) = Ae fi) (+0. Az, y), 028 <1 


a=«x, Aa=Az, and since x varies while y remains aa) 
stant, we get the partial derivative with respect to x. 


If we now change y to y+ Ay and keep x and Ag constant, the 
total increment of the left-hand member of (A) is 


(B) [f(w+ As, yt Ay) f(x, y + Ay)]—[h(ew+ Ax, y)-F(@ y))- 


The total increment of the right-hand member of (A) found by 
the Theorem of Mean Value, (44), p. 168, is 

(O) Azf! (4 0-Az,y + Ay) Agi @ +0 Ag y). V0’ 

= AyAgf,,' («+ 0,-Ax, y+ 0,-Ay), 0<4,<1 


[ee y, Aa= Ay, and since y varies while x and Ax oa 
constant, we get the partial derivative with respect to y. 


Since the increments (B) and (C’) must be equal, 

(D) [Fw + Aa, y + Ay)—F(% y+ Ay)l—[F@ + Ax, y)—F@ y)] 
= AyAzf,,| («+ 0,-Aa, y + 0,- Ay). 

In the same manner, if we take the increments in the reverse order, 

(F) [fiw + Aa, y + Ay) —f(e + Ax, y)]|—[F@ ¥ + Ay) —S(@ ¥)] 

= AvAyf,,'(¢ + 9,:Azx, y + 6,. Ay), 
é, and @, also lying between zero and unity. 
The left-hand members of (D) and (#) being identical, we have 
(PY) fya'(@ + 9+ Ax, y + @,-Ay) =f,/(v + O,-Ax, y + O,-Ay). 


Taking the limit of both sides as Av and Ay approach zero as 
limits, we have * 


(G) Tin (2 y) 1 te Y)s 
since these functions are assumed continuous. Placing 
U = (Ls Y), 


(G) may be written 


(58) OL ae O20 ; 
Oyox Oxdy 


* Assuming the continuity of the first partial derivatives and the existence and continuity of 
Sau and ae 7 
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Pd 


That is, the operations of differentiating with respect to x and with 
respect to y are commutative. 


This may be easily extended to higher derivatives. For instance, 
since (58) is true, 


eu Pc u\ _ Pu (is 
arey  ov\exdy) bxdydu oxy =a ae 


Similarly for functions of three or more variables. 


Ou Ou 


ayon  Oxoy 


Ex. 1. Given u = xy — 32273 ; verify 


2 2 
Solution. es 8a2y — 6 xy, Se. = 322 — 18 xy?, 
Ox oyou 


‘4 2, < 
ae v3 — 9 xy?, eRe 322 — 18 ay?; hence verified. 
oy oxoy 

EXAMPLES 
1 : verif aR SEE 
Bee COR et); Y Gyou  dxdy 
2 2 : Ou Ou 
2. eae sue 5 verify = = St 
y? — xv ,oyon  oxoy 
ae if ou Ou 
= : veri = 
pare 70g + 20); - oyou  oaoy 
iy ay verif og 
4. w=are pane? MV artes osor® 
: OFu o8u 
5. u=sin (9) ; verify = 


000g?  ag200 


ctu 


6. u = 6 ety2z + 3 eva?z? + 2e%a3y — xyz; show that 


e 


——— =12(ety + evz + e*2), 


Ou 0Y Oz 


7. u= erv2; show Ra = (il 2 3 ayz + wy?z?) u. 


LOYOR 
vy? 1 ae ou i, ou 9 ou 
= : ha = : 
Se oty or Ox? andy ax 
Ou ou ou 
= fig 2%. 3 + = 0. 
9. u = (a? + y)*; show that 32 Bio + 3y See 
z y ag oou : ; a 
i u = y22%e2 + 22a%e? + wy2e?; show that anoyPoa =e2+ e2+ & 
me 02u 62u ou 7" 
11. wu = (a? + y? + 2%) Pp phow that; a tipsy agi 
f 
\ 2 
\ ‘ 


CHAPTER XVIII 
ENVELOPES 


141. Family of curves. Variable parameter. The equation of a 
curve generally involves, besides the variables x and y, certain con- 
stants upon which the size, shape, and position of that particular 
curve depend. For example, the locus of the equation 


(A) (eal + yar 
is a circle whose center lies on the axis of X at a distance of a from 
e the origin, its size depending on the 
A envelope B yadius r. Suppose a to take on a 


ES series of values, then we shall have a 


/ : . c : : 
ONT YY) corresponding series of circles differing 
WD) in their distances from the origin, as 


— vel D 
as shown in the figure. 


Any system of curves formed in this way is called a family of 
curves, and the quantity a, which is constant for any one curve, 
’ but changes in passing from one curve to another, is called a vari- 
able parameter. 

As will appear later on, problems occur which involve two or 
more parameters. The above series of circles is said to be a family 
depending on one parameter. 'To indicate that a enters as a vari- 
able parameter it is usual to insert it in the functional symbol, 


thus: F(t, yy a) = 0. 


142, Envelope of a family of curves depending on one parameter. 
Any two neighboring curves of a family will in general intersect.* 
If the corresponding values of the parameter are a and a + Aa, the 
point or points of intersection, if these exist, will in general tend 
to definite limiting positions (points) as Aa approaches zero. The 
locus of all such limiting points is called the envelope of the family 


* An exception to this would be the system of concentric circles we get from (A) when a is 
constant and 7 varies, no two of which would intersect. — 
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of curves. Thus, in the last figure, the limiting positions of the 
points of intersection of the circles are all on the straight lines 4B 
and CD, which form therefore the envelope of the family of circles. 

Now find the equation of the envelope of a family y 
of curves depending on one parameter. Let 

(B) Ft (@ y, «)=90 and 

(C) F(x, y, a + Aa) = 0 
be two neighboring curves of the same family ® (@) 
intersecting at a point (2’, y'); and let us find the limiting position 
of this point of intersection as Aa approaches the limit zero. 

We can find the equation of a third curve through (2’, y') by 
applying the Theorem of Mean Value, (44), p. 168, to (B) and (C), 
regarding a as the variable and 2 and yas constants. For we have 


(D) f(a, y,a+Aa)—f (a, y, 2) =Aaf,'(a, y,a+0.Aa). 0<6<1 


Since P’ lies on both of the curves (B) and (C), the left-hand 
members of their equations vanish for x=2’ and y=y’. Hence 
the left-hand member of (D) must vanish for the same values, and 
consequently the right-hand member also. Therefore 

(£) : fa (2s 0 Na) 0) 
is the equation of a third curve passing through the intersection 
of (B) and (C). If then (B) and (C) intersect in a point which 
approaches a fixed point as a limit as Aa approaches zero, we get 
in general . 

(Ff) Fi (® Y, a= 
as the equation of a curve which passes through the limit of the 
intersection of (B) and (C). In general (Ff) is distinct from (B) 
and therefore has a definite intersection with it. 

Since the codrdinates of the points on the envelope satisfy both 
(Ff) and (B), its equation is found by eliminating a between these 
equations. The equation of the envelope is therefore a new rela- 
tion between 2 and y that is independent of a.* 


* By definition we should solve (B) and (C) simultaneously for their point of intersection and 
then pass to the limit. In practice, however, it is found to be more convenient first to pass to 
the limit and then solve for w and y, just as we do here. It is not self-evident by any means that 
these two processes give the same results in all cases, but it is a fact that the results are iden- 
tical in all the applications made in this book. 
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“a 


On account of the process of elimination that is involved, no 
detailed method of procedure can be given for finding the envel-— 
ope that will apply in all cases. In a large number of problems, 
however, the student may be guided by the following 

General directions for finding the envelope. 

First step. Differentiate with respect to the variable parameter, con- 
sidering all other quantities involved in the given equation as constants. 

Second step. Solve the result for the variable parameter. 

Third step. Substitute this value of the variable parameter in the 
given equation. This gives the equation of the envelope. 


Ex. 1. Find the envelope of the straight line y = mx + 2, where the slope m is 
the variable parameter. 


Solution. Y= Me + o 
m 
First step. eee 
m 
e. Pp 
Second step. m=+ aa 


Third step. yayP on e-p=22Ve7, 


and squaring, y? = 4 px, a parabola, is the equation of 
the envelope. The family of straight lines formed by 
~ varying the slope m is shown in the figure, each line being tangent to the envelope, 


for we know from Analytic Geometry that y = mx + P is the tangent to the parab- 
ola y? = 4 px expressed in terms of its own slope m. 


143, The envelope touches each curve of the family at the limiting 
points on that curve. 

Geometrical proof. Let A, B, C be three neighboring curves 
of the family, A and B intersecting at P, and B and C at Q. 
Draw 77’ through P and Q. Now let 4 and C approach coin- 
cidence with B, that is, let A, B, C become consecutive curves * 
of the family. Then 77" becomes a tangent to B, having two 


* The limiting position of any point of intersection (as P in figure, p. 211) is sometimes called 
the point of intersection of two consecutive curves of the family. Similarly the line which 7'7” 
approaches as P approaches Q, i.e. the tangent to B at Q, is said to pass through two consecutive 
points of the curve. Of course there is no one curve that is consecutive to another nor any one 
point that is consecutive to another in the ordinary sense of the word, but geometrical considera- 
tions have suggested the above phraseology and it is understood to be merely a brief way of 
indicating the actual condition of affairs as stated in the definitions. 
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consecutive points P and Q in common with it. But then P and 
@ will also become consecutive points of 


the envelope by definition; hence 77" will Fe ve = < < _ 
f cAt As aun, 


at the same time become a tangent to the 

envelope. Therefore B and the envelope have a common tangent ; 
similarly for every curve of the family. Thus in the example of 
the last section we noticed that the oe had the family of 
straight lines as tangents. 


Analyticalproof. Consider the family of curves represented by 
(A) WG Oh By =O 


The slope at any point on (A) is the value of Y from 
hy cl 


Of of ay 

B te = (e 51), p. 199 

(B) rit age (51), P 
where, in differentiating, a must be kept constant. 

From the previous section we know that the envelope of the family of curves is 


found by eliminating a between (A) and 
C) 
(C) —f(x, y, a) =90. 
0a, 


If we suppose (C) solved for a in terms of x and y and the result substituted 
in (A), it is evident that equation (A) would then be the equation of the envelope. 
Hence the slope of the envelope may be found by taking the total derivative of (A), 
(52), p. 199, regarding a as a certain function of and y determined by (C). This gives 
CE of da _ 
ox ay dz | @a dx 

Suppose now that the codrdinates of the point (x, y) satisfy both (A) and (C) ; 
that point is therefore on the curve (A) and also on the envelope ; and, by ((), the 
last term in (D) vanishes, reducing (D) to the same form as (B). Hence at the 
point (x, y) the slope is the same for the curve (A) and the envelope, so that a 
limiting point of intersection on any member of the family is a point of contact of 
this curve with the envelope.* 


(D) 


144. Parametric equations of the envelope of a family depending 
on one parameter. Instead of finding the equation of the envelope 
in rectangular form by the method of § 142, p. 210, it is sometimes 
more convenient to get the equations of the envelope in para- 
metric form by solving 


F@ y, 4)=9 and = fn y, 2) = 0 
for 2 and y in terms of a. Thus: 


* In the special case when = of 0 or ao for all points of our locus this reasoning fails. 
Y y 
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Ex. 1. Find the envelope of the family of straight lines cosa + ysina=p, a 
being the variable parameter. ‘ 


Solution. (A) wcosa+ysina=p 


Differentiating (A) with respect to a, 
(B) —asina+ycosa=0. 


Multiplying (A) by cosa and (B) by sina and sub- 


tracting, we get x= pcosa. 


Similarly, eliminating « between (A) and (B), we - 
Bet y=psina. 


The parametric equations of the envelope are there- 
fore 
(C) 


a being the parameter. Squaring equations (C) and adding, we get 


© = p cosa, 
y=psina; 


a8 YP = 


the rectangular equation of the envelope, which is a circle. 


Ex. 2. Find the envelope of a line of constant length a, whose extremities move 
along two fixed rectangular axes. 


Solution. Let AB =a in length, and let 
(A) xcosa+ysina—p=0 


be its equation. Now as 4B moves always touching 
the two axes, both a and p will vary. But p may be 
found in terms of a. For, AO=ABcosa=a cosa, 
and p= AOsina=asinacosa. Substituting in (A), 


(B) xcosa+ysina —asinacosa=0, 
where a is the variable parameter. Differentiating (B) with respect to a, 


(C) —xsina+ ycosa+ asin? a —acos?a=0. 


Solving (B) and (C) for x and y in terms of a, we get 


x=asinia 
(D) ‘ 
y=acossa, 


the parametric equations of the envelope, a hypocycloid. 
The corresponding rectangular equation is found from equations (D) by eliminat- 
ing a as follows: 
ai = ai sin2 a, 
yi = a’ cos? a, 
Adding, ai+yi= al, 


the rectangular equation of the hypocycloid. 
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Pot given curve considered as the envelope of 


its normals. Since the normals to a curve are all tangent to the 
evolute, § 129, p. 186, it is evident that the 
evolute of a curve may also be defined as the 
envelope of its normals; that is, as the locus 
of the ultimate intersections of neighboring 
normals. It is also interesting to notice 
that if we find the parametric equations of 
the envelope by the method of the previous 
section, we get the codrdinates x and y of 
the center of curvature; so that we have 
here a second method for finding the codrdinates of the center of 
curvature. If we then eliminate the variable parameter, we have 
a relation between 2 and y which is the rectangular equation of 
the evolute (envelope of the normals). 


sypmtou fo adojavus 


o 
ven curv’ 


Ex. 1. Find the evolute of the parabola y? = 4 px considered as the envelope of 
its normals. 


Solution. 'The equation of the normal at any point (a, 7’) is 

, y 

Viren Sa BA 

from (2), p. 90. As we are considering the normals all along the curve, both 

a and y’ will vary. Eliminating 2 by means of y= 4 pz’, we get the equation 
of the normal to be 

(A) yi 


(x — @’) 


/ 


po Ky 
 8p2 2p 


Considering 7’ as the variable parameter, we wish to find the envelope of this 
family of normals. Differentiating (4) with respect to y’, 


oes 
 8p2 2p 
. and solving for 2, 
By? + 8p 
(B) gaat. 
4p 
Substituting this value of # in (A) and solving for y, 
2s 
(C) ie 4p? i 


(B) and (C) are then the coérdinates of the center of curvature of the parabola. 
Taken together, (B) and (C) are the parametric equations of the evolute in terms of 
the parameter y’.. Eliminating y’ between (B) and (C) gives 

27 py? = 4 (x — 2 p)?, 
the rectangular equation of the evolute of the parabola. This is the same result we. 
obtained in Ex. 1, p. 188, by the first method. 
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146. Two parameters connected by one equation of condition. 
Many problems occur where it is convenient to use two parameters 
connected by an equation of condition. For instance, the example 
given in the last section involves the two parameters 2’ and 4/ 
which are connected by the equation of the curve. In this case 
we eliminated a’, leaving only the one parameter y’. 

However, when the elimination is difficult to perform, both the 
given equation and the equation of condition between the two 
parameters may be differentiated with respect to one of the param- 
eters, regarding either parameter as a function of the other. By 
studying the solution of the following problem the process will be 
made clear. 


Ex. 1. Find the envelope of the family of ellipses whose axes coincide and 

whose area is constant. 
gy? 
Solution. (A) —+—=1 
G02 

is the equation of the ellipse where a and D are the variable parameters connected by 
the equation 

(B) mab =k, 
mab being the area of an ellipse whose 
semiaxes are a@ and b. Differentiating 
(A) and (B), regarding a and 0b as vari- 
ables and # andy as constants, we have, 
using differentials, 
TT vda  y*db ‘ 
L B + =. = 0, from (A), 


and bda + adb = 0, from (B). 


Transposing one term in each to the 


second member and dividing, we get 
ved y? 
w = 
2 2 
Therefore, from (A), 3 and / — ! 
a2 O22 


giving a=+2v2 and b =+ yV2. 


? 


Substituting these values in (B), we get the envelope 


wy=+ 
1% Qn 


” 


a pair of conjugate rectangular hyperbolas (see figure), 
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Pn 


EXAMPLES 
——™ 1. Find the envelope of the family of straight lines y = 2 ma + m4, m being the 
variable parameter. Ans. ©=—2m3, y =— 8mé; or, 16 y3 + 2744 = 0.* 


2%. Find the envelope of the family of parabolas y2 = a(z — a),,a@ being the 
variable parameter. Ans. ©=20, y=+ a; or, y=-+ 12. 


_- 3. Find the envelope of the family of circles x? + (y — 8)? = 1%, 6 being the 
variable parameter. Ans. ©=+7. 


[= 4. Find+the equation of the curve having as tangents the family of straight lines 
y = mez + Va?m + b?, the slope m being the variable parameter. 
Ans. The ellipse 62x? + a?y2 = a?b?. 


 $. Find the envelope of the family of circles whose diameters are double ordi- 


~ nates of the parabola y? = 4 pax. Ans. The parabola y2=4p(p +2). 

_6. Find the envelope of the family of circles whose diameters are double ordi- 
li 29¢2 27/2 — G22, 2 2 

i. of the ellipse ba? + a?y?2 = a2 see he siipsees x ie Poa 
, . a2+b2 62 


7. A circle moves with its center on the parabola y? = 4 az, and its circumference 
passes through the vertex of the parabola. Find the equation of the locus of the 


points of ultimate intersection of the circles. 
Ans. The cissoid y?(@ + 2a) +23=0. 


8. Find the curve whose tangents are y = lz + Val? + bl + c, the slope J being 


supposed to vary. © Ans. 4 (ay? + bay + cx?) = 4ac — 62. 
SS. Find the evolute of the ellipse 62x? + a®y? = a®b?, taking the equation of 
yY 3 pormal in the form by = ax tan  — (a?—2)sin ¢, 
the eccentric angle ¢ being the parameter. 
OS (7) 2 


Ba? . 
BARS — cos? ¢, y= = sin’ p; or, (aa)3 o (by)3 = (a— b2)§, 
10. Find the evolute of the hypocycloid a? + y? = a’, the equation of whose 


normal is y cost — xsint = acos27, 


2 


7 being the parameter. Ans. (+ y)3 + (a — y)3 =2a'. 


11. Find the envelope of the circles which pass through the origin oe have 


their centers on the hyperbola x? — y? = c?. : 
Ans. The lemniscate (? + y?)? = a? (a — y?): 


12. Find the envelope of a line such that the sum of its intercepts on the axes 


equals c. Ans. The parabola a? + y? = c?. 


* When two answers are given, the first is in parametric form and the second in rectangular 


forin. 
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13. Find the envelope of the family of ellipses 62%? + a?y2 = a2b2, when the sum 
of its semiaxes equals c. Ans. The hypocycloid 23 + y3 = cf, - 


14, Find the envelope of the ellipses whose axes coincide, and such that the 
distance between the extremities of the major and minor axes is constant and 
equal to l. Ans. A square whose sides are (« + y)? = 12, 


15. Projectiles are fired from a gun with an initial velocity vo. Supposing the gun 
can be given any elevation and is kept always 
in the same vertical plane, what is the envelope 
of all possible trajectories, the resistance of the 
air being neglected ? 

Hint. The equation of any trajectory is 
ae LaF 
2 U9? cos?a 
X « being the variable parameter. 


Vo gu? 
Ans. ‘The parabola y = — — oy 
“ ! 2 g 2, Vo 


y=xtana— 


CHAPTER XIX 


SERIES 


147. Introduction. A series is a succession of separate numbers 
which is-formed according to some rule or law. Each number is 
called a term of the series. Thus, 

Hee ot as Sages, oe 
is a series whose law of formation is that each term after the first 
is found by multiplying the preceding term by 2; hence we may 
write down as many more terms of the series as we please, and 
any particular term of the series may be found by substituting the 
number of that term in the series for n in the expression 2"~', which 
is called the general or nth term of the series. 


EXAMPLES 
In the following six seriés : 
(a) Discover by inspection the law of formation ; 
(b) write down several terms more in each ; 
(c) find the nth or general term. 


Series nth term 
Teet, S09, 21, 3c" 3n=1, 
2. —a, + a2, — a’, + a4,-->. (— a)". 
Sed O16 cee n2. 
Sn a qn 
4. x, oe mw ve eee, al 
5. 4, —2, +1, —4,-+°. 4(—4)"-}. 
38y 5y? Tye I oe 
6. 5 ) 9 2%. 5 y”. 
2 5 10 n2+1 


. Write down the first four terms of each series whose nth or general term is given 
below. 


nth term Series 
7. nxn. Paina ; x, 422, 923, 16 a4. 
an a9 Ais x xt ; 
her 2) java, 14V38 14 V4 
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nth term Series 
see 54a nom 
"eel 2’ 9’ 28° 65 
Pat ae 2° 4’ 8 10 
(log a)ra" loga-x log?a-a2? log’a-23 logta- a4 
ay (eae MARE BM ee 
n 
12 (—‘1)"-1a2n-2 1 2 wt 8 
5b = ear ee Se SS eS 
2n—1 1 [3 [5 [7 


148. Infinite series. Consider the series of n terms 
teal I 

Be Ae 3° SOE gn-1’ 

and let S, denote the sum of the series. Then 


(A) 1, 


Le ELS eel: ue 
=] _ _— _ eee = 

(B) Shelters hah mar obese 

Evidently S, is a function of n,. for 
when n=1, S,=1 =1, 
when n= 2, $145 = 1}, 

ap el eal 
when n= 38, S=1lt+atg = 1%, 
eee lee : 
when n=4, DS REE mare is =1f, 
: heal ED. hl 1 wal 

when n=n, Dead Rey degede aerate ee 


Mark off points on a straight line whose distances from a fixed 
point 0 correspond to these different sums. It is seen that the 


0 1 1} hake 
Sy 


Ste) 


point corresponding to any sum bisects the distance between the 
preceding point and 2. Hence it appears geometrically that when 
n increases without limit ‘ 


* Found by 6, p. 1, for the sum of a geometric series. 
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We also see that this is so from arithmetical considerations, for 
limit  _ limit (2 a) _9% 


N=O 7 N= eo 
* 
[ Since when n increases without limit, sci approaches zero as a Limit. | 
= 


We have so far discussed only a particular series (A) when the 
number of terms increases without limit. Let us now consider the 
general problem, using the series 


(C) Uy, Us, Us, Ugy ++ +5 


whose terms may be either positive or negative. Denoting by S, 
the sum of the first n terms, we have 


S, = Uz, + Uy + Ug tess +, 


and S, isa function of n. If we now let the number of terms (= n) 
increase without limit, one of two things may happen: either 


CASE I. S,, approaches a limit, say u, indicated by 


limit 
eae S, =U; or, 
CASE II. S,, approaches no limit. 


In either case (C) is called an infinite series. In Case I the infinite 
series is said to be convergent and to converge to the value u, or to 
have the value u, or to have the sum u. The infinite geometric 
series discussed at the beginning of this section is an example of 
a convergent series, and it converges to the value 2. In fact, the 
simplest example of a convergent series is the infinite geometric 


series 

a, ar, ar’, ar’, ar*, -.-, 
where 7 is numerically less than unity. The sum of the first n 
terms of this series is, by 6, p. 1, 


pre ices) an a Sar” 
che eet Lear 1 er 


If we now suppose x to increase without limit, the first fraction 


* Such a result is sometimes, for the sake of brevity, called the swm of the series; but the 
student must not forget that 2 is not the sum but the limit of the sum, as the number of terms 
increases without limit. 
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on the right-hand side remains unchanged, while the second 
approaches zero as a limit. Hence 
limit 
Wiss OO Saw 7 
a perfectly definite nwmber in any given case. 

In Case II the infinite series is said to be nonconvergent.* Series 
under this head may be divided into two classes. 

First class. Divergent series, in which the sum of n terms 
increases indefinitely in numerical value as n increases without 
limit; for example, the series from which we get 

S,=1424+3+---+n. 
_ As n increases without limit, S, increases without limit and 
therefore the series is divergent. 

Second class. Oscillating series, of which: 

8,=1—141-1+---4+(-1)"" 

is an example. Here S, is zero or unity according as n.is even 
or odd, and although S, does not become infinite as m increases 
without limit, it does not tend to a limit, but oscillates. It is 
evident that if all the terms of a series have the same sign the 
series cannot oscillate. 

_ Since the sum of a converging series is a perfectly definite num- 
ber, while such a thing as the sum of a nonconvergent series does 
not exist, it follows at once that it is absolutely essential in any 
given problem involving infinite series to determine whether or 
not the series is convergent. This is often a problem of great 
difficulty, and we shall consider only the simplest cases. 

149. Existence of a limit. When a series is, given we cannot in 
general, as in the case of a geometric series, actually find the num- 
ber which is the limit of S. But although we may not. know 
how to compute the numerical value of that limit, it is of prime 
importance to know that a limit does exist, for otherwise the series 
may be nonconvergent. When examining a series to determine 
whether or not it is convergent, the following theorems, which we 
state without proofs, are found to be of fundamental importance.+ 


* Some writers use divergent as equivalent to nonconvergent. 
+ See Osgood’s Introduction to Infinite Series, pp. 4, 14, 64. 
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Theorem I. Jf S, ts a variable that always increases as n increases, 
but always remains less than some definite fixed number A, then as 
n increases without limit, S, will approach a definite limit which is 
not greater than A. 

Theorem II. Jf S, is a variable that always decreases as n imereases, 
but always remains greater than some definite fixed number B, then 
as n increases without limit, Swill Oe a definite limit which 
is not less than B. 

Theorem III. The necessary and sufficient condition that S, shail 
approach some definite fixed number as a limit as n increases without 


limit is that reat 
n= (S, DEED =, n) = nse 

for all values of the integer p. 

150. Fundamental test for convergence. Summing up first » and 
then n + p terms of a series, we have 

(A) Si, = Uy + Uy + Us Hos + Uys 

(B) Sp = Uy $ Ug $ Ug fee HU Ung te HU gy 

Subtracting (A) from (B), 

(C’) i Snip — Sn=Ungit Ungato + Uap 


From Theorem III we know that the necessary and suffictent 
condition that the series shall be convergent is that 


—8,) = 0 


limit (Ss 
. _ nr=@ ND =) 


for every value of p. But this is the same as the left-hand member 
of (C); therefore from the right-hand member the condition may 
also be written 


(D) limit (Uy sr + Upee tee + Ung) = 9 


n=o 


Since (D) is true for every value of p, then letting p=1, a 
necessary condition for convergence is that 


limit 
Eran (u,, + 1) a 0 


or, what amounts to the same thing, 


(E) ; limit (u, )= 0. 


n=o0 
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Hence, if the general (or mth) term of a series does not approach 
zero aS approaches infinity, we know at once that the series is — 
nonconvergent and we need proceed no further. However, (/) is 
not a sufficient condition, that is, even if the nth term does approach 
zero we cannot state positively that the series is convergent; for, 
consider the harmonic series 


1343,1,.024 
OS ee alr 
ae hataral 
limit _ limit = 
Here hn op (en) = segue re i) = 0; 


that is, condition (#) is fulfilled. Yet we may show that the har- 
monic series is not convergent by the following comparison: 


(PF) leet lech alt teat Pelle + te Eo 
(G) 5 bor lca sh oe ee ete cee oc 


We notice that every term of (G) is equal to or less than the 
corresponding term of (Z’), so that the sum of any number of the 
first terms of (F’) will be greater than the sum of the corresponding 
terms of (G). But since the sum of the terms grouped in each 
bracket in (G) equals }, the sum of (G) may be made as large 
as we please by taking terms enough. The sum (@) increases 
indefinitely as the number of terms increases without limit; hence 
(G), and therefore also (/), is divergent. 

We shall now proceed to deduce special tests which as a rule 
are easier to apply than the above theorems. 

151. Comparison test for convergence. In many cases, an example 
of which was given in the last section, it is easy to determine 
whether or not a given series is convergent by comparing it term 
by term with another series whose character is known. Let 


(A) Uy + Uy + Uy $+ 


be a series of positive terms which it is desired to test for convergence. 
If a series of positive terms already known to be convergent, namely, 


(B) ly + My + Ay + -+y 


can be found whose terms are never less than the corresponding terms 
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Pad 


im the series (A) to be tested, then (A) is a convergent series and its 
sum does not exceed that of (B). 


Proof. Let 8, = Uy + Ug + Us Ho + Uy 
and S,=4,+4,+4,+---+4,; 
and suppose that limit g _ 4, 

(th SS Cp) 
‘Then, since So Avandes, = Sy 


it follows that s,< A. Hence, by Tiearen I, p. 221, s, approaches 
a limit; therefore the series (A) is convergent and the limit of its 
sum is not greater than A. 


Ex. 1. Test the series 
1 1 1 1 
1 Sas 
(C) Toetast gat pet 


Solution. Each term after the first is less than the corresponding term of the 
geometric series 


er tte at 
D 14+=-4+—4-—+-—+4+: 
(D) tht tea og toa h 
which is known to be convergent (p. 218) ; hence (C) is also convergent. 


Following a line of reasoning similar to that applied to (A) and 
(B), it is evident that, if 

(Z) Uy + Uy + Us ++ 
is a series of positive terms to be tested which are never less than the 
corresponding terms of the series of positive terms, namely, 


(F) ee SiO, eee 


known to be divergent, then (E) is a peas series. 


Ex. 2. Test the series 


Solution. This series is divergent since its terms are greater than the corre- 
sponding terms of the harmonic series 
1 
+ —--, 


1 
l4+itaty 


which is known (p. 222) to be divergent. 


Ex. 3. Test the following series for different values of p. 


1 Lye iia tector 
(@) + 5p 7 gp 4p é 
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Solution. Grouping the terms, we have, when p >1, 
Lat Lo aly Slaten t 
ap | 3p 2P Qp QP Qp-1° 
1 1 1 lee ow! 1 1 ee =( 1 ir 
get 5p * Gp tp 4p aot ap ae de \Qp-1)” 
it 1 il il i 1 1 1 dl 1 == =/( if ) 
gpa Happ cep Be | Bo) Ge," Be gp | gp! gp gp \ge-1)’ 


and so on. Construct the series 
H 1 1 aN EF 1 7‘ ton 
) aeae Geer) (SS i 


When p>1, series (H) is a geometric series with the common ratio less than 
unity, and is therefore convergent. But the sum of (@) is less than the sum of 
(HZ), as shown by the above inequalities ; therefore (G) is also convergent. 

When p=1, series (G) becomes the harmonic series which we saw was 
divergent, and neither of the above tests applies. 

When p <1, the terms of series (G) will, after the first, be greater than the 
corresponding terms of the harmonic series ; hence (G) is divergent. 


152. Cauchy’s ratio test for convergence. Let 
(A) Ue Ue ig ae ee 
be a series of positive terms to be tested. 
Divide any general term by the one that immediately precedes 


it, i.e. form the test ratio nt) 
u 


n 


: : Sie imit uw 
As n increases without limit, let limit 41 = 
7 


t= CO Oh. 


I. When p<1. By the definition of a limit (§ 29, p. 19) we 


Ae 
can choose n so large, say n= m, that when n=m the ratio +! 
u 


shall differ from p by as little as we please, and therefore be less 
than a proper fraction r. Hence 


. 2. 3. 
a 1 < U,,T b UWn+e SU 1" <U,,1 2 Un + 3 < U,1 > 


and so on. Therefore, after the term wu, each term of the series 
(A) is less than the corresponding term of the geometrical series 


(B) U,T ats Ut + Unt haweaiere 


But since r <1, the series (B), and therefore also the series (A), 
is convergent. * 


* When examining a series for convergence we are at liberty to disregard any finite number 
of terms ; the rejection of such terms would affect the valwe but not the existence of the limit. 
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II. When p>1 (orp=o). Following the same line of reason- 
ing as in I, the series (A) may be shown to be divergent. 
I. When p=1, the series may be either convergent or diver- 
gent; that is, there is no test. For, consider the series (G) on 
p- 228, namely, 


i howe fed Dy seat il 1 
jal ate Sear tt oe ce ee 
a eee act 
The test ratio ig “#+ =( it y= ( — =a and 
ot Up n+l n+1 
limit. (%,41\ limit iL 
n= oO Gre ae am mo) Son mee p)- 


Hence p=1 no matter what value p may have. But on p. 224 
we showed that 


when p> 1, the series converges, and 
when p = = 1, the series diverges. 


Thus it appears that p can equal unity both for convergent and 
for divergent series, and the ratio test for convergence fails. There 
are other tests to apply in cases like this, but the scope of our book 
does not admit of their consideration. | 

Our results may then be stated in compact form as follows: 

Given the series of positive terms 


i, ee ee, Pes 
find the limit = lens 


i — U 


n 


I. When p<1,* the series is convergent. 
II. When p>1, the series is divergent. 
III. When p=1, there is no test. 


Hx. 1. - Test the ge series for convergence: 


1 1 1 
e=1+t se ele + — + 
[2 [8 ia [m=1 |[n 


* It is not enough that wm+1/um becomes and remains less than unity for all values of n, but 
this test requires that the limit of un+1/un shall be less than unity. For instance, in the case of 
the harmonic series this ratio is always less than unity and yet the series diverges as we have 
seen. The limit, however, is not less than unity but equals unity. 
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Solution. The nth term is 


Z 1 ; therefore 


i 
limit =) _ limit |_[@ 
n=o Uy are 


n=O 


limit | —1 ae) limit =\= sf 
= = yes =0(=p); 
n—1 


and by I, p. 225, the series is convergent 


2 LB 
Ex. 2. Test the serie see eye ebs ee ol tous 
oe est the series aa ne je 
a 
Solution. The nth term is here ——; therefore 
limit tt) — limit (ot a) = limit’ / oe vee a 
n=O\ Up HOOP! ~|n/  n=o\ 107° © 
and by II, p. 225, the series is divergent 
Ex. 3. Test the series 
1 it 1 
(C) + + 


Solution. Here the nth term is 


- ; therefore 
2n—1)2n 
limit (21) — limit 2n—1)2n |= 
ON Un n=oL(2n+1)(2n4+2)] — 
This gives no test (III, p. 225). But if we compare series (C) with (@), p. 223 


making p = 2, namely, 
Lrg | eee 
(D) lotigs tiga ahr 


we see that (C’) must be convergent since its terms are less than the corresponding 
terms of (D), which was proven convergent 


153. Alternating series. 


This is the name given to a series 
whose terms are alternately positive and negative 


. Such series 
occur frequently in practice and are of considerable importance. 
df 


Uy — U, + Ug — Uy +--- 

is an alternating series whose terms never increase in numerical value. 
° : limit 

and uf Se AM) 

then the series is convergent. 


Proof. ‘The sum of 2n (an even number) terms may be written 
in the two forms 

(A) 8, = (Uy — Ue) + (Uy — Uy) + (Ug — Ue) + a 

(B) S,,=%, 


21 — Ue.) 101 
— (Uy — Ug) — (Wy — Us) — +++ — Uggs 
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Since each difference is positive (if it is not zero, and the assump- 
tion pe u, = excludes equality of the terms of the series), 
series (A) shows that S,, is positive and increases with n, while 
series (B) shows’ that S,, is always less than u,; therefore by Theo- 
rem I, p. 221, S,, must approach a limit less than u, when n 
increases, and the series is convergent. 


Ex. 1. Test the alternating series 1 — : + ; _ ; foes. 


Solution. Since each term is less in numerical value than the preceding one, and 


. . : . al 
limit (un) = limit (-) =O) 
oo n=o\n 

the series is convergent. 


154, Absolute convergence. A series is said to be absolutely* or 
unconditionally convergent when the series formed from it by mak- 
ing all its terms positive is convergent. Other convergent series 
are said to be not absolutely convergent or conditionally convergent. 
To this latter class belong some convergent alternating series. For 
example, the series 
. shy oO ea 
a Ca 
is absolutely convergent since the series (C), p. 228, namely, 


ey ae li ea 
easel ye 


is convergent. The series 


SE ae ate | 
sia td 5 


is conditionally convergent since the harmonic series 
LeeLee Lael 


TS pie ge tee 


1 


is divergent (p. 222). 
A series with terms of different signs is convergent if the series 
deduced from it by making all the signs positive is convergent. 
The proofs of this and the following theorem are omitted. 


* The terms of the new series are the numerical (absolute) values of the terms of the given 
series. 
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Without placing any restriction on the signs of the terms of 
the series, the tests given on p. 225 may be stated in the following 
more general form: 

Given the series 


Uy Ug Ug ig ee es 


+ . ; . ° U 
calculate the limit limit (ca) = 
n=O U 


I. When |p|<1, the series is absolutely convergent. 
II. When |p|>1, the series ts divergent. 
III. When |p|=1, there ts no test. 


155. Power series. A series of ascending integral powers of a 
variable, say x, of the form 

(A) Gg 0,0 Oe Tae, 
where the coefficients a,, a,, 4, --- are independent of a, is called 
a power series in x. Such series are of prime importance in the 
further study of the Calculus. 

In special cases a power series in 2 may converge for all values 
of x, but in general it will converge for some values of x and be 
divergent for other values of x We shall examine (A) only for 
the case when the coefficients are such that 

limit (42) is 
MU = 0 a, 
where L is a definite number. In (A) 
; li . Ww: . . a grt . . 
imit ( wit) = limit ( ie? \= limit ay Aare 
i) = CO U, 1{ i te-6) an 1 = co a, 
Referring to tests I, H, III, we have in this case 
P = LGB 
and hence the series (A) is 


I. Absolutely convergent when |La|<1, or ll<|7| 
ps 
oe 

II. Divergent when |La|>1, or i> |r|; t.e. when x is less 


; t.e. when x 


lies between — 2 and + 


than — F 
L 


or greater than + ii 
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3 te. when = + 


III. No test when |L2|=1, or |a|=|+ 


Notrt. When ZL = 0, it is evident from I (p. 228) that the power 
series is absolutely convergent for all finite values of 2. 


Ex. 1. Test the series 


2 3 4 
OR Shr Tp 
Solution. The series formed by the coefficients is 
ee aes 
(C) ak Metongtios cae kv Here 
limit att) Selimite | See limits |e (a pees y | a 1( ie L) 
N=O\ @, n=o (n + 1)2 n= n+1 ; 
-Fl=|4) ++ 
L —1 


By I the series is absolutely convergent when x lies between — 1 and +1. 

By II the series is divergent when z is less than — 1 or greater than + 1. 

By III there is no test when 2 =+1. But in either case (B) is convergent from , 
the first theorem under § 154, p. 227, since (D), p. 226, was proved convergent. 

The series in the above example is said to have [ — 1, 1] as the interval of conver- 
gence. This may be written —1<a#<1, or indicated graphically as follows: 


ca = 0 1 x 


EXAMPLES 


Show that the following nine series are convergent. 


Testo ga to ea 

1 1 
ee at SM icrite aera 
ares wee ace Tete ate 
pee! 1 1 


log2 log3 log4 os 
Show that the following three series are divergent. 


ee . Paes 
10. — = = one, ie = — +. -o, 
BT 6 LOM 1020 108 


142 14+38 14+4 
: ap 2 Ob 
e ee Ts s 1+ 42 
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For what values of the variable are the following Graphical representations of 
series convergent 2 intérvals of convergence.* 


13. 1+a+ 22+ 28.--. Tipe, Ss See KE = ge 


—1 0 +1 
g2 8 6 ot ‘ | 
Lac Mic Ta ates a pt Oke a <os 
14, x yoo reo . Ans Le Ors il a = 
15. otat+a2+a4.... Ans. —1<a<l. 13 [a 
—-1 0 +1 
16 eR A 1<2<l “bc aa 
a oe eh esac 
A he = 3 a 
= + 
arf i+e+e +e eee, Ans. All values of x. Hasta ci se| a eee 
[2 [38 0 
2 : ee 
18. (eas Ans. All values of 6. ap kes | Paremers 
24 (6 0 
3 5 7 — boo 
19, Poca eae ae Ans. All values of ¢. nes |e 
Bo i 0 
90. A Ss oo | +00 
12 32 52 0 


Ans. All values of a. 


+ 
21. ESA ES EI Ans. z>0. ee | 


ex e2x esx 0 


Hint. Neither the sine nor cosine can exceed 1 numerically. 
xlog?a  xlogea - 
Ooi Mlog aah = = eee eae 2 = 
[2 [3 0 


Ans. All values of a. 


i 1 iL © 
23. te ae S20 8r IES ASSL See | 7 aes 


1l+e 1+a% 14238 een 
tk oe ee tsb at | ; 

PHY, phe 25 A A tae 
5 goad BT bane ve : —1 0 +1 


Ans. —1<2<1. 


* End points that are not included in the interval of convergence have circles drawn about 
them. 


CHAPTER XX 
EXPANSION OF FUNCTIONS 


156. Introduction. The student is already familiar with some 
methods of expanding certain functions into series. Thus, by the 
Binomial Theorem, 


(A) (a+2)*=a*44 a'r + 6 a2? + 4 02° 4 24, . 
giving a finite power series from which the exact value of (a + 2) 


for any value of x may be calculated. Also by actual division, 


(B) pogritettt ett tate (ot yes 
=i 


Lx 
we get an equivalent series, all of whose coefficients except that 
of 2” are constants, n being a positive integer. 
Suppose we wish to calculate the value of this function when 
£=.0, not by substituting directly in 
i 
Hee 
but by substituting x= .5 in the equivalent series 


(C) (bata att tat) + (soar 


Assuming n= 8, (C) gives for x= .5 


(D) — —1.9921875 + .0078125. 


If we then assume the value of the function to be the sum of 
the first eight terms of series (C’), the error we make is .0078125. 
However, in case we need the value of the function correct to two 
decimal places only, the number 1.99 is as close an approximation 
to the true value as we care for since the error is less than .01. 
It is evident that if a greater degree of accuracy is desired, all we 
need to do is to use more terms of the power series 


(E) 14240424... 
231 
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Since, however, we see at once that 


1 — 
b= arog 


there is no necessity for the above discussion, except for purposes 
of illustration. As a matter of fact the process of computing the 
value of a function from an equivalent series into which it has 
been expanded is of the greatest practical importance, the values 
of the elementary transcendental functions such as the sine, cosine, 
logarithm, etc., being computed most simply in this way. 

So far we have learned how to expand only a few special forms 
into series; we shall now consider a method of expansion appli- 
cable to an extensive and important class of functions and called 
Taylor's Theorem. 

157. Taylor’s Theorem* and Taylor’s Series. Replacing 6 by x 
in (£), p. 169, the extended theorem of the mean takes on the form 


(~ — a0 


(59) F(x) = Fa) + 


Pha) + ays PRD Tea 
= pon (q) + 250" eT TO ed, 


(x — a)” 
j~—1 . 


+ 


where x, lies between a and z. (59), which is one of the most far- 
-reaching theorems in the Calculus, is called Taylor’s Theorem. 
We see that it expresses f(z) as the sum of a finite series in (x — a). 


The last term in (59), namely, aa i ws —_——_ f™(x,), is sometimes called 


the remainder in Taylor’s Theorem after n terms. If this remainder 
converges towards zero as the number of terms increases without 
limit, then the right-hand side of (59) becomes an infinite power 
series called Zaylor’s Series.t In that case we may write (59) in 
the form 


(60) fla) = fla) + Z= pray 4 CaO priqy 4 & ae f(a) + 


[1 [2 
and we say that the function has been expanded into a Taylor's Series. 
For all values of 2 for which the remainder approaches zero as 
increases without limit, this series converges and its sum gives the 


* Also known as Taylor’s Formula. 
j Published by Dr. Brook Taylor (1685-1731) in his Methodus Incrementorum, London, 1715. 
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exact value of f(x), because the difference (= the remainder) between 
the function and the sum of n terms of the series approaches the 
limit zero (§ 30, p. 21). 

On the other hand, if the series converges for values of 2 for 
which the remainder does not approach zero as n increases without 
limit, then the limit of the sum of the series is not equal to the 
function f(z). 

The infinite series (60) mentees the function for those values of a 
and those Only for which the remainder approaches zero as the num- 
ber of terms increases without limit. 

It is usually easier to determine the interval of convergence 
of the series than that for which the remainder approaches zero ; 
but in simple cases the two intervals are identical (see footnote, 
p- 236). 

When the values of a function and its successive derivatives are 
known for some value of the variable, as «=a, then (60) is used 
for finding the value of the function for values of x near a, and (60) 
is also called the expansion of f(x) in the vicinity of x= a. 


Ex. 1. Expand log z in powers of (# — 1). 
Solution. HO) = loon, jy Oe 
1 y 
PO= > FM)=1; 


raya-5y f"()=-1 


S’(@) = > FAD = 2 


Substituting in (60), logx =x —1—4(@ —1)?+4(@—1)®—---. Ans. 


This converges for values of x between 0 and 2 (§ 155, p. 228) and is the expan- 
sion of log x in the vicinity of « = 1, the remainder converging to zero. 


When a function of the sum of two numbers a and 2 is given, 
say f(a +2), it is frequently desirable to expand the function into 
sa power series in one of them, say z. For this purpose we use 
another form of Taylor’s Series, gotten by replacing x by a +z in 
(60), namely, : 


12 3 
Gt) fla+ax)=f(a) + a") 4S aha) E gia) eee 
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Ex. 1. Expand sin (a + x) in powers of «. 


Solution. Here f(a+) =sin (a+ 2); 
hence, placing fell) 
f(a) = sin a, 
f’(a) = cos a, 
f(a) =— sina, 
f(a) =— cos a, 
Substituting in (61), 
sin(a a) = sin acho cosa ee singe Cora ee Ans. 
1 BoB 
; EXAMPLES * 


2 
1. Expand e*in powers of —2. Ans. rei ene — 9) eae 2 
2. Expand x? — 2a? + 5% —7 in powers of x — 1. 
Ans. —3+44(xe —1) + (@ —1)?4+ (@& —1)%. 
3. Expand 3 y? —14y +47 in powers of y — 3. 
Ans. —8+4(y —3)4+ 3(y — 8)2, 
4, Expand 5z2+4+72z-+ 3 in powers of z — 2. 
Ans. 37 + 27(z — 2) + 5(z — 2)?. 
5. Expand cos (a + «) in powers of x. a2 
Ans. cos(a +2) = cosa —asina —Feosa+ sina +... 


[2 
6. Expand log (x + h) in powers of «.. a2 os 


x 
A G ] h)=1 h - — — — tee, 
ns. log (x + h) = log iat ra. 


7. Expand tan (@ + A) in powers of h. 
Ans. tan(x +h) = tana + hsec?x + h?sect?xtane+---. 
8. Expand the following in powers of h. 


gr-2A2 + 


n(n — 1) an-8h8 4... 
5 : 


(a) (@ +h)” = a" + nar—1h + a De 


(b) ece(lthte tet :), 

158. Maclaurin’s Theorem and Maclaurin’s Series. A particular 
case of Taylor’s Theorem is found by placing a = 0 in (59), p. 282, 
gi ving 


(62) #@)=fO+5 71045 10) + FIMO) +e 


aw 
(1 (2 
f-Y (0) + a f (1), 


Hd 
ane 


*In these examples we assume that the functions can be developed into a power series. 
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where 7, lies between 0 and 2. (62) is called Maclaurin’s Theorem. 
The right-hand member is evidently a series in x in the same sense 
that (59), p. 232, is a series in 2 — a. 

Placing a = 0 in (60), p. 2382, we get Maclaurin’s Series,* 


x ac? a3 
(63) ag eo ia (0) ot PUNO) hoes, 
_a special case of Taylor’s Series that is very useful. The state- 
ments made concerning the remainder and the convergence of 
Taylor’s Series apply with equal force to Maclaurin’s Series, the 
latter being merely a special case of the former. 

The student should not fail to note the importance of such an 
expansion as (63). In all practical computations results correct 
to a certain number of decimal places are sought, and since the 
process in question replaces a function perhaps difficult to calcu- 
late by an ordinary polynomial with constant coefficients, it is very 
useful in simplifying such computations. Of course we must use 
terms enough to give the desired degree of accuracy. 

“In the case of an alternating series (§ 153, p. 226) the error 
made by stopping at any term is numerically less than that term, 
since the sum of the series after that term is numerically less than 
that term. , 


Ex. 1. Expand cos z into an infinite power series and determine for what values 
of x it converges. 


Solution. Differentiating first and then placing « = 0, we get 


f(x) = cos x, iO) = Uy 
Sf’ () =— sin x, FOS, 
fF’ (2) =— cos a, fa(0)\=——l, 
ij) Ts a G2 (0) =0, 
Fi (x) = cos x, iO) = th 
f* (x) =— sing, F* (0) =0, 
fv (x) = — cos, f% (0) =-1, 
etc., etc. 


Substituting in (63), : yes 
ew «& 
(A) SOD Se er ret aaa 


*Named after Colin Maclaurin (1698-1746), being first published in his Treatise of Fluxions, 
Edinburgh, 1742. The Series is really due to Stirling (1692-1770). 
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Comparing with Ex. 18, p. 230, we see that the series converges for all values 


of x. 
In the same way for sin &. 
‘ Ge ig fll 
(B) bn) op eS 0 


ae Comes 


which converges for all values of x (Ex. 19, p. 280).* 


Ex. 2. Using the series (B) found in the last example, calculate sin 1 correct to 
four decimal places. 
Solution. Here x =1; that is, the angle is expressed in circular measure (see 
second footnote, p. 17). Therefore, substituting « = 1 in (B) of the last example, 
ile recall 
sinl =1—-—+——— 
Ea cig 


Summing up the positive and negative terms separately, 


1 = 1.00000: -- y= 010007. 
1 ile 
— = 0.00833. .-- — = 0.00019--- 
[5 [i 
1.00833... 0.16686 --- 
Hence sin 1 = 1.008385 — 0.16686 = 0.84147. --, 


which is correct to four decimal places since the error made must be less than 


i i.e. less than .000003. Obviously the value of sin1 may be calculated to any 


2 


desired degree of accuracy by simply including a sufficient number of additional 
terms. 


EXAMPLES 


Verify the following expansions of functions into power series by Maclaurin’s 
Series and determine for what values of the variable they are convergent. 
Ge ae ae 
1 e=1+e+4+—+—+4+—+---. Convergent for all values of a. 


2B 


o2 


ee 8 a8 
ee 6B 


Convergent for all values of a. 


74, (Coa 1 


: r n 5 
* Since here /()(a)=sin (e+ eS) and f(™(xv,)=sin («1 + _) » we have, by substituting in the 
last term of (62), p. 234, 2 : 
remainder = we sin { 7,+ aN 
in izes OS a <Sr 


G NT y sss on 
But sin Oars can never exceed unity, and from Ex. 17, p. 230, limit 7 _9 for all values 
N=0\|n 


of z. Hence imit ©” .: Na 
limit sin (x, +"")=0 


m= | 


for all values of x; that is, in this case the limit of the remainder is 0 for all values of x for 
which the series converges. This is also the case for all the functions considered in this book. 


3. eet clog ee S x log’ a 
[2 [8 
ene 5, 
4. sin ke = kx Shs See 
[oP ele 
22 ? 
5. ae Shen ee 
Bu 
z es 
Ga Ce 
6. logi+¢a =r%-—-— — > — Smo 
g ( ) ce nae 


te log (ae w.0) = Hp 


‘ tenes als Bi 
8. arcsinxz = 7 + — Ateioin 
2. 2-4-5 
9 a. ee i 
et Or ae 
4 6 
00 at pee gag 
[3 6 
Bayi 
11. ein? =14+ ¢ +O -F 4... 
8 5 6 
12. OPEN as egal 


. Convergent for all values of a. 
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Convergent for all values of a, 


k being any constant. 


Convergent for all values of a, 


k being any constant. 


Convergent if —1<a<1. 
Convergent if —1<a<1. 
Convergent if —1<a#<1. 


Convergent if —1<e¢<1. 


Convergent for all values of a. 


Convergent for all values of ¢. 


Convergent for all values of 0. 


13. Show that log x cannot be expanded by Maclaurin’s Theorem. 


Compute the values of the following functions by substituting directly in the 
taking terms enough until the results agree with those 


equivalent power series, 
given below. 


14. e=2.7182..- 
Solution. 


Let 2 = 1 in series of Ex. 1; then 
1 1 

e=lt1ty, at i a 

[3° [4 


First term = 1.00000 

Second term = 1.00000 

Third term =0.50000 | 
Fourth term = 0.16667-.-- 
Fifth term = 0.04167--- 
Sixth term = 0.00833... 
Seventh term = 0.001389--. 
Eighth term = 0.00019. -- 


Adding, e = 2.71825.-- 
Hommanctat(+) = ONO Tdi; 
16. cos 1 = 0.5403---; 


17. cos 10° = 0.9848 ---; 


? 


, ete. 
Ans. 


? 


use series in Ex. 2. 


use series in Ex. 2. 


1 


et” 


use series in Ex. 9. 


[Dividing third term by 3.] 
[Dividing fourth term by 4.] 
[Dividing fifth term by 5.] 
(Dividing sixth term by 6.] 
(Dividing seventh term by 7.] 


238 DIFFERENTIAL CALCULUS 


18. sin 3 = 0.7071---; use series (B), p. 236. 


19. sin'.5 = 0.4794---; use series (B), p. 236. 


BOM ee Teo ese ee sen 
[2 [8 
{pet 1 
O1sEN 6 Ae Sana ane 4.+.= 1.6487. * 
22/2 ' 23/3 


159. Computation by series. 
I. The computation of w by series. 
From Ex. 8, p. 287, we have 
Lane Lou. 4. Bhan ere 
2506 2547 Owe. OoN 
Since this series converges * for values of « between — 1 and +1, 
we may let «= 4, giving 


renee L/L Ne 1811S Gam 
a DPSS ere ae 
or, rie 14 lo gee 


Evidently we might have used the series of Ex. 9, p. 237, instead. 
Both of these series converge rather slowly, but there are other 
series, found by more elaborate methods, by means of which the 
~ correct value of a to a large number of decimal places may be 
easily calculated. 


II. The computation of logarithms by series. 


Series play a very important rdle in making the necessary calcu- 
lations for the construction of logarithmic tables. 
From Ex. 6, p. 237, we have 


a? og gt gd 
(A) log (UAE ty St eee pe 


This series converges for x= 1, and we can find nok 2 by placing 
x2 =1 in (A), giving 
log 2=1—}$44-—44}-1}4.-.. 
But this series is not well adapted to numerical computation, 
because it converges so slowly that it would be necessary to take 


* We assume that it converges to the correct value. 
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1000 terms in order to get the value of log 2 correct to three deci- 
mal places. A rapidly converging series for computing logarithms 
will now be deduced. 

By the theory of logarithms, 


(B) | log 5+ = lois (1 + 2) — log (1 —2). ety” 


Substituting in (B) the equivalent series for log(1+2) and 
log(1—zx) found in Exs. 6 and 7 on p. 237, we get * 


é 7 3 5 7 
(¢) logge 2|a+gt et et |: 


3. a ONL | 
which is convergent when x is numerically less.than unity. Let 
(D) pei whence MES oe 
are ey: MAN 


and we see that 2 will always be numerically less than unity for 
all positive values of MZ and N. Substituting from (D) into (C), 
we get 


(£) log ae log M — log V 
= IRN Glee UPI NS 
Maen S\ MeN). 5\MLN ; 
a series which is convergent for all positive values of Mand NV; 
and it is always possible to choose M and WN so as to make it con- 


verge rapidly. 
Placing M = 2 and N=1 in (£), we get 


Aa at 1 
Ea So thoos || Op Sire 
lop 2.= 2|5+5 ategte gt | 0.6931471 
[ since log N= log1=0, and se | 
Placing M=3 and NV = 2 in (£#), we get 


WE ys 
epee 1iii = 1.09861229 .... 
log 8 =log 2+2] 5 +5 stent | 1 


*The student should notice that we have treated the series as if they were ordinary 
sums, but they are not; they are limits of sums. To justify this step is beyond the scope of 
this book. 
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It is only necessary to compute the logarithms of prime numbers 
in this way, the logarithms of composite numbers being then found 
by using theorems 7-10, p. 2. Thus, 

log 8 = log 2° = 8 log 2 = 2.07944154 ..., 
log 6=log3 + log 2=1.79175947 ..-. 


All the above are Naperian or natural logarithms, i.e. the base is 
e — 2.7182818. If we wish to find Briggs’ or common logarithms, 
where the base 10 is employed, all we need to do is to change the 
base by means of the formula 


aoe = log, n 
on log. 105 
Thies 0 clogs Spe ee ee ee 


* log, 10 2.802... 


In the actual computation of a table of logarithms only a few of 
the tabulated values are calculated from series, all the rest being 
found by employing theorems in the theory of logarithms and 
various ingenious devices designed for the purpose of saving 
work, 


EXAMPLES 


Calculate by the methods of this article the following logarithms. 
1. log.5 =1.6094.--. 3. log, 24 = 3.1781---. 
2. loge 10 = 2.3025---. 4. logiod = 0.6990---. 


760. Approximate formulas derived from series. In the two pre- 
_“ ceding sections we evaluated a function from its equivalent power 
series by substituting the given value of @ in a certain number of 
the first terms of that series, the number of terms taken depend- 
ing on the degree of accuracy required. It is of great practical 
importance to note that this really means that we are considering 
the function as approximately equal to an ordinary polynomial with 
constant coefficients. For example, consider the series 


5 qi 


3 
A TE es ee Rg 
S BE 
This is an alternating series for both positive and negative values 
ofa. Hence the error made if we assume sin 2 to be approximately 


v 
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< 
equal to the sum of the first m terms is numerically less than the 
(xn + 1)th term, § 153, p. 227. For example, assume 


(B) sin 7 = 2, 


and let us find for what values of this is correct to three places 
of decimals. To do this, set 


am 
(C) ae 00 
This gives « numerically less than V.006 (= .1817); that is, (B) 
is correct to three decimal places when z lies between +10°.4 and 
—10°.4. 
The error made in neglecting all terms in (A) after the one in 
2" is given by the remainder, (62), p. 234, 


—_ 


D na“ oa); 
(P) a 


hence we can find for what values of x a polynomial represents the 
function to any desired degree of accuracy by writing the inequality 


(#) i |R| < limit of error, 


and solving for z, provided we know the maximum value of f(z,). 
Thus, if we wish to find for what values of x the formula 


ae 


(F) sn 2=2 — 6 
is correct to two decimal places (i.e. error <.01), knowing that 
Fra) |S1, we have from (J) and (/), 


eal <.01; that is, |a|]< Vi2; or, |z]<1. 


2 . 
Therefore x a3 gives the correct value of sin 2 to two decimal 


places if |7|<1, ie. if x hes between + oF ands ol. Lnissagrees 
with the discussion of (A) as an alternating series. 

Since in a great many practical problems accuracy to two or three 
decimal places only is required, the usefulness of such approximate 
formulas as (B) and (/) is apparent. 
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Huygens’ approximation to the length of a circular are. 

Let S denote the length of the required arc, C its chord, ¢ the ~ 
chord of half the arc, and #& the radius of the circle. The circular 
measure of the whole angle being 


S 
a 
C e \ , 
we have sin 2 a nee or, s 
Ng a TE i 
C S Cc eS: 


2k 2h 2h 4B: 


Developing the right-hand members of the last two equations 
into power series in S by (63), p. 2385, we get 


C S Se 8 

() op-te LaepetT269pt 
@ S iS Ss 

Oh OF AR, 1.2.31 e 01.2). beo" Beas 


Multiplying (1) by 8 and then subtracting (G‘) from (/7) in order 
to eliminate the term containing S*, we have approximately - 


SOO IOS Ss? 

QR OR 41.2...5.8R* 
es 80 Coe a eee 
} 3 7680 Rt 


Hence, for an are equal in length to the radius, the error in 
taking Lise! 

() S= 3 
is less than ~g!gq of the whole arc. For an are of half the length of 
the radius the proportionate error is one sixteenth less, and so on.* 

In practice Huygens’ approximation is generally used in the 
form . 

(J) S=2e+4+4(2c—C). 


* For an angle of 30° the error is less than 1 in 100,000, for 45° less than 1 in 20,000, and for 60 
less than 1 in 6000 
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This simple method of finding approximately the length of an 
are of a circle is much employed. To find the approximate length 
of a portion of any continuous curve, divide it into an even number 
of suitable arcs, regarding the arcs as approximately circular. 


Ex. 1. Find by Huygens’ approximation the length of an arc of 30° in a circle 
whose radius is 100,000 ft. 


Solution. Here c=2R sin 7° 30’, C=2Rsin-15°; but from tables of natural 
sines we get sin 7° 30’ = .1305268, sin 15° = .2588190. 


Substituting-in (J), s = 52859.71. The true value, assuming mr = 8.1415926, is 
52359,88 ; hence the error is but .17 ft., or about 2 inches. 


EXAMPLES 
: v8 x F 
1. Draw the graphs of the functions x, x 3° x 3 see respectively, and 
compare them with the graph of sin x. eB IB 8 


2. If d is the distance between the middle points of the chord c and the circular 
are s, show that the error in taking 


C=Es p 
: Bet g meee ee 
is less than ae a a 
Srese 


161. Taylor’s Theorem for functions of two or more variables. 
The scope of this book will allow only an elementary treatment 
of the expansion of functions involving more than one variable 
by Taylor’s Theorem. The expressions for the remainder are 
complicated and will not be written down. 

Having given the function 


(A) S(% Y)r 
it is required to expand the function 
(B) Seth, y+ k) 


in powers of fA and k. 
Consider the function 


(C) T@ + ht, y+ kt). 


Evidently (B) is the value of (C) whent=1. Considering (C) 
as a function of ¢, we"may write 


(D) flu+ Mt, y + kt) = F (0), 
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which may then be expanded in powers of ¢ by Maclaurin’s Theo- | 
rem, (62), p. 284, giving 
(#) F(t)= F(0)+ tF' (0) +5 FN) tis pl Ose 


Let us now express the successive derivatives of /(é) with respec’ 
to ¢t in terms of the partial derivatives of #(¢) with respect to x anu 


yg Vet 

(Ff) a=xz+ht, B=y+hkt; 
then by (49), p. 199, 

of da oF dp 

G Fi()= 

co) Os adi 06 di 

But from (/), 

da dp 
A —=h ; 
ae dt angen 


and since /(t) is a function of x and y through a and P, 
oF oF a . , OF _oF ap. 


=—— — and — ===: 
0x 0a Ox dy oP oy 
or, since from (f’), & = 1 tand as ie 

0x Cy 


OF OL, OF OF 
= and af 


(L) — =— and — =—. 
ox 0a dy op 


Substituting in (G) from (Z) and (H), 
J F'(t)=h—+k—. 
(J) Q=b +h 


Replacing 7 (é) zs F'(t) in (J), we get 


OF! er 
Tua he a, ae 
vl Ox a oy {ie Ox" heel + klar Baty ar a 
F 


2 7" 
(K) PM) = ne 520 je! ete 


Oxoy Vi 


In the same way the third derivative is 


18) NG we Dy ee he ye 
(L) (= + aay t aot ay 


and so on for higher derivatives. 
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When ¢ = 0, we have from (D), (@), (J), (Kx), (L), 
F(0)=f(x, y), i.e. F(t) is replaced by f (2, y), 


BO) =a +n, 


2 
PIO) = E+ hk SE +e, 
OxOY oy” 


PH) = ne ot + 8k F sane yy OF, 
xoy dxdy? oy? 
and so on. 
Substituting these results in (#7), we get 
(61) Fw + ht, y + kt) =f (we, y) + ae SF +k 7 


ais Oh aes + ahh et rae 


To get fiv+h, y +k), replace t by 1 in (64), giving Taylor’s 
Theorem for a function of two independent variables, 


(5) fw@thytkh=fey) hac thay 
: Of. Ot). 
apa ad spose, 


alae 5 + Ahk 


which is the required expansion in powers of h and k. Evidently 
(65) is also adapted to the expansion of f(2+h, y+ /) in powers 
of 2 and y by simply interchanging « with h and y withk. Thus, 


(50) fathy th =fh,k) +x ont On 
LUO IE Tey Rad BN Sa 2 
+i5 (5 aoe Y shan t+ aia : 
Similarly for three variables we shall find 
0 
(66) fwt+hy+het)=fey2thH pus a % 
NOVO genes e : or 
has cra, Oy? Me pottei ay SET y 
+ 2th SF 42K FEE iki, 


Dee 


and so on for any number of variables. 
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EXAMPLES 


1. Given f(a, y)= Aa? + Bay + Cy?; expand f(a +h, y+) in powers of h 
and k. : 


a 
Solution. OP =2 Ax + By, of = Br +2 Cy; 
Ox oy 
2 2 2 
STE ee 6 
Ox? oxoy oy? 


The third and higher partial derivatives are all zero. Substituting in (65), 


S(ath, y+ k)= Ax? + Bey + Cy? + (2 Ax + By)h + (Ba + 2 Cy)k 
+ Ah? + Bhk + Ch? Ans. 


2. Given f(z, y, z) = Ax? + By? + Cz?; expand f(x + 1, y + m, z + n) in powers 
of 7, m, 7. 


(4) a) 0 
Solution. no = 2 Ag, gf = 2 By, of = 
Ox oy 02 
a2 2 2 a2 a2 a2 
GF Sayed aig patois ee ay 
0x? oy? 022 Oxdy dOyoz  02z0% 


2 Cz; 


The third and higher partial derivatives are all zero. Substituting in (66), 
f(@tlytm, 2+ n)= Ax? + By? + Cz? + 2 Aal + 2 Bym + 2 Czn 
+ AP + Bm? + Cn2. Ans. 
3. Given f(z, y)= Vx tan y; expand f(a + h, y + k) in powers of h and k. 


4. Given f(x, y, 2) = Ax? + By? + Cz? + Day + Eyz + Fea; expand F(e+h, 
y+k, 2+1) in powers of h, k, lL. 


162. Maxima and minima of functions of two independent vari- 
ables. The function f(z, y) is said to be a maximum at x=a, y=b 
when f(a, 6) is greater than f(a, y) for all values of 2 and y in the 
neighborhood of a and 6. Similarly f(a, 6) is said to be a minimum 
at x=a, y=b when f(a, 6) is less than f(#, y) for all values of x 
and y in the neighborhood of a and 6. 

These definitions may be stated in analytical form as follows: 

If, for all values of A and & numerically less than some small 
positive quantity, . 


(A) f(a+h, 64+k)—f(a, 6)=a negative number, then f(a, 6) is 
a maximum value of f(x, y). If 


(B) fia+h, 6+k)—f(a, b) =a positive number, then f(a, b) is 
a minimum value of f(a, y). 
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These statements may be interpreted geometrically as follows: 
a point P on the surface 
2=f (x ¥) 


is a maximum point when it is “higher” than all other points on 
the surface in its neighborhood, the coordinate plane XO Y being 
assumed horizontal. Similarly P’ is a minimum point on the 
surface when it is : 
“lower” than ail 
other points on the 
surface in its neigh- 
borhood. It is there- 
fore evident that 
all vertical planes 
through P cut the 
surface in curves (as 
APB or DPE in the 
figure), each of which 
has a maximum ordinate zg (=MP) at P. In the same manner 
all vertical planes through P’ cut the surface in curves (as BP'C 
or FP'G), each of which has a minimum ordinate z (= NP’) at P’. 
Also, any contour (as HIJK) cut out of the surface by a horizontal 
plane in the immediate neighborhood of P must be a small closed 
curve. Similarly we have the contour LSRT near the minimum 
point P’. 

It was shown in §§ 93, 94, pp. 117-121, that a necessary con- 
dition that a function of one variable should have a maximum 


or a minimum for a given value of the variable was that its first 
derivative should be zero for the given value of the variable. 
Similarly for a function f(z, y) of two independent variables, a 
necessary condition that f(a, 6) should be a maximum or a minimum 
(i.e. a turning value) is that for z=a, y=, 
of One 
(C) ee 0, a7 es 0. 
Proof. Evidently (A) and (B) must hold when k= 0; that is, 
f(a+h, 2) —F (a 8) 

is always negative or always positive for all values of / sufficiently 
small numerically. By $$ 98, 94, a necessary condition for this is 
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that < F(x, 6) shall vanish for x= a, or, what amounts to the same . 
v 


thing, oy (x, y) shall vanish for [= A, y=. Similarly (A) and 
oa 
(B) must hold when i =0, giving as a second necessary condition 
that iss F(x, y) shall vanish for «=a, y= 6. 
ey 


In order to determine sufficient conditions that f(a, 6) shall be 
a maximum or a minimum it is necessary to proceed to higher 
derivatives. To derive sufficient conditions for all cases is beyond 
the scope of this book.* The following discussion, however, will 
suffice for all the problems given here. 

Expanding f(a +h, 6+) by Taylor’s Theorem, (65), p. 245, 
replacing x by a and y by 6, we get 


ws Tope 
(D) f(ath, 6+hk)=f(a, bel ee 9 


5 ( Mpa + Ogee Jo a) +e 
[a OxOY oy” 


where the partial derivatives are evaluated for z=a, y= 6, and R 
denotes the sum of all the terms not written down. All such 
terms are of a degree higher than the second in h and &. 


Since z = 0 and — < = 0, from (C), p. 247, we get, after transpos- 


ing f(a, 6), 


(E) flathb+k)—f(a b)= Ge yal oie a eon) +E. 

If f(a, 6) is a turning value, the expression on the left-hand 
side of (#’) must retain the same sign for all values of h and k suffi- 
ciently small in numerical value, the negative sign for a maximum 
value [(A), p. 246] and the positive sign for a minimum value 
- [(B), p. 246], ie. f(a, 6) will be a maximum or a minimum accord- 
ing as the right-hand side of (#) is negative or positive. Now R 
is of a degree higher than the second inhandk. Hence ashandk 
diminish in numerical value it seems plausible to conclude that the 
numerical value of Rk will eventually become and remain less than 


0x 


*See Cours d’ Analyse, Vol. 1, by C. Jordan. 
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the numerical value of the sum of the three terms of the second degree 
written down on the right-hand side of (#).* Then the sign of the 
right-hand side (and therefore also of the left-hand side) will be 
the same as the sign of the expression 


Ls of 2 OF 
F | IG fi 
co Ox oe seats ay” 


‘But from Algebra we know that the quadratic expression 
- WA 2h + kB 
always has the same sign as 4 (or B) when AB— C?>0. 
Applying this to (/), A= a Boe oF C= of » and we see that 


ox? oy exoy 
eo and therefore also the left-hand member of (/), has the same 
Ce 
as (o ay when 
oy’ 


a2 2 2 2 
a ae ( es ) Sl) 
ox Oy” OxOYy 


Hence the following rule for finding maximum and minimum 
values of a function f(+, ¥). 


First step. Solve the simultaneous equations 
ey CE, 
Ox oy 
Second step. Calculate for these values of x and y the value of 


of of oF \* 
Gx" ay? ~—\ oxdy 


Third step. The function will have a 


C 
maximum if A>0 and ce me 


1) <0 
oy 


Co 
minimum 7f A>0O and a 4 (0 or 5a) > 93 


neither a maximum nor a minimum 7f A< 0. 
The question is undecided if A = 0. 


* Peano has shown that this conclusion does not always hold. See the article on ‘‘ Maxima 
and Minima of Functions of Several Variables,” by Professor James Pierpont in the Bulletin 
of the American Mathematical Society, Vol. IV. 

+ The discussion of the text merely renders the given rule plausible. The student should 
observe that the case A=0 is omitted in the discussion. 
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The student should notice that this rule does not necessarily . 
give all maximum and minimum values. For a pair of values 
of x and y determined by the first step may cause A to vanish, 
and may lead to a maximum or a minimum or neither. Further 
investigation is therefore necessary for such values. The rule is, 
however, sufficient for solving many important examples. 

The question of maxima and minima of functions of three 
or more independent variables must be left to more advanced 
treatises. 


Ex. 1. Examine the function 3ary — x3 — y? for maximum and minimum 
values. 


Solution. HOD) = Bay — 23 — 3. 
0 
First step. eS ee ey Be = ath 
ely oy ‘ 
Solving these two equations simultaneously, we get 
cas Cia; 
i= 0%; ; y=. 
of of of 
Second step. —=-—6¢2 = OC Os 
: o ox? ” Guay ” ey? - 


ven af a2 of 


~ eu2 ay2 \dxoy 


2 
) = 36 zy — 9a?. 


Third step. When «=0 and y=0, A=— 9a?, and there can be neither a 
_maximum nor a minimum at (0, 0). - 


2 
When «=a and y=a, A=+ 27a?; and since oe =— 6a, we have the condi- 

: x 
tions for a maximum value of the function fulfilled at (a, a). Substituting « = a, 


y = ain the given function, we get its maximum value equal to a. 


Ex. 2. Divide a into three parts such that their product shall be a maximum. 


Solution. Let x = first part, y = second part; then a —(& + Y)y=a-e2-y= 
third part, and the function to be examined is 
L(x, y) = xy (a— a —y). 
First step. of =ay —2ay—y?=0, of =an —2ay —22=0. 
Ox oy 


Solving simultaneously, we get as one pair of values 2 = a <— 


af 
ex2 


* 


wie 


a2 : aoe. 
2Y, a =a—2H—2y, cl deter 
Ouoy oy? 


A=4ay —(a—2¢4—-2y)2. 


Second step. 


d 


*x=0, y= 0 are not considered, since from the nature of the problem we would then have a 
minimum. 


EXPANSION OF_FUNCTIONS 251 


A a 2 2 
Third step. When «=~ and y= a [N= oe and since a =— wu, it is seen 
3 3 3 Ox? 3 
that our product is a maximum when z = = Vira : Therefore the third part is 


a : 2 
also 3° and the maximum yalue of the product is ae 


27 


EXAMPLES 


1. Find the maximum value of 2? + zy + y2— az — by. Ans. 4 (ab — a® — 02), 


- 


2. Show that sin x + sin y + cos(« + y) is a minimum when # = y = “ » and 


. 219 
a@ maximum when # = y = a 
3. Show that zey+«siny has neither a maximum nor‘a minimum. 


y 2 
4. Show that the maximum value of ean ie Oe is a2 + b? + c?, 
e+ y2+1 
5. Find the greatest rectangular parallelopiped that can be inscribed in an 
ellipsoid. That is, find the maximum value of 8ayz(= volume) subject to the 
condition 


ae yeh ee 8 abe 
pie ie NAN Ans. : 
a2 75? Vasc? 3V8 
Hint. Let u=xyz, and substitute the value of z from the equation of the ellipsoid. . This gives 


22 x? 4 3 
U2 = 22y/2c2 (1 = a) ’ 


where w is a function of only two variables. 


6. Show that the surface of a rectangular parallelopiped of given volume is 
least when the solid is a cube. 


7. Examine x4 4+ y* — 22+ vy — y? for maximum and minimum values. 
Ans. Maximum when «#=0, y=0; 
minimum when «= y = + 4, and when 2=—y=+4Vv3. 


8. Show that when the radius of the base equals the depth, a steel cylin- 
drical standpipe of a given capacity requires the least amount of material in its 
construction. 


9. Show that the most economical dimensions for a rectangular tank to hold a 
given volume are a square base and a depth equal to one half the side of the base. 


10. The electric time constant of a cylindrical coil of wire is 
fen MLYZ 
: ax + by + cz 
where x is the mean radius, y is the difference between the internal and external 
radii, z is the axial length, and m, a, b, c are known constants. The volume of 
the coil is ntyz = g. Find the values of 2, y, 2 which make wu a minimum if the 


volume of the coil is fixed. slabcg . 
IN, Ci S100] = C2 =\ — 


e 


CHAPTER XXI 
ASYMPTOTES. SINGULAR POINTS. CURVE TRACING 


163, Rectilinear asymptotes. An asymptote to a curve is the 
limiting position* of a tangent whose point of contact moves off 
to an infinite distance from the origin.+ 

Thus, in the hyperbola, the asymptote AB is the limiting 
position of the tangent PZ as the point of contact P moves off 
to the right to an infinite distance. In 
the case of algebraic curves the follow- 
ing definition is useful: an asymptote is 
the limiting position of a secant as two 
points of intersection of the secant with a 
branch of the curve move off in the same 
direction along that branch to an infinite 
distance. For example, the asymptote — 
AB is the limiting position of the secant 
PQ as P and Q move upwards to an infinite distance. 

164, Asymptotes found by method of limiting intercepts. The 
equation of the tangent to a curve at (2,, y,) is by (1), p. 89, 


d 
Y- N= Flea). 


First placing y= 0 and solving for x, and then placing z= 0 
and solving for y, and denoting the intercepts by 2, and y, 
respectively, we get 


Li oy, a = intercept on OX; 
y 1 a 


dee ee ee 
Y,=Y,— 2, = intercept on OY. 
dx, 


* A line that approaches a fixed straight line as a limiting position cannot be wholly at 
infinity ; hence it follows that an asymptote must pass within a finite distance of the origin, 
It is evident that a curve which has no infinite branch can have no real asymptote. 

t Or, less precisely, an asymptote to a curve is sometimes defined as a tangent whose point of 
contact is at an infinite distance. 
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Since an asymptote must pass within a finite distance of the 
origin, one or both of these intercepts must approach finite values 


as limits when the point of contact (x,, y,) moves off to an infinite 
distance. If 


limit (x) =a and limit (yy = 6, 
then the equation of the asymptote is found by substituting the 


limiting values a and 6 in the equation 


ens See rent 
a 


If only one of these limits exists, but 


limit ve) =™M, 


then we have one intercept and the slope given, so that the 
equation of the asymptote is 


y=mr+b or Peedi? 
m 


9 


Ex. 1. Find the asymptotes to the hy pemelnce ae =i 
a 
. b2 h 
Solution. Gee de em a avi, = a dy b 
aD Nazy: a 


ies r= olde] 
rd 


2 2 
Also, 4 = © and Yyi=— um hence these intercepts are zero when 7 = y = 0. 
2 : 


Therefore the asymptotes pass through the origin (see figure on p. 252) and their 
equations are 


y—0=42(@-0), or, ay=+bxe. Ans. 


This method is frequently too complicated to be of practical 
use. The most convenient method of determining the asymptotes 
to algebraic curves is given in the next section. 

165. Method for determining asymptotes to algebraic curves. 
Given the algebraic equation in two variables, 


(A) j F(X, Y= 


If this equation when cleared of fractions and radicals is of 
degree n, then it may be arranged according to descending powers 
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of one of the variables, say y, in the form 

(B) ay" +(bu+e)y"* + (de +ex+f)y* +. =0" 

For a given value of a, this equation determines in general n 
values of y. 

Case I. To determine the asymptotes to the curve (B) which are 
parallel to the codrdinate axis. Let us first investigate for asymp- 
totes parallel to OY. The equation of any such asymptote is of 
the form 

(C) z=k, 
and it must have two points of intersection with (B) having infinite 
ordinates. 

First. Suppose a is not zero in (B), that is, the term in y” is 
present. Then for any finite value of x, (B) gives n values of y, 
all finite. Hence all such lines as (C’) will intersect (B) in points 
having finite ordinates, and there are no asymptotes parallel to OY. 

Second. Next suppose a=0 but band ce are not zero. Then we 
know from Algebra that one root (= y) of (B) is infinite for every 
finite value of x; that is, any arbitrary line (C’) intersects (B) at 
only one point having an infinite ordinate. If now in addition 

bx +ec=0, or, 
Cc 


then the first two terms in (£) will drop out, and hence two of its 
roots are infinite. That is, (D) and (B) intersect in two points 
having infinite ordinates, and therefore (D) is the equation of an 
asymptote to (B) which is parallel to OY. 

Third. Ifa=b6=c=0, there are two values of 2 that make 7] 
in (B) infinite, namely, those satisfying the equation 

(Z) dx’ +ex+ f= 0. 


Solving (H) for 2, we get two asymptotes parallel to OY, and so 
on in general. 


* For use in this section the attention of the student is called to the following theorem from 
Algebra: Given an algebraic equation of degree n, 
Ay” + By? 1+ Cyn—24 Dyn-34...=0, 
When 4 approaches zero, one root (value of y) approaches o. 
When 4 and B approach zero, two roots approach o. 
When 4, B, and C approach zero, three roots approach 0, etc. 
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In the same way, by arranging f(z, y) according to descending 
powers of a, we may find the asymptotes parallel to OX. Hence 
the following rule for finding the asymptotes parallel to the codr- 
dinate axes: 

First step. quate to zero the coefficient of the highest power of x 
in the equation. This gives all asymptotes parallel to OX. 

Second step. Hquate to zero the coefficient of the highest power of 
y tn the equation. This gives all asymptotes parallel to OY. 

Nore. Of course if one or both of these coefficients do not 
involve 2 (or y), they cannot be zero, and there will be no corre- 
sponding asymptote. 


Ex. 1. Find the asymptotes of the curve a2 = y (x —‘a)?. 
Solution. Arranging the terms according to powers of a, 
yx? — (2ay + a)x + ay = 0. 

Equating to zero the coefficient of the highest power of x, we get y = 0 as the 
asymptote parallel to OX. In fact the 
asymptote coincides with the axis of a. 
Arranging the terms according to powers 
of e (%& — a)?y — ax = 0. 

Placing the coefficient of y equal to 
zero, we get c=a twice, showing that 
AB is a double asymptote parallel to OY. 
If this curve is examined for asymptotes 
oblique to the axes by the method explained 
below, it will be seen that there are none. Hence y=0 and x=<a are the only 
asymptotes of the given curve. 


CASE II. To determine asymptotes oblique to the coordinate axes. 
Given the algebraic equation 


(F) Gg) 0: 
Consider the straight line 
(G) y=me+k. 


It is required to determine m and k so that the line (G) shall be 
an asymptote to the curve (f). 

Since -an asymptote is the limiting position of a secant as two 
points of intersection on the same branch of the curve move off to 
an infinite distance, if we eliminate y between (/’) and (@), the 
resulting equation in 2, namely, 
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must have two infinite roots. But this requires that the coeffi. 
cients of the two highest powers of @ shall vanish. Equating these’ 
coefficients to zero, we get two equations from which the required 
values of mand k may be determined. Substituting these values 
in (@) gives the equation of an asymptote. Hence the following 
rule for finding asymptotes oblique to the codrdinate axes: 

First step. Replace y by ma+k in the given equation and expand. 

Second step. Arrange the terms according to descending powers 
of x. 

Third step. quate to zero the coefficients of the two highest 
powers* of x, and solve for m and k. 

Fourth step. Substitute these values of m and k in 


y = ML — k. 
This gives the required asymptotes. 


Ix. 2. Examine y? = 2 ax? — x3 for asymptotes. 
Solution. Since none of the terms involve both x and y, it is evident that there 
are no asymptotes parallel to the codrdinate axes. To find the oblique asymptotes, 
eliminate y between the given equation and 
AY y=mez+k. This gives 
(ma + k)8 = 2 ax? — 28; 
and arranging the terms in powers of 2, . 
(1 + m8) x + (3 mk — 2a)a2 4+ 3h?me + ke = 0. 
x Placing the first two coefficients equal to zero, 
1+ m=0 and 8m2k —2a=0. 
; 2 
Solving, we get m=—1,k= es Substituting 
; 2 
in y= ma +k, we have y = — Pele, the equa- 
B tion of asymptote AB. : 


EXAMPLES 


Examine the first eight curves for asymptotes by the method of § 164, and the 
remaining ones by the method of § 165. 


1. y=e. Ans. y=0. 2 y=e*. Ans. y=0. 


*If the term involving 2”—1 is missing, or if the value of m obtained by placing the first 
coefficient equal to zero causes the second coefficient to vanish, then by placing the coeftlicients 
of w” and a"—? equal to zero we obtain two equations from which the values of m and i may be 
found. In this case we shall in general obtain two k’s for each m, that is, pairs of parallel oblique 
asymptotes. Similarly, if the term in a”? is also missing, each value of m furnishes three 
parallel oblique asymptotes, and so on. 
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Sey LOL Gs Ans. =0, 


4 =2(( il Ly 
-¥=( 7.) = 
FE ¥ =e. 


eas = tan g. n being any odd integer, x = ee 
; 2 
pat z=0, y=0. 


7. y® = 622 + 28, ; =e Dy. 


es 8. Show that the parabola has no asymptotes.- 


ms, = a — 28. yt+re=0. 
ye 


10. The cissoid y? = : A) =P sR 
2r—2 
ll. y?a = y?x + 23: fi) 10 
12. y? (x? + 1) = 2? (x? — 1). y=+%. 
13. 7? (@ — 2a) = 2 — a’. &=2a, y=+4+ (e+ a). 
14. xy? = a? (a? + y?). et=+ta,y=+a. 


15. y(x? —3 bx + 26?) = 23 — 8ax? + a. i Dat Oe fate Qi Dieierols 


3 


see ti y=e, c=d. 

17. The folium x3 + y3 — 3 ary = 0. yt+txeta=0. 

18. The witch 24y = 4a?(2a — y). y=. 

UG) Gael a ey he, 087 05 aa Os 


20. 23 + 2aty —ay2?—-2y3+4y2+2ay+y=1. 


166. Asymptotes in polar codrdinates. Let f(p, 6)—0 be the 
equation of the curve P@ having the asymptote CD. As the 
asymptote must pass within a finite 
distance (as OF) of the origin, and the 
point of contact is at an infinite dis- 
tance, it is evident that the radius © 
vector OF drawn to the point of contact 
is parallel to the asymptote, and the 
subtangent OW is perpendicular to it. Or, more precisely, the 
distance of the asymptote from the origin is the limiting value of 
the polar subtangent as the point of contact moves off an infinite 


distance. 
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To determine the asymptotes to a polar curve, proceed as follows: 
First step. Find from the equation of the curve the values of 
which make p=.* These values of @ give the directions of the 


asymptotes. 
Second step. . Find the limit of the polar subtangent 
| do 
7, 7), p. 99 


as @ approaches each such value, remembering that p approaches o 
at the same time. 

Third step. Jf the limiting value of the polar subtangent is finite, 
there is a corresponding asymptote at that distance from the origin 
and parallel to the radius vector drawn to the point of contact. 
When this limit is positive the asymptote is to the right, and when 
negative, to the left of the origin, looking in the direction of the infinite 
radius vector. 


EXAMPLES 


1. Examine the hyperbolic spiral p = for asymptotes. 


: d 
Solution. When @=0,p=o. Also eae ae. hence 
Gt) 2 
dé 2, 74 
B gc ' Subtangent = p2— = ae =-a4. 
dp @ a 
imi do ted : 
., limit [ 2 ] =~— a, which is finite. 


pe = Olean 


It happens in this case that the subtangent is the 
same for all values of 6. The curve has therefore an 
asymptote BC parallel to the initial line OA and at a distance a above it. 


Examine the following curves for asymptotes. 


2. pcos é=acos26. 
Ans. There is an asymptote perpendicular to the initial line at a distance a 
to the left of the origin. 
3. p=atan 0. 
Ans. There are two asymptotes perpendicular to the initial line and at a dis- 
tance a from the origin, on either side of it. 


4. The lituus p6? = a. Ans. The initial line. 


*If the equation can be written as a polynomial in p, these values of 6 may be found by 
equating to zero the coefficient of the highest power of p (see footnote, p. 254). 


SINGULAR POINTS 259 


5. p= asec 20. 
Ans. There are four asymptotes at the same distance © from the origin, and 
inclined 45° to the initial line. 2 
6. (0 — a)siné =b. 
Ans. There is an asymptote, parallel to the initial line at the distance b 
above it. 
7. p=a(sec 26+ tan 26). 
Ans. There are two asymptotes parallel ud @=~, at the distance a on each 
side of the origin. e 


8. Show ttfat the initial line is an asymptote to two branches of the curve 
p* sin 6 = a? cos 20. 


a 


9. Parabola p = ——_—_. 
1—cos0 


Ans. There is no asymptote. 


— 


——" : 
167. Singular points. Given a curve whose equation is 


I(% yy=9 


Any point on the curve for which 


us =p Ff _o 


is called a singular a of the curve. All other points are called 
ordinary points of the curve. Since by (55a), p. 202, we have 


of 
dy ea 
deaf 
oy 


it is evident that at a singular point the direction of the curve 


0 
(or tangent) is indeterminate, for the slope takes the form i In 


the next section it will be shown how tangents at such points may 
be found. 

168. Determination of the tangent to an algebraic curve at a given 
point by inspection. If we transform the given equation to a new 
set of parallel codrdinate axes having as origin the point in ques- 
tion on the curve, we know that the new equation will have no 
constant term. Hence it may be written in the form 


(A) Sf (& y) = aa + by + (ca® + day + ey”) 
+ (fa + gx?y thay’ + ty’) ++. =9. 
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The equation of a tangent to the curve at the given point (now 
the origin) will be | 
dy 
=(— )\a. By (1), p. 89 
(B) y ( in)? y(t), P 
Let y = mz (by 54 (c), p. 8) be the equation of a line through 
the origin O and a second point P on the locus of (A). If then P 
approaches O along the curve, we have from (B) 
wee dy 
y limit m = 2%. 
(C) ee 
Let O be an ordinary point. Then, by § 167, a and 6 do not 
both vanish since at (0, 0), from (A), 


of Te, 


Ssh 2a = 


ex” sy 


Replace y in (A) by mz, divide out the factor x, and let x 
approach zero as a limit. Then (A) will become * 


a+bm= 0. 


Hence we have from (B) and (C) 
ax + by = 0, 


the equation of the tangent. The left-hand member is seen’ to 
consist of the terms of the first degree in (A). 

When 0 is not an ordinary point we have a=b=0. Assume 
that ¢, d, e do not all vanish. Then proceeding as before (except 
that we divide out the factor 2), we find, after letting 2 approach 
the limit zero, that (A) becomes 


c+dm-+em = 0, 
or, from (C), 


* After dividing by x an algebraic equation in m remains whose coefficients are functions of a. 
If now x approaches zero as a limit, the theorem holds that one root of this equation in m will 
approach the limit —a~+ }. 
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Substituting from (B), we see that 
(£) ca’ + day + ey? = 0 


is the equation of the pair of tangents at the origin. The left- 
hand member is seen to consist of the terms of the second degree 
in (A). Such a singular point of the curve is called a double point 
from the fact that there are two tangents to the curve at that 
point. ; 

Since at™(0, 0), from (A), 


2 2 2 
UE yy SA a 
Ox” oxdy oy” 


it is evident that (D) may be written in the form 


ef GF a dyn ay (ays 
F + 2—— = 0. 
ee Ox? a Oxoy i) ‘8 oy” Ga) u 


In the same manner, if 
G2 SOs Soa) 


there is a triple point at the origin, the equation of the three tan- 
gents being 


je Lory hay wy" — 0. 


And so on in general. 

If we wish to investigate the appearance of a curve at a given 
point, it is of fundamental importance to solve the tangent prob- 
lem for that point. The above results indicate that this can be 
done by simple inspection after we have transformed the origin to 
that point. 

Hence we have the following rule for finding the tangents at a 
given point. 

First step. Transform the origin to the point in question. 

Second step. Arrange the terms of the resulting equation accord- 
ing to ascending powers of x and y. 

Third step. ‘Set the group of terms of lowest degree equal to zero. 
This gives the equation of the tangents at the point (origin). 
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Ex. 1. Find the equation of the tangent to the 


CINDEe, Rye ah eo ee el ee 


at the origin. 
Solution. Placing the terms of lowest (first) degree 
equal to zero, we get 
— 12% —127=0, 
Ok, zet+y=0, 


which is then the equation of the tangent PT at the 
origin. 


Ex. 2. Examine the curve 322 — xy — 2y24+ #3 — 8y3= 0 for tangents at the 
origin. 

Solution. Placing the terms of lowest (second) 
degree equal to zero, 

322 — ay —2y?=0, 

or, (xe —y)(82+2y) =0, 
x —y= 0 being the equation of the tangent AB, 
and 32 +2y= 0 the equation of the tangent CD. 
The origin is, then, a double point of the curve. 


Since the roots of the quadratic equatign (F), p- 261, namely, 


of (dy\?* Cae (LIN, SOae 
pee eae! 2 =), 
oy” eS ai oxdy ee y Ox” 


may be real and unequal, real and equal, or imaginary, there are 
’ three cases of double points to be considered, according as 


By 2 2. 2 
(@) a 
oxdy ox OY 
is positive, zero, or negative (see 8, p. 1). 
169. Nodes. oh y IAL si 
Oxoy Ox? Oy? ji 


In this case there are two real and unequal values of the slope 
d 
(= found from (f’), so that we have two distinct real tangents 


to the curve at the singular point in question. This means that 
the curve passes through the point in two different directions, or, 
in other words, two branches of the curve cross at this point. 
Such a singular point we call a real double point of the curve, or a 
node. Hence the conditions to be satisfied at a node are 


FACa Vey emt WE OF ip ar ar 


x Oy tN Boy Amn eRD ya 
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Ex. 1. Examine the lemniscate y? = x? — x4 for singular points. 


Solution. Here S(e, y)=y? —2?+24=0, ' 


of of 
Also, -—— =—27+428=0, ~=2y= 
= x+4a 0, by 2y =0. 


The point (0, 0) is a singular point since its codrdinates satisfy the above three 
equations. We have at (0, 0), 


OD a Lae : 
au2——” taay yk 
= 
Fae (oe te Oo ae 0) 
axdy 0x2 dy2— 
A ‘D 


and the origin is a double point (node) through which 
two branches of the curve pass in different directions. By placing the terms of the 
lowest (second) degree equal to zero we get 


y?—«22=0, or y=a and y=— x, 


the equations of the two tangents AB and CD at the singular point or node (0, 0). 


Or 2 OF or = A 
170. Cusps. oe aa) Boch e 


In this case there are two real and equal values of the slope 
found from (#’), hence there are two coincident tangents. This 
means that the two branches of the curve which pass through the 
point are tangent. When the curve recedes from the tangent in 
both directions from the point of tangency, the singular point is 
called a point of osculation ; if it recedes from the point of tangency 
in one direction only, it is called a cusp. There are two kinds 
of cusps. 

First kind. When the two branches lie on opposite sides of 
the common tangent. 

Second kind. When the two branches lie on the same side of 
the common tangent.* 

The following examples illustrate how we may determine the 
nature of singular points coming under this head. 


Ex. 1. Examine aty? = a2xt — x6 for singular points. 
Solution. Here Fix, y) = aty? — arat + 26 = 0, 


D __ 4 a2n3 + 625 = 0, of — 9 aty =0, 
ox oy 


% Meaning in the neighborhood of the singular point. 
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and (0, 0) is a singular point since it satisfies the above three equations. Also, at_ 
(0, 0) we have 
of of 0 of 


= 0, a — = 2 a+: 
6x2 omey oy? 
of y ap OF 0: 
andy ox2 Oy?” 


and since the curve is symmetrical with respect to OY, 

: the origin is a point of osculation. Placing the terms of 
lowest (second) degree equal to zero, we get y2=0, showing that the two common 
tangents coincide with OX. 


Ex. 2. Examine y? = #3 for singular points. 


Solution. Here ites 0) =F = =O; 


showing that (0, 0) is a singular point. Also, at (0, 0) we have 
Tm yee ieciay gee yene em 


=() = 
Gaz +’ a@xdy =” ay? 


andy ea? Oy? — 


This is not a point of osculation, however, for if we solve the 

given equation for y, we get 
y=r V8, 
which shows that the curve extends to the right only of OY, for negative values of 
zx make y imaginary. The origin is therefore a cusp, and since the branches lie 
on opposite sides of the common tangent it is a cusp of the first kind. Placing the 
terms of lowest (second) degree equal to zero, we get y? = 0, showing that the two 
~ common tangents coincide with OX. — 


Ex. 3. Examine (y — 2”)? = 2° for singular points. 

Solution. Proceeding as in the last example, we 
Y find a cusp at (0, 0), the common tangents to the two 

branches coinciding with OX. Solving for y, 

y = a2 4 oh, 

If we let « take on any value between 0 and 1, 
y takes on two different positive values, showing that 
in the vicinity of the origin both branches lie above 


O x the common tangent. Hence the singular point (0, 0) 


aaa oi is a cusp of the second kind. 


‘ : - OF 3) OF OF: 
171, Conjugate or isolated points. (——) —=4+ —4 
ae ee (aes Oa? oye 
In this case the values of the slope found from (B) are imagi- 
nary. Hence there are no real tangents; the singular point is 
the real intersection of imaginary branches of the curve, and the 
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coordinates of no other real point in the immediate vicinity satisfy 
the equation of the curve. Such an isolated point is called a 
conjugate point. 


Ex. 1. Examine the curve y? = 28 — 2? for singular points. 
Solution. Here (0, 0) is found to be a singular point of the curve 
eG! eer, payne F 
at which - =+V-—1. Hence the origin is a conjugate point. Solvy- 


ing the equation for y, 


y=tuve —1. 


This shows clearly that the origin is an isolated point of the curve, 
for no values of x between 0 and 1 give real values of y. 


—_— 


172. Transcendental singularities. A curve whose equation in- 
volves transcendental functions is called a transcendental curve. 
Such a curve may have an end point, at which it terminates abruptly, 
caused by a discontinuity in the function; or a salient point at 
which two branches of the curve terminate without having a 
common tangent, caused by a discontinuity in the derivative. 


Ex. 1. Show that y=<2loga@ has an end point at 
the origin. 

Solution. « cannot be negative since negative num- 
bers have no logarithms; hence the curve extends only 
to the right of OY. Whenzx=0, y=0. There being 
only one value of y for each positive value of x, the curve 
consists of a single branch terminating at the origin, 
which is therefore an end point. 


Ex. 2. Show that y = has a salient point at the origin. 


x 
1+ e 
d 1 ex 
Solution. Here we i+ , 
1+e ax(1+ e)2 


If x is positive and approaches zero as a limit, 
we have ultimately 


y =0 and ey: 
dx 


If x is negative and approaches zero as a limit, we get ultimately 
dy 
y=0 and  =1. 
da 
Hence at the origin two branches meet, one having OX as its tangent and the 


other, 4B, making an angle of 45° with OX, 
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EXAMPLES ‘ 


1. Show that y? = 222 + 23 has a node at the origin, the slopes of the tangents 
being + V2. : 


2. Show that the origin is a node of y?(a? + x?) = x(a? — x), and that the 
tangents bisect the angles between the axes. 


3. Prove that (a, 0) is a node of y? = x(x — a)?, and that the slopes of the 
tangents are + Va. 


4, Prove that aty? — 2 abx2y — a = 0 has a point of osculation at the origin. 


5. Show that the curve y? = 2° + 2 has a point of osculation at the origin. 


6. Show that the cissoid y? = has a cusp of the first kind at the origin. 


7. Show that y3? = 2 ax? — 3 has a cusp of the first kind at the origin. 


&. In the curve (y — x”)? = a” show that the origin is a cusp of the first or 
second kind according as n is < or >4. 


9. Prove that the curve at —2 ae7y - — axy* + a®y? = 0 has a cusp of the second 
kind at the origin. 


10. Show that the origin is a conjugate point on the curve y? (x? — a?) = gt. 
11. Show that the curve y? = x(a + x)? has a conjugate point at (— a, 0). 


12. Show that the origin is a conjugate point on the curve ay? — #3 + ba? =0 
when a and 6 have the same sign, and’a node when they have opposite signs. 


13. Show that the curve zt + 2 ax’y — ay? = 0 has a triple point at the origin, 
and that the slopes of the tangents are 0, + V2, and — V2. 


14. Show that the points of intersection of the curve (¢ ye G y= = 1 with the 
axes are cusps of the first kind. 


15. Show that no curve of the second or third: degree in @ and y can have a cusp 
of the second kind. 
“ 
16. Show that y=e “has an end point at the origin. 
1 
17. Show that y = # arc tan =. has a salient point at the origin, the slopes of the 
tangents being + 


173. Curve tracing. The elementary method of tracing (or 
plotting) a curve whose equation is given in rectangular coordi- 
nates, and one with which the student is already familiar, is to 
solve its equation for y (or x), assume arbitrary values of x (or Y)s 
calculate the corresponding values of y (or 2), plot the respective 
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points, and draw a smooth curve through them, the result being 
an approximation to the required curve. This process is laborious 
at best, and in case the equation of the curve is of a degree higher 
than the second, the solved form of such an equation may be unsuit- 
able for the purpose of computation, or else it may fail altogether, 
since it is not always possible to solve the equation for y or z. 

The general form of a curve is usually all that is desired, and 
very often we care to examine the curve in the neighborhood of a 
certain poifit only. To attain this object it is as a rule only neces- 
sary to determine some of the important points, lines, and proper- 
ties of the curve as enumerated below. 

No rules for tracing a curve can be given that will apply in all 
cases, but the student will find it to his advantage to use the fol- 
lowing general directions as a guide and to study carefully the 
examples that are worked out in detail. 


174. General directions for tracing a curve whose equation is given 
in rectangular coordinates. 
1. Examine the curve for symmetry. 
(a) If the equation is unchanged when y is replaced by — y, 
the curve is symmetrical with respect to OX. 
(b) If the equation is unchanged when z is replaced by — 2, 
the curve is symmetrical with respect to OY. 
(c) If the equation is unchanged when 2 is replaced by — 2, 
and y by — y, the curve is symmetrical with respect to the origin 
which is also the center of the curve. 


2. Examine the curve for important points. 
(d) If the equation is satisfied by z=0, y=0, the curve 
passes through the origin. 
(e) Placing x= 0 and solving for y gives the intercepts on 
OY. Placing y=0 and solving for 2 gives the intercepts on OX. 
(f) Find a; this gives the direction of the curve at any point 
x 
and serves to locate maximum and minimum points (§ 94, p. 120). 
2 
(g) Find 54; this gives the direction of curvature at any 
point and serves to find the points of inflection (§ OS ep ale. l). 
(h) Examine the curve for singular points (p. 259). 
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hod 


3. (i) Examine the curve for asymptotes (§§ 164, 165, p. 252). 

Determine on which side of each asymptote the corresponding 
infinite branch les. 

4. (j) Locate additional points on the curve. If possible, com- 
pute a sufficient number of points on the curve by the elementary 
method (§ 173, p. 266) to give a fair idea of the locus, and sketch » 
the curve through the points. 


Ex. 1. ‘Trace the curve y? = 23, 
Solution. Let us examine the curve in the above order. 


(a) The curve is symmetrical with respect to OY. 

(b) The curve is not symmetrical with respect to OY. 

(c) The curve is not symmetrical with respect to the origin. 
(d) It passes through the origin. 

(e) Its intercepts on the axes are both zero. 


4 (f) wv = ; showing that above OX the curve always has a 


seg aa and below OX a negative slope. 
It has no maximum or minimum points. 


3 
(g) —= = + ——; hence above OX the curve is concave up- 
0 x GS ave 
wards and ree OX concave downwards, There are no points 
of inflection. 
(h) The curve has a cusp of the first kind at the origin, the 
common tangent coinciding with OX. 
(i) There are no asymptotes. 

Gj) y= Va3 ; hence the curve does not extend to the left of OY, since nega- 
tive values of x make y imaginary. When x = ©, y =+ 0, showing that there are 
two infinite branches, one on each side of OX. Plotting a number of points and 
sketching in the curve, we get the semicubical parabola shown in the figure. 


Ex. 2. Trace the curve y? = 2 ax? — 23. 
Solution. This curve is found to be not symmetrical with respect to either axis 


or the origin, but it passes through the origin and in addition has the intercept 2a 


on OX. dy _4ae—3a2 


da 3 y? ; 

4a . 
hence when x = oe the curve has the maximum 

3 

ordinate 3a V4. 

dey 8 a2 . 

dx? 9at(2a—2)8 
hence « = 2a gives a point of inflection on OX, 
to the left of which the curve is concave down- 


wards and to the right concave upwards. The 
curve has a cusp of the first kind at the origin, 
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the common tangent coinciding with OY. The only asymptote is (4 B in figure) 
t+y=ia, 
which lies to the right of the infinite branch in the second quadrant and to the left 


. . : 3 
of the infinite branch in the fourth quadrant. From y = V2 az2 — 23 we plot addi- 
tional points and draw the curve shown in the figure. 


175. Tracing of curves given by equations in polar codrdinates. 
The rudimentary method is to solve the equation for p when pos- 
sible, assume values for 9, calculate the corresponding values of p, 
plot the points thus found, and draw a curve through them.* 
This work may be facilitated by examining the curve for asymp- 
totes and by noting the values of 6 which make p a maximum or 
@ minimum. 


Ex. 1. Trace the curve p = 10 sin 20. 


. Solution. ‘Tabulating the corresponding value of 6 and p for every 15° (see table, 
p. 4), we have 


minimum yalue of p is —10. When 6=0, 180°, 
etc., p =0. If we in addition remember that sin 20 
is a periodic continuous function of 6, it is not neces- 
sary to tabulate many values of 0 and p. The curve 
consists of four loops, as shown in the figure, and 
it is for this reason sometimes called a four-leaved 
rose. 


0 


p= 10 sin 2 6. — 

p p is @ maximum when sin 24 is a maximum, and 

this occurs when sin 20=1, or 0 = 45°, 225°, etc. 

0 This maximum value of p is then 10. 

5.0 p is a minimum when sin 20 is a minimum, i.e. 
sth when sin 26 =— 1 or 6 = 135°, 315°, etc. Hence the 
8.7 

5.0 
0 

5.0 

ish ff 
10.0 

8.7 

5.0 as 
0 

5.0 

8.7 
10.0 

8.7 

5.0 

0 
Uf 
0 
tf 
0 


| 
mee 
OR Go C9) or 


i=) 


* The author has designed plotting paper for polar codrdinates on which concentric circles 
and radial lines are drawn in faint blue ink. This paper is desirable for the rapid and accurate 
plotting of polar curves. Published by the Yale Codperative Corporation, New Haven, Conn. 
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Trace the following curves. 


Ile 


So wR eT PB HW BW 


y2(2a — x) = 28, 


. (72+ 4a%)y = 8 a3. 


ay? = «3 — ba, 
(y — x)? = 2. 


ai + y§ = al. 


ay? = (b? — y?) (a + y/)?. 


: y =logz. 


Vimo. 
x x 
a — pats 
Oleg, aa a) 


y = (e — 1), 


EXAMPLES 


11. 
12. 
13. 
14. 
15. 
16. 
if 
18, 
19. 


20. 


iSite 

y =tan@. 

x2(y — a) = a? — wy? 

xt — 2ax2y — ary? + ay? =0. 
(a? + y?)2 = a? (a? — y?). 

p = 4c0s 206. 

p = asin 30. 

p =a(1 —cos 8). 


Aue) 
p = asin? —. 
3 


0 
p = asec? —. 
3 


CHAPTER XXII 
APPLICATIONS TO GEOMETRY OF SPACE 


176. Tangent line and normal plane to a skew curve whose equa- 
tions are given in parametric form. ‘The student is already familiar 
with the parametric representation of a plane curve. To extend 
this notion to curves in space, let the coédrdinates of any point 
(x, y, 2) on a skew curve be given as functions of some fourth 
variable ¢, thus, 


(A) t= (t), y= v(t), 2=x(b). 

The elimination of the parameter ¢ between these equations two 
by two gives the projecting cylinders, 
of the curve on the coordinate planes. 

Let the point P (a, y, 2) correspond 
to the value ¢ of the parameter, and’ 
the point P! (x + Ag, y+ Ay, 2+ Az) 
correspond to the value ¢+ At; Az, 
Ay, Az being the increments of 2, y, 2 
due to the increment Aé as found 
from equations (A). From Analytic 
Geometry we know that the direction 
cosines of the secant (diagonal) PP! are proportional to 

LN PR NTE 
or, dividing through by At and denoting the direction angles of 
the secant by a’, 8’, 9’, 


Aaz,yt+Ay, z+Az) 


Ax Ay Az 
cos a': cos 8': cos Pee ae 
Now let P' approach P along the curve. Then At, and therefore 
also Az, Ay, Az, will approach zero as a limit, the secant PP! will 
approach the tangent line to the curve at P as a limiting position, 
and we shall have 


dx dy da 
cos a: cos 8: cos Yt ata ioe 
271 
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where a, 8, y are the direction angles of the tangent (or curve) 
at P. Hence the equations of the tangent line to the curve 


r=) y=¥O 2=XO 


at the point (x, y, 2) are given by 


X-—-ax Y-y _ Z2-2, 
(67) ae TBs art 
dt dt dt 


and the equation of the normal plane, i.e. the plane passing through 
(x, Yy, @) perpendicular to the tangent, is 


dso siegr kdy ah oh patala, > aia 
(68) & (X-«) + Hy-n+Fa@-aH=0, 


X, Y, Z being the variable codrdinates. 


Ex. 1. Find the equations of the tangent and the equation of the normal plane 
to the helix* (@ being the parameter), 
" = a0c08 8, 
y = asin 0, 
z=b0, 
(a) at any point; (b) when 6= 27. 
Solution. = —asind=—y, oY — acosd=s, a =8, 
Substituting in (67) and (68), we get at (x, y, 2), 
X-—-«e Y-y Z- 
—Yy ‘ x > b 
and —y(X—2)+2(¥—y)+b(Z—z)=0, 
normal plane. 
When @=27, the point of contact is (a, 0, 2 br), 
giving Loa Y-0, 2-267 
0 aed b 
or, A=a, bY =aZ — 2abr, 
the equations of the tangent line; and 
aY + bZ — 2b? = 0, 
the equation of the normal plane. 


z : 
» tangent line; 


’ 


* The helix may be defined as a curve traced on a right circular cylinder so as to cut all the 
elements at the same angle. 

Take OZ as the axis of the cylinder and the point of starting in OX at Py. Let a=radius of 
base of cylinder and 6=angle of rotation. By definition, 


au EN, 2 _k(const.) or, z=aké. 
SN arcP,N ad DDS iharagiads 


Let ak=b; then z=b0. Also, y=MN=asin 6, x= OM=a cos 0. 
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177. Tangent plane to a surface. A straight line is said to be 
tangent to a surface at a point P if it is the limiting position of a 
secant through P and a neighboring point P' on the surface, when 
P' is made to approach P along the surface. We now proceed to 
establish a theorem of fundamental importance. 

Theorem. All tangent lines to a surface at a given point * lie in 
general in a plane called the tangent pea at that point. 

Proof. Let 


(A) me F(x, y, 2)=9 


be the equation of the given surface, and let P(x, y, 2) be the given 
point on the surface. If now P' be made to approach P along a 
curve C lying on the surface and passing through P and P', then 
evidently the secant PP' approaches the position of a tangent to 
the curve Cat P. Now let the equations of the curve C be 


(B) t=$(), y=¥(), 2= x (f) 


Then the equation (A) must be satisfied identically by these 
values, and since the total differential of (A) when az, y, z are 
defined by (B) must vanish, we have 


OF dx oF dy | oF dz _ 
dx dt ey dt dz dt 


(C) (50), p. 199 


This equation shows that the tangent line to C, whose direction 


cosines are proportional to 
aay ay ’ ae p- 271 
dt dt dt 

is perpendicular + to a line whose direction cosines are determined 


by the ratios 
OF | Ole ge 


@u Oy 02’ 


and since C is any curve on the surface through P, it follows at 


* The point in question is assumed to be an ordinary (non-singular) point of the surface, i.e. 
cf, ee ce are not all zero at the point. 
we 
+ From Solid Analytic Geometry we know that if two lines having the direction cosines 


COS a1, COS By, COS y1 ANd COS ay, COS By, COS yo are perpendicular, then 
COB ay COS ag + COS By COS By + COS yy COS Yo=0. 


274 DIFFERENTIAL CALCULUS 


once, if we replace the point P(z, y, 2)-by P, (t» Yy %), that all 
tangent lines to the surface at P, lie in the plane* 


OF 1 
Oar. 


which is then the formula eM te the equation of a plane tangent 
at (% Yy %) to a surface whose equation is given in the form 


(69) (w — ws) + Fy — ns) + Fe — 9) = O44 


F(a, Y, 2) =0. 
Incase the equation of the surface is given in the form z=f(z, y), let 
(D) F(x, y, 2)=f(% y)—2=9 
0 
Then ge 2G sn ee a me a i 


ox Oa te by by oy oz 


If we evaluate these at (z,, el ie and substitute in (69), we get 


a 


(70) a, eH) +3 <— aos yi) —(@ — 2) =9, 


which is then the eiee Sor nest the equation of a plane tangent 
at (X45 yy) 2) to a surface whose equation is given in the form z=f(2, y). 


In § 187, p. 200, we found (53), the total differential of a function u (or z) of x 
and y, namely, 


0z 0z 
E dz = — dz + — dy. 
(*) ox oy y 


We have now a means of interpreting this result geometrically. For the tangent 
plane to the surface z = f(x, 3 at (x, y, 2) is, from (70), 


02 02 
F thyes p= (OE = By) tb S207 = 
(F) z a x) by‘ Y), 


X, Y, Z denoting the variable codrdinates of any point on the plane. If we 


substitute X=2+dzx and Y=y-+ dy 


in (Ff), there results 


0z 0z 
G Z—z=—dx+—dy. 
(@) pee ret 
Comparing (£) and (G), we get 
(ff) dz=Z—z. Hence 


* The direction cosines of the normal to the plane (69) are proportional to —— LED ors ony 


vy Oz 
Hence from Analytic Geometry we see that (C) is the condition that the tangents weds, direc- 


tion cosines are cosa, cos, cos y are perpendicular to the normal; i.e. the tangents must lie in 
the plane. 


+ In agreement with our former practice, 
OF, OF, | OF; Oz Be 
2x," ey, Oz,” Oz, Oy 
denote the values of the partial derivatives at the point (a,, y,, 24). 
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Theorem. The total differential of a function f (x, y) corresponding to the incre- 
ments dx and dy equals the corresponding increment of the z codrdinate of the tangent 
plane to the surface z=f (x, y). 


y 
Wa 


NNDB 


< 


Thus, in the figure, PP’ is the plane tangent to surface PQ at P (a, y, z). 
Let AB = de and) CD = dy; 
then dz=Z—z= DP’— DE= EP’. 


178. Normal line to a surface. The normal line to a surface at 
a given point is the line passing through the point perpendicular 
to the tangent plane to the surface at that point. 
The direction cosines of any line perpendicular to the tangent 
plane (69) are proportional to 
OF, OF, OF, 


, ee YH Yi _ e—& 
Ct) eS Ea Taek aan 
Ou1 OY O21 
are the equations of the normal line * to the surface F(x, y, 2) = 0 at 
(Zy> Yr %)- 
Similarly, from (70), 
eA Sone! Fite ae ate al 
Oe OAS 8 1 
Ox1 OY 


are the equations of the normal line* to the surface z=f(x, y) at 
(®y Yr» %)o 


(92) 


* See footnote, p. 274, 


276 DIFFERENTIAL CALCULUS 


EXAMPLES 


1. Find the equation of the tangent plane and the equations of the norma line 
to the sphere x? + y? + z2 = 14 at the point (1, 2, 3). 
Solution. Let F(x, y, z) =z? + y? + 27 — 14; 
CL oF oF 


then Oy Sao, SS 88 aS eo 
e on ’ oy Y 32 9 wt V1 ’ 
FF 
aay. eke yes 7S 
024 OY 024 


Substituting in (69), 2(@ —1)+4(y—2)+6(z—3)=0,27+2y+4+38z=14, the 
tangent plane. 
C— ly 2 ei 3 


Sa ? 


2 4 6 
giving z = 3a” and 2z = 3y, equations of the normal line. 


Substituting in (71), 


2. Find the equation of the tangent plane and the equations of the normal line to 
the ellipsoid 42? + 9 y? + 86 z2 = 36, at point of contact where «= 2, y =1, and z 
is positive. Ans. Tangent plane, 8(% — 2) + 9(y —1) + 6 V11(z¢ —3 V11) =0, 
—2 /y—1__2=4¢Vil ; 

9 6V11 


; x 
normal line, 


3. Find the equation of the tangent plane to the elliptic paraboloid z = 2a? + 44? 
at the point (2, 1, 12). Ans. 824+ 8y—z=12. 


4. Find the equations of the normal line to the hyperboloid of one sheet 
w—4y?+222=6 at (2, 2, 3). Ans. y+4x=10, 8%—2=38. 


5. Find the equation of the tangent plane to the hyperboloid of two sheets 


an) ee WE YY mz 
— — — ——=1 at (a, 21). As = 
aie (1, Y1, 21) ee 


6. Find the equation of the tangent plane at the point (1, y1, 21) on the surface 
ax? + by? + cz2+d=0. Ans. axe + byyy + cz1z2+d=0. 


7. Show that the equation of the plane tangent to the sphere 
a2 + y24+2242Te+2My+2Nz+D=0 
at the point (7, y1, 21) is 
met yy t+aze+Llet+m)+Myt+m)+N(e+2)+D=0. 


8. Find the equation of the tangent plane at any point of the surface 
ai + y8 + 23 = al, 


and show that the sum of the squares of the intercepts on the axes made by the 
tangent plane is constant. 


9. Prove that the tetrahedron formed by the codrdinate planes and any tangent 
plane to the surface zyz = a3 is of constant volume, 
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179. Another form of the equations of the tangent line to a skew 
curve. If the curve in question be the curve of intersection AB 
of the two surfaces F(z, Ys 2) = 
and G(x, y, 2)=0, the tangent line 
PT at P(2, y,, 2) is the intersection 
of the tangent planes CD and CZ at 
that point, for it is also tangént to 
both surfaces and hence must lie in 
both tangent planes. The equations 
of the two tangent planes at P are, 
from (69), 


OF, 7) 
ae (a — a1) + a 
(73) 5 
a“  (e — 21)=0. 


Taken pe ie ne pate aa are the equations of 
the tangent line PT to the skew curve AB. Equations (73) in more 
compact form are 

w— ws = Vie ee eA 
dF,0G1  OF,0G1 OF10G: 0F10G1 OF,0G: OF 0G" 
Oy: O21 = O#1 Oy: 021 0a, 0x1 O21 = 0x1 Oy ~— Dy: Oa 


(74) 


or, using determinants, 
(75) EA = Yi 2 
OF, OF 1: OF, OF; OF, OF, 
Oy1 O21 021 OX1 0x1 OY1 
9G10Gs| |0G19Gs| 0G OG 
Oy. O71 Oz OX1 0x1 Oy 


180. Another form of the equation of the normal plane to a skew 
curve. The normal plane to a skew curve at a given point has 
already been defined as the plane passing through that point per- 
pendicular to the tangent line to the curve at that point. Thus, 
in the above figure, PHI is the normal plane to the curve 4B at P. 
Since this plane is perpendicular to (75), we have at once, 


OF, OF; OF, OF OF, OF, 

Oya O21 O21 Ou: = On OY Ne ry) 
(76) Gs 0G: (w@ — a1) + OG 0G: (y — yi) + aGs 0G;|' 1) ’ 

OY On1| O21 Ox1 0x1 Oy 


the equation of the normal plane to a skew curve. 
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1. Find the equations of the tangent line and the equation of the normal plane 
at (r, 7, 7 vi 2) to the curve of intersection of the sphere and cylinder whose equa- 


tions are respectively #2 + y2 + 22 = 47%, 22+ y2?=2ra. 


Let F= 224+ y?4+ 2—472 and G@ = 2? 4 y? —2re. 


Solution. 
CT fae ny ee eons 
624 OY 024 
,) 

OG _ ey. Mae 
0x1 oy1 01 
Ste see c—-r y-r z-rv2 
Substitut 75 = = 5 
ubstituting in ( Vays 0 1 e 
or, y=r,e+V2z2=8r, 


the equations of the tangent PT at P to the curve of intersection. 
Substituting in (76), we get the equation of the normal plane, 


—V2(e@—1) +0(y —1) + (2-1 V2) =0, 


or, V20—z2=0. 


2. Find the equations of the tangent line to the circle 
v2 + y2 + 22 = 25, 
2+2=5, 
SPU GOL 2, 23, 2: Ans. 2Qe+2VB8y+32=25,e+2=5. 


3. Find the equation of normal plane to the curve 
2 ae y? at. a= 72, 
2 Fie 10; 
at (©1, Y1, 21). Ans. 2yiz10 — (2% — r) zy — ryyz = 0. 
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4. The equations of a helix (spiral) are 
OP ar OP See. 
y =x tan Z 
c 


Show that at the point (%, 1, 21) the equations of the tangent line are 
c(& — #1) + yi (2 — %1) = 9, 
c(y — y1) — #1 (2 — 1) = 0; 
and the equation of the normal plane is 


ye — Lyy — €(z — 23) = 0. 


5. A skew curve is formed by the intersection of the cone = + _ _ é = 0 
and the sphere x2 + y2 + 22= 2. Show that at the point (a1, y1, 21) the equations 
of the tangent line to the curve are 

c2 (a2 — b) a (w@ — @1) = — a? (6? + c?) 21 (ze — 21), 
c2 (a? — b2) y1 (y — y1) = + 52 (Cc? + a?) 21 (2 — 1); 
and the equation of the normal plane is 


a? (b2 + ¢) yizye — 2 (c? + a?) ayryy — 0? (a2 — 07) myyiz = 9. 


CHAPTER XXIII 
CURVES FOR REFERENCE 


For the convenience of the student a number of the more 
common curves employed in the text are collected here. 


CuBICAL PARABOLA SEMICUBICAL PARABOLA 


irae", op = an. 


THe Witcu or AGNESI THE Cissoip or DiocLEs 


xy =4a?(2a—y). y? (2a — x) = a. 
p=2asin 6 tan 6. 
280 
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Tue LEMNISCATE OF BERNOULLI THE ConcHorp or NICOMEDES. 


we 
a 
O Xx 
toe ieeesase 
(x? +7)? = a? (x? — y?). ae2y? = (y+ a)? (0? = y?). 
p’ =a’ cos 26. p=asecO= bd. 
Cyciorp, ORDINARY CASE CycLomp, VERTEX AT ORIGIN 


a =aare vers 4 — V2 ay — x =aare vers 2+ V2ay— 7 
"a 


x = a(6 —sin 8), x=a(6+sin 6), 
sane y =a(1 — cos 6). 


CATENARY PARABOLA 


rn x 1 3 1 
ee 2). dyad 
wee 
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Hypocyciorp or Four Cusps Evouute or ELLiIPsE 


xt a yt sae (ax)? a (by)? = (a? es 528, 
1; =«@ cos’ O, 


y= a sin’ 0. 


CARDIOID Fouium or DESCARTES. 


e+ yy? + ax =a Va? + y?. a+ y* — 3acy = 0. 
p=a(1 — cos 8). 
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Limagon STROPHOID 


VY 


x 
p= oa cos 6. 
SPIRAL OF ARCHIMEDES LOGARITHMIC OR EQUIANGULAR 
SPIRAL 
xX 
p= e%8, or 
log p= ao. 
HYPERBOLIC OR RECIPROCAL Lituvus 
SPIRAL 
axa 


po =a. p') = a?. 
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PARABOLIC SPIRAL LogaritHmic CURVE 


Ae Bee 
(p — a)? =4 ac. y = log x. 
EXPONENTIAL CURVE PROBABILITY CURVE 
Yl 
O x 
y=e*. 
SINE CURVE TANGENT CURVE 


y = sin x. i — Al a. 
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THREE-LEAVED Rosz THREE-LEAVED RosE 


vA 


2 


p=asin 36. p=420c0s 36. 


Four-LEAVED RosE Four-LeAvED RosE 


NZ 
ANY 


p=asin 20. p=acos 26. 


=? - 
an itt a 
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CHAPTER XXIV 


INTEGRATION. RULES FOR INTEGRATING STANDARD 
ELEMENTARY FORMS 


181. Integration. The student is already .familiar with the 
mutually inverse operations of addition and subtraction, multipli- 
cation and division, involution and evolution. In the examples 
which follow the second members of one column are respectively 
the inverse of the second members of the other column. 


= ete eat Vy—1; 
y = a’, t= log, 7; 
y = sin &, w= are sin y. 


From the Differential Calculus we have learned how to calecu- 
late the derivative j'(v) of a given function f(x), an operation 
indicated by d . 
or, if we are using differentials, by 

af (a) =f" (a) dx. 

The problems of the Integral Calculus depend on the inverse 
operation, namely : 

To find a function f (x) whose derivative 

(A) I'(@) = 6) 
is given. 

Or, since it is customary to use differentials in the Integral 
Calculus, we may write 

(B) Af @) =f" (a) de = $ (x) dx, 
and state the problem as follows : 


Having given the differential of a function, find the function itself. 
287 
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The function f(z) thus found is called an integral * of the given. 
differential expression, the process of finding it is called integration, 
and the operation is indicated: by writing the integral sign t iff in 
front of the given differential expression. Thus, 


(C) SP @dxt =f), 


read, an integral of f' (x) dx equals fix). The differential dx indi- 
cates that x is the variable of integration. For example, 


@) If fG@—a, then F' (x) dx = 8 a’dx, and 


fs xrdz = 2. 


(b) If f(x)=sin z, then jf" (x) dx = cos zdz, and 
f cos xdx = sin 2. 


> and 


: dx 
ce Wee Pe 
(c) If f(x) =arc tan 2, then f'(x) dx faa 


fj =are tan x. 
eae ; 


Let us now emphasize what is apparent from the preceding 
explanations, namely, that 

Differentiation and integration are inverse operations. 

Differentiating (C’) gives 


(D) df fix) de =f" (2) de. 

Substituting the value of f" (x) dx[= df(x)] from (B) in (@), we get 
(E) SYO=fO 

igen, eanubiskes cabal a? gneeiun, £ and f-... da 


are inverse to each other; or, if we are using differentials, d and f 
are inverse to each other. 


* Called anti-differential by some writers. 

} Historically this sign is a distorted S, the initial letter of the word swm. Instead of defining 
integration as the invérse of differentiation we may define it as a process of summation, a very 
important notion which we will consider in Chapter XXX. 

+ Some authors write this D, ! J'(#%) when they wish to emphasize the fact that it is an inverse 
operation. ; 
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When d is followed by {i they annul each other, as in (D), but 
when f is followed by d, as in (#), that will not in general be the 


case unless we ignore the constant of integration. The reason for 
this will appear at once from the definition of the constant of 
integration given in the next section. 

182. Constant of integration. Indefinite integral. From the pre- 
ceding section it follows that ; 


— 


since d (x*) = 8 2°dz, we have f 82dz=2; 
since d (2° + 2)— 3 27dx, we have f3 rdx=2412; 


since d (2° — 1) = 3 adz, we have fs vdz=—x —T. 
In fact, since 
d(x? + C)= 8 a'dz, 


where C is any arbitrary constant, we have 
f3 dz = x* fd C. 


A constant C arising in this way is called a constant of integration.* 
Since we can give C as many values as we please, it follows that 
if a given differential expression has one integral, it has infinitely 
many differing only by constants. Hence 


a(t (a) dx = f(x) + C3. 
and since C is unknown and indefinite, the expression 


F(z) + C 


is called the indefinite integral of f' (x) dz. 

It is evident that if ¢ (x) is a function the derivative of which is 
f(a), then (x) + C, where C is any constant whatever, is likewise 
a function the derivative of which is f(r). Hence the 

Theorem. Jf two functions differ by a constant, they have the 
same derwwative. 


* Constant here means that it is independent of the variable of integration. 
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It is, however, not obvious that if ¢ (x) is a function the deriva- 
tive of which is f(a), then all functions having the same derivative 
F(x) are of the form 

p(x) + 
where C is any constant. In other words, there remains to be 
proven the 

Converse Theorem. Jf two functions have the same derivative, 
their difference is a constant. ; 

Proof. Let (xz) and (2) be two functions having the common 
derivative f(x). Place 


F(x) = $(0)— (a); then 
(4) r'Q@)=4 $b @—v@l=/@-FW=0. By hypothesis 


But from the Theorem of Mean Value, (44), p. 168, we have 
F(a + Az) — F(@) = Ark" (w + @- Az). 0O= 0 ai 
. F(c + Aa) — F(x) =0, | 


[Since by (A) the derivative of (x) is zero for all values of z.] 
and F(a + Av) = F(z). 
This means that the function 
F(x) = $ (2) — v(x) 
does not change in value at all when x takes on the increment Az, 
Le. (x) and w(x) differ only by a constant. 

In any given case the value of C can be found when we know 
the value of the integral for some value of the variable, and this 
will be illustrated by numerous examples in the next chapter. 
For the present we shall content ourselves with first learning how 
to find the indefinite integrals of given differential expressions. 
In what follows we shall assume that every continuous function 
has an indefinite integral, a statement the rigorous proof of which 
is beyond the scope of this book. For all elementary functions, 
however, the truth of the statement will appear in the chapters 
which follow. 

In all cases of indefinite integration the test to be applied in 
verifying the results is that the differential of the integral must be 
equal to the given differential expression. 
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183. Rules for integrating standard elementary forms. The 
Differential Calculus furnished us with a General Rule for differ- 
entiation (p. 42). The Integral Calculus gives us no corresponding 
general rule that can be readily applied in practice for performing 
the inverse operation of integration.* Each case requires special 
treatment and we arrive at the integral of a given differential 
expression through our previous knowledge of the known results 
of differentiation. That is, we must be able to answer the question, 

What function, when differentiated, will yield the given differential 
expression ? 

Integration then is essentially a tentative process, and_ to 
expedite the work, tables of known integrals are formed called 
standard forms. ‘To effect any integration we compare the given 
differential expression with these forms, and if it is found to be 
identical with one of them, the integral is known. If it is not iden- 
tical with one of them, we strive to reduce it to one of the standard 
forms by various methods, many of which employ artifices which 
can be suggested by practice only. Accordingly a large portion 
of our treatise on the Integral Calculus will be devoted to the 
explanation of methods for integrating those functions which fre- 
quently appear in the process of solving practical problems. 

From any result of differentiation may always be derived a 
formula for integration. 

The following two rules are useful in reducing differential 
expressions to standard forms. 

(a) The integral of any algebraic sum of differential expressions 
equals the same algebraic sum of the integrals of these expressions 
taken separately. 

Proof. Differentiating the expression 


aur fao— f du, 


Bae being functions of a single variable, we get 
du + dv — dw. III, p. 144 


[1] ve i (du + dv — dw) = f du + i dv — f dw. 


* Byen though the integral of a given differential expression may be known to exist, yet it 
may not be possible for us actually to find it in terms of known functions, because there are 
functions other than the elementary functions whose derivatives are elementary functions. 
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(b) A constant factor may be -written either before or after the 
integral sign. 
Proof. Differentiating the expression 


a fia 
elves, d 


adv. 
[2] : ae afi adv = a fae. 


On account of their importance we shall write the. above two 
rules as formulas at the head of the following list of 


IV, p. 144 


STANDARD ELEMENTARY FORMS 


[1] fae + dv — dw) = 1) du + J dv — if dw. 
[2] i adv = a f dv. 


[3] fax =a C. 

n oe Ors 
[4] fe CO eae ne—1 
[5] “= log + C 


= log v + log c = log cv. 
[Placing C= log c.] 


(6 f adv = Pa ure 
[7] fea =e -- ©, 
(8 fein vdv =— cosv+ C. 
[9] feos vdv =sinv + C. 
[10] fsecre dv =tanv+ C. 
[11] _feosecty de =— cotv+ CG. 


[12] frsee vtanvdv = secv + C. 


[13] 
[14] 
[15] 
[16] 
(17] 
[18] 
[19] 
[20] 
fat) 
[22] 


[23] 
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fesev cotvar =— cscev+ CO. 
fianvav = log secv + C. 
feotvar = log sinv + C. 


fsecvde = log tan (247) 4 CO. 


| frese vde = log tan (=) + C. 


dv 1 v 
ils as =Zaretan, + C. 


dv 1 O= GH 
= = || a 
iS 2a a erage na 


dv 5. @ 
Vara = are sin - + C. 
ad 
Wicca = log(v+vV%+ a) + C. 
vera 
Nees = arc vers <4 Cc. 
dv 1 . v 
(== aT = pe pada + C. 


Proof of [8]. | Since 


a(e- C)= az, 
we get fdoao4e. 
Proof of [4]. Since 
rt 1 
a( 25 c) = vray, 
n+1 
grt 
we get f v"dv = 1 4. @ 
This holds true for all values of n except n =— 1. 


n —— 1, [4] gives 


poltl 
fotdy =, + C=54+0= 0+ 6, 


L 
le | 0 


which has no meaning. 


The case when 


4 


n =— 1 comes under [5]. 


293 


II, p. 144 


VI, p. 144 


For, when 
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Proof of [5]. Since 
d (log v + C) = “, IX, p. 145 


we get Balog v + 0. 


The results we get from [5] may be put in more compact form 
if we denote the constant of integration by loge. Thus, 


Oa log » + log ¢= log ev. 
v 


Formula [5] states that if the expression under the integral sign is 
a fraction whose numerator is the differential of the denominator, then 
the integral is the natural logarithm of the denominator. 


EXAMPLES 


For formulas [1]-[5]. 
Verify the following integrations. 


7 
a fede == +6, by [4], where v= 2 andn=6. 


2. i axtdx = a f xda by [2] 
4 z 
= +0. By [4] 


3. Jf @w—502—3244)de = (2a%de — fda%de ~ {32de + f4 de by [1] 


= 2) wdz—5 iF xda — 3 f xde + 4 f de by [2] 


Note. Although each separate integration requires an arbitrary constant, we write down 
only a single constant denoting their algebraic sum. 


4. (Ges. as + 3c Va) de =f2 ax *dax — fta-2de +f3 caida | by [1] 
=2afe-lde—bfe-tde + 86 {aka by [2] 


=2a-—-—b-—_ 4 +¢C by [4] 


2 ax? 7 
5. JS 2ae-rdx == +. 6. f 3mede = 2 106. 
ri 
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1 bs* 2 
3 — © = 4 6 
Ue f (2 +5 )as= ; ee 8. J V2 peda = 3x V2p0 + C. 


s 
é 3 
9. fa — «88 da = a + 2 aigt — £ asat — = + C. 
Hint. First expand. 


6 8aty2 32 
10. S@ = vp Vady = 28 (S- eee Y\ +0. 


F 11 
S §. 
11. (var Viyiat = alt — 2ait 4 3€% 28% 


le eae 40. 


_ (a+ b2x2)3 
+ 8p 


Hint. This may be brought to form [4]. For let v=a?+b®2? and n=1; then dv=2b2xdz. 
If we now insert the constant factor 2b? before xdz, and its reciprocal as before the integral 


13. I (a2 + ba)? ade eC; 


sign (so as not to change the value of the expression), the expression may be integrated, using 
[4], namely, 
yntl 
f vndv= +C. 
n+1 


1 2 il 
Thus, fe + vaibedemae [ (a ae b2q72)2 2 Padx=— 7 


1 (a2?+b222)! (a2-+ Ba)? 
202 3 3b 


Note. The student is warned against transferring any function of the variable from one side 
of the integral sign to the other, since that would change the value of the integral. 


14. f Ve = Bade =— 4 (ae — 29/340. 


15. fe ax? + 4 ba3)§ (2 aa + 4 bx) dx = 3 (3.ax? + 4bx3)5 + C. 
Hint. Use [4], making v=3az?+ 4623 and n= 4. 


16. fb (ax? + 8d2%)8 2 ac + 4 bx?) dx = (6 ax? + 8bat)8 + C. 


2 a 
Ws (ee ee 2 at at +O, 
(a? + a3)3 


Hint. Write this { (a2 + «3)—2 @°dx and apply [4]. 


18. (5 ON =i +: CO, 
V1 ee 


yt a 2 A 
19. f2nry(E+1)bay = 5" w+ pi + 0. 
p? 3p 
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20. {i 2asds a 10 
(b? — c?s?)2 whe — ¢?s?) 
3 axda 
4. tears b2 + ex? 2 i 

; 3 axdx LOL, 
Solution. B+ at = af Ry ae By [2] 
This resembles [5]. For let v=)2+ ex?; then dv=2exdx. If we introduce the factor 2e2 


after the integral sign, and os before it, we have not changed the value of the expression, but 


2e 
the numerator is now seen to be the differential of the denominator. 


adx exdx 


Therefore 


a (02-5 e722) 


8a fx Der ole 


ce 2, = ale e2y2 


262 


" log (b2 + e222) + C. By [5] 


By ea? 2 


ode en 
22. Saaz Pos -)+ log C = log C Vz? — 1. 


— 6 x2) 


log (a +1) + C@. 


ne) +C. 


ur-1 du 


2 
2 — log y§ + C, 


(2? — a) da 4 

23. Se pee log c (a8 — 3 aa). 

5 a2dx 1 

———_ —_ = log ¢ (10a? + 15). 
OS a 

25. (SS 5 badax 

———- 8a—6ba2 a 
et 3 a2 

veda x8 

26. = 

if i ee 3 

Hint. First divide the numerator by the denominator, 
2 
cpg =o — log @e + 3)24 C. 
en—l — 1 1 

- 28. dx = —log (x 
i x" — ne n B(e 

(y2—2)?dy_2 6 

29. f y> ‘- ys 2 7 9 
—-ldt 1 

30. if = —log (a + btn) + C. 

Sa a+ bt nb SACS ty ie 
7 31. iG (log a) = 1 (log a)t + 0. 

32, ie fear =" +74 2log(r—1) +6. 

Lf 


>: (a ate bun)i—m 


33. it 


Proofs of [6] and [7]. 


(a + bu’) m 


J wa 


bn (1 — m) 


These follow at once from the corre- 


sponding formula for differentiation, X and Xa, p. 145. 


INTEGRATION 


EXAMPLES 
For formulas [6] and [7]. 
Verify the following integrations. 


bax 
log a 


. (bared = C 
1 f va ax 5 + 


Solution. ip ba2=dx = b if aexda. 
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By [2] 


This resembles [6]. Let v=2x; then dv=2dz. If we then insert the factor 2 before dx and 


the factor 4 before the integral sign, we have 


bfa ade = — 5 f @e2dx =? f atea(22) 


2. fsede =8er+C. 


fe + at) de = 3 (e+ 2 ate 


4. il erdx = ner + C. 


i) 


b. f erters@e +2) da =1e+44+34 C, 


qn= bmx 


6. f (ave — bm) dar = 


7 f word — ater 
; ~ 1+loga 


nloga m log b 


= ght 2 a 
8. fete a) dz =a(et—e *) +0. 
9. fet enrdy =1(@r—e) +2y +0. 
10. feet—plerdt =p @er—18 +0. 


a1 — Stet log (1) +6. 
es—1 


e—1 
: dr = log (e” + 1)? —r+C. 
12 ie Fe es 


e 


13 i, ey a ee Lebigieg rs + 0. 
; az log a — log b 


2 xe 
=F +0. By [6] 


loga 


Proofs of (8]-[13}. These follow at once from the corresponding 


formulas for differentiation, XII, etc., p. 145. 
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sin vdy — sin vdv 
Proof of {14 fitan vdv -(=—" thea 
p f I COs VU COs VU 
eee (P (cos v) 
a COS UV. 
. =— log cosv+C by [5] 
= log secv+C. 
(Since —log cos v = — log see =—log1+logsecv=logsecv.] 
secv 


cos vdv =f d (sin v) 
gin v gin Vv 


Proof of [15]. freot vdv ==" 
= log sinv+C. By [5] 


csc v — cot v 
ioe ee ee 
Gse vi — CoOL” 


— ese v cot v + esc? 
Sese vdv = ——eo a dv 


ese v — cotv 


Proof of [17]. Since ese v = cse v 


-(*{22" v — cot v) 


ese v — cot v 
= log (ese v — cot v)++C by [5] 


yi Ee age 
sin Vv 


= log tan 5 + C. 


Proof of [16]. Substituting v es for v in [17] gives 


fese (» + a) dv = log tan € + a) i C. 


But ese (: ae om =sec v; therefore 


frsee vdv = log tan € + 2B + C. 
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EXAMPLES 
For formulas [8]-[17]. 
Verify the following integrations. 


cos2ax 
—+C. 


a fein 2 anda = — 


Solution. This resembles [8]. For let »x=2aa; then dv=2adx. If we now insert the factor 
2a before dz and the factor oe before the integral sign, we get 
a = 


Jf sin2 aede = 5 f sin 2x -2 ade 
a 


= gg J sn 2ae-a(@az) = J, — cos2ax +0 by [8] 
noes LEE. HS 
2 
5 
2. ff cos made =~ sin me + 0. Sy f 5 sec? bade => tan be + C. 
m b 
4, J (coss —sin 80)d0 = 3 sin= + }cos 80+ C. 
5. f 7 sec 8a tan 8ada = jfsec3a tC. 
ice 
6. feos (a + by) dy = 5 sin (a + by) + C. 


Th f cosec# x8. ade =—tcota+C. 


4 
8. f4 ese ax cot axdx = — ee ax+C. 


sin xda c 
if bcos x aN iy 
ae ‘(a + bcos x)b 


co 


10. f crore sin ede = — ecsx + C, 


da 1 
: = tan (a — bx) + C. 
ae Iie (a — ba) b ( ) 

(1 + cos «) da 


12. feos (log x) - =sinlogx+C. 14, = log (w + sin a) c. 


x + sin & 
d L sin ddp _ 
tis tf = ee tCObr aU: 15. f coud =sec¢+C. 


sin? — 
n 


16. f (tan a + cot a)?da = tana — cota +C. 
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“1% J woes — tan 8)?dg = 2(tan B — sec 8) -—B+C. 


al + sin @ 


18. fe +sin@ cos 6d0 = 
log a 


116), f (tan 2u —1)2du = } tan 2u + log cos 2.u + c: 


log (i — tan a tan y) 46 
tan a 


20. ftan y tan (y + a)dy =—y — 


Proof of [18]. Since : 


d (je tan vi + 0) —— ea Nee, = oa 2? by ESL Ve p- 145 
a a a Uv v+a : 
a 


dv 1 
we get Sayer gee, + ¢.* 


Proof of [19]. Since 2 i Wits i ( ire y 


A080 = a4 OG 
dv 1 iL i 
(all ee 


= 5 flog (v— a) —log (0 + a)} + C _ by [5] 


Proof of [20]. Since 


’) = aan dv 
40 ) ae —v 


(are sin — - + C » by XIX, p. 145 


a 
we get =are sin-+ C. 
a 


dv dv 1 v 
* Also a(; are cot = es c)= Sakae and Se — SS BES cot” = Se Cc’. Hence 


ad 1 1 
Saran ans + C=—- are cot = Pe Oe 


Since are tan” are are cot ee = we see that one result may be see transformed ea the other. 
The same nel of aisousson “oe be given for [20] involving are sins = Y and are cos 2 my and for [23] 


involving are seco ? and are ese = = 
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Proof of [21]. Assume Vv? + a? =z, a new variable. 
Then v°+a'=2’, and differentiating, 2 vdv = 2 zdz, or, 
dv dz 
a 
By composition in proportion, 
dv _dz_dv+dz_ 


2 v v4z je 
av dv + dz 
therefore ~~ ee ee 
Veta? Ute 
[Replacing z by its equal Vv? + a2.] 
dv + dz 
Hence ——— 
ST +a =f UE 
=log(v+2)4+C by [5] 
= log (v + Vv? + a’) + C. 
In the same way by assuming 
aa 
we get Pie ie Ui Ud yet ©. 
g | —— az g( q 


Proofs of [22] and [23]. These follow at once from the corre- 
sponding formulas for differentiation, XXIII and XXV, p. 48. 


EXAMPLES 


For formulas [18]-[23]. 
Verify the following ee 
de = 
1. Si — arc tan = —+C. 
4024 9 ~ 6 3 ee 


Solution. This resembles [18]. For, let v? = 4nd and a2?=9; then v= 22, 
‘dv =24da, and a=8. Hence if we multiply the numerator by 2 and divide in 
front of the integral sign by 2, we get 


dx af Qde 1 d (22) 


4a2+9 2/) (2x)2+4 (8)? 2/ (2a)? + (3)? 
ss By [18] 
a ee og, 3. ies = lero sin 2” + ¢; 
9a27—4 12  382%+42 — 9 a2 4 
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4. f a =F tog (ee + VO ex?) + C. 
Vb2 + e%m?2 e 


1 
ZS == log (by + V Oy? — a2) 4 C. 
2 STS b Cay ie ) 


5 ada 5 dx 2h 2m C 
6. a = Paresine Je Gy, 8. Javea a 5 + ¢. 


to oe =“ aretan = +6. 8), i 


wt arevers © 
at+tet 2Qe 3 


V6ax — x? 


10. log + C. 


at — b42  2ab bi — a 


ff edt e bt + a 


11. Ne ko 
3— 5s i 3 


eee 


cosada _ 1 sin a 
13. SS SO tan (= ) C. 
ike +sint2a a a 


t 
14. ae = arc sin ef + C. 
V1— et 


15. (hoe = arc sin (log x) + C. 
& V1 — log?” 


b 
16. 


+ C. 


Ut 
= arc sin 


rear 


BONG. 


a z 
— are tan 


i ee erk= 5 


da 1 a+i1 
5 od t ‘ 
18 ‘peared 5 one an 5 +C 


Hint. By completing the square in the denominator this expression may be brought to a 
form similar to that of Ex.17. Thus, 


da x “a z+1 
lL jee ace Rade +¢6. By [18] 
Here v=x+1 and a=2. 
dx S27 — 1 
iis) {SS = are sin + C. 
V2 -- 2 — 22 


Hint. Bring this to the form of Ex. 16 ne completing the square. Thus, 


_ 2u—-1 
=aresin 
Se ED = [oS (a2— 2) —— @—a+))+2 SS (@—)? 


Here v= x—} and a=. 


+0. By [20] 


—ar retinas 


20. C. 
(eae V3 V3 - 
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a 


ax 
21. ——_———. = arc sin (2% — 3)4+ @. 
Ss ( a 
dv i v—5 
22. ss SE 
Wes ee eae 
23. i ag = 1 log 2¥ #38 = V5 
Psy tl Ve “2y+84V5°-_ 
at 
24. Visas ome? VO +t+1)+C. 
az * 
25. S spar = tmz) +0. 
ds 
26. S Fear tat V2as + 8s?) +C. 
Qas 8 
27. i s = i are sec eee: 
2 Vc222 — g2p2 ab ab 
2 x2 
28. Fas = to vers 1828 +6. 
8 — 92 
— 
(6+ ex)dx b a @ z 
a4 29. rae = pe a athe poke + 2)+C. 
7 30. 22 —? dy = Slog (8.22 — 2) 5 yet V8— V2. g 
Wa 3S 4 3 oV6 23 +V2 


184, Trigonometric differentials. We shall now consider some 
trigonometric differentials of frequent occurrence which may be 
readily integrated by being transformed into standard forms by 
means of simple trigonometric reductions. 


Example I. To find | sin”2 cos" xdz. 


When either m or n is a positive odd integer, no matter what 
the other may be, this integration may be performed by means 


of formula [4], ot 
ford = = is 
n 


For the integral is reducible to the form 


f (terms involving only cos x) sin xdx, 
when sin z has the odd exponent, and to the form 


f (terms involving only sin x) cos xdx, 
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when cos z has the odd exponent. We shall illustrate this by 
means of examples. 


106¢, 1 Mba fsinta cos’ ada. 

Solution. i sin?a cos® ada = if sin? costx cos dx 
= fsinte (1 — sin? x)? cos «dx 28, p. 2 
= ye (sin?2 — 2 sinta + sin®«) cos adx 


= {i (sin x)? cos adx — 2 uf (sin #)4 cos xda + f (sin x)® cos xda 


_ singe 2sinox  sin’e 
3 5 7 
Here v = sin x, dv = cos xd, and n = 2, 4, and 6 respectively. 


+0. By [4] 


Ex. 2. Find if: cos? ada. 
Solution. f costadx = if cos? x cos xdx = f (1 — sin*2) cos xdx 


= {cos ada — fsinra cos xda 


ng 
— sing — =" ea C. 
EXAMPLES 
+3 eens a ya sin's 
1. | sin'adz = icos*z —cosz + C. 2. | sin?x cos zdz = 3 +C. 
5 
Sh fsintade =—cos¢ + = costa eee + C. 
: 2a in> 
4. fcossade = sin — 7 + — Z + C. 
in2 
» 5B. fein S$ cos sds = eee 
6. fcosta singedz =— tcosa + Leos’a + C. 
3 
le fcosta sin ada = — eae 
33 
* cos’ eda i sin? ada 
8. {= = csc « — — esc?a + C, > 9. i = 
cares 3 ae i er ee +cosa+C. 


| 10. faint cos? dg = 7, sin”  — x sin*¢ + C, 


Pei. faints cos’ ede = $sintg — <6 sin + 58, sin* 6 + C. 
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- 


a 5 
12. f 4g = - 2 Veosy (1 —* costy + dcosty) + 0. 
Y Veos y 5 9 


5 
13, (OEM 3 sinter —L inte + A sintty + ©. 
Vsint ” 2 7 


Example II. To find tan xdx, or freot" xrdz. 


These forms can be readily integrated, when n is an integer, on 
somewhat the same plan as the previous examples. 


- 


Bx. 1. Find i tant xda. 

Solution. f tant edz = fi tan?x (sec? x — 1) dx ; 28, p. 2 
= if tan? x sec? ada — f tan? xdx 
= f (ian x)?d (tan 2) — f (sects — 1) dz 


tan? a 
= ~ —tan¢e+e2+ C. 


e 


Example III. To find f sec" rdx, or af; esc” ada. 

These can be easily integrated when n is an even positive integer. 
Ex. 2. Find f sec® ada. 

Solution. feseo® ada = f (tanta + 1)? sec? ada 28, p. 2 
= f (tan «)* sec? xdx + 2 if (tan «)? sec? xda + He sec? ada 

_ tans tan’ a 


= 2 
5 VF 3 


+ tana + C. 


Example IV. To find ian" x sec” xdx, or {cota esc” xdx. 


When n is a positive even integer we proceed as in Example III. 


Ex. 8. Find ji tan® x sect ada. 


Solution. f tants sectadx = [tanta (tan2a + 1)sec*adx 28, p. 2 
= if (tan x)§ sec*ada + fh tan’ « sec? ada 
9 7 
ate ee. By [4] 


Tere v = tana, dv = sec? ada, etc. 
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When m is odd we may proceed as in the following example. 


Ex. 4. Find i tand x seckadx = i tan‘tz sec? x sec x tan rdx 


= f (sec?a — 1)? sec?a sec x tan xdx ° 28, p. 2 
= if (sec®a — 2 sectx + sec? x) sec x tan xdz 

7 5 3 
ee #4 S40. By [4] 


Here v = seca, dv = seca tan xdz, etc. 


EXAMPLES 
1. tant ada = a + log cosx + C. 
g 
2 
2. f cot? ade = — cone log sing + C. 


“FD. 
—> 3. J cots daz = — cot = + 8 cob +2+C. 

—~A. f covtade =— cota —2 + C. 
5. fcotada =— lcotta + }cot?a + logsina + C. 


6. Stans Edy = tantt 4 tan? / i + 4 log Bee ches C. 


¢ At 
=y 7. J sectads = = =, Sen Dn Re ee aoa 


> 8. fcsctada =— cota — Zoot — feota + 0. 


F % Srantosoet gag = ANE 4 BNE 4 o, 


10. if tan® @sec® 6d@ = + sec7@ — 1 sec5@ + C. 


6 8 
a 11. f cota esetade == oe = e =e) 


> 
4 12. f tanta sectada = see + sae + C. 
S 13. f tan y sec? ydy = 2 sec? y (=Y - 2 et +5) +0. 
14 OE = tana — 2cota — eos +. \ 


Fs ‘ tan4 a 
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15. f(tantz + tan*z) dz = ttan’z + C. 


16. fitant + cott)? dt = £(tan?¢ — cot?t) + log tan?t + C. 


ExampleV. To find i sin" x cos"adx by means of multiple angles. 


When either m or n is a positive odd integer the shortest method 
is that shown in Example I, p. 808. -When m and n are both 
positive even integers the given differential expression may be trans- 
formed by suitable trigonometric substitutions into an expression 
involving sines and cosines of multiple angles, and then integrated. 
For this purpose we employ the following formulas: 


sin u cosu=tsin 2 u, 36, p. 2 
sin’u=4—}cos2u, 38, p. 3 
cos’u=4+44cos2u. 39, p. 3 

Ex. 1. Find f cos? xda. 
Solution. f costada = f (, + } cos 2.) de 38, p. 3 


1 1 Cea 
— = =-—4+--—sin22+4+0C. 
of de +5 f cos2adx or i + 


Ex.. 2. Find f sin?a cos? ada. 


Solution. fsinta cos?ada = 1 f sin?2 ade 36, p. 2 
=} f (}—4cos 4a) de 38, p. 3 
==- gsi de + C. 


Ex. 3. Find i sin‘ cos*adz. 


Solution. if sintz cos?adz = if (sin @ cos #)? sin? dx 


= { }sin?2a(} — } cos 2a) de 36, p. 2; 38, p. 3 


1 f sin?2ada — 4 { sin?2« cos 2ede 


2 


=f (}—}cos4a)dx— } f sin?2 cos 2adz 


ae fig sin4da sin Ls @ 
16 64 48 
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Example VI. To find f sin mx cos nada, ij sin ma sin nadx, or. 
4g cos mx cos nxdz, when m + n. 

By 41, p. 3, sin ma cos nz = 4 sin(m +n)x +h sin(m—n)z. 

*. fosin mx cos nada = bf sin (m+ n)axdx + bf sin (m — n) xd 


cos(m+n)x cos(m—n)x 
— 2(m +n) 2(m — n) 


Similarly we find 


; P sin(m+tn)x  sin(m—n)x 
sin me sin ee SU ioe) Aaa 
2(m +n) 2(m — Nn) 
sin(mtn)xz sin(m—n)zx 
f cos ma cos nada = SUNOS OE sees el 
2(m +n) 2(m — n) 
EXAMPLES 
1. S costeds =2 4 Fsin2e +6. 
2. Ssintade = 2 S22, EE LG 
4 32 : 
ow . sin 2a sin 4a 
2) 8; fod = C. 
f costade Fac 4 aa 
, ; 
Sr gee Sf sintaae = 1 (52 —4sinan +92” 4 Seinae) +0, 
3 
eee Os S cosbade = 7 (504 4sin2%—% =f + Ssindz) + © 
sing2a ai sin4da 
6. int 2ada = — C. 
mo) fosin a COS? ada 48 76 64 ++ 
“a. J sint t cost tau = —-(3t—sinat + 54) 4 o, 
128 
8. Scos a sintade = (50 + Ssin?2¢ —sindz M82) 4 
128 3 8 


; cos8y cos2y 
). $3 ndydy = C. 
ae fc ¥ S81 yay 16 4 = 
10. ff sin bin 6 edz = — S222 SEO ee 
M 22 2 
ty ficos4s cos 7 sds = porte = oo C. 
123 f cos }asin Jade =—} cos + cos} Le +C. 


= 4 = 3. gin 13 3_ gin 5 
7 13. Jf cos8cos fade = fy sin Ya + yy sin fx +0. 


CHAPTER XXV 
CONSTANT OF INTEGRATION 


185. Determination of the constant of integration by means of 
initial conditions. As was pointed out on p. 290, the constant 
of integration may be found in any given case when we know the 
value of the integral for some value of the variable. In fact it is 
necessary, in order to be able to determine the constant of inte- 
gration, to have some data given in addition to the differential 
expression to be integrated. Let us illustrate this by means of 
an example. 

Ex. 1. Find a function whose first derivative is 32 — 2a” + 5, and which shall 
have the value 12 when x = 1. 

Solution. (82?—2ax+5) dz is the differential expression to be integrated. Thus, 


f G2? 20 + 6)de =a) — 22+ 5040, 


where C is the constant of integration. From the conditions of our problem this 
result must equal 12 when 7 =1; that is, 


12=1—1+540C, or, C=%. 
Hence «3 — a2 + 5x2+7 is the required function. 


186. Geometrical signification of the constant of integration. We 
shall illustrate this by means of examples. 


Ex. 1. Determine the equation of the curve at y 
every point of which the tangent has the slope 22. 
Solution. Since the slope of the tangent to a curve 


at any point is a we have by hypothesis 
x 


dy == FG, 
da 
or,. dy = 2xdz. 
Integrating, Y= 2 f xde, OF, 
(A) y=a +0, 


where C is the constant of integration. Now if we give 
to Ca series of values, say 6, 0, — 3, (A) yields the 
equations 


y=u+6, y= 2, y = x — 8, 
309 
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whose loci are parabolas with axes coinciding with the axis of y and having 6, 0, — 3 
respectively as intercepts on the axis of Y. 
All of the parabolas (A) (there are an infinite number of them) have the same 
value of s, that is, they have the same direction (or slope) for the same value of 2. 
de 


It will also be noticed that the difference in the lengths of their ordinates remains 
the same for all values of «. Hence all the parabolas can be obtained by moving 
any one of them vertically up or down, the value of C in this case not affecting the 


slope of the curve. 
If in the above example we impose the additional condition that the curve shall 


pass through the point (1, 4), then the codrdinates of this point must satisfy (A), 
cone 4 See orc 2 
Hence the particular curve required is the parabola y = 2? + 3, 


Ex. 2. Determine the equation of a curve such that the slope of the tangent to 
the curve at any point is the negative ratio of the abscissa to the ordinate. 


Solution. The condition of the problem is ex- 
pressed by the equation 


ep So 
dey 
or, separating the variables, 
ydy = — «du. 
é y? x 
Integrating, —~=——40, 
2 2 
or, 24+ y2=20C. 


This we see represents a series of concentric circles 
; with their centers at the origin. 
If, in addition, we impose the condition that the curve must pass through the 


point (3, 4), then 9416-20. 


Hence the particular curve required is the circle x2 + y2 = 25. 


187. Physical signification of the constant of integration. The 
following examples will illustrate what is meant. 
Ex. 1. Find the laws governing the motion of a point which moves in a straight 


line with constant acceleration. 


Solution. Since the acceleration 2 ee from (14), p. 105 | is constant, say J, 
we have dt 


dw 
apo 
or, dv = fat. Integrating, 
(A) O if te (Ce 


To determine C, suppose that the initial velocity be vo; that is, let 
2 = Uo when ¢=0. 
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These values substituted in (A) give 


Vo = 0 C = 
Hence (A) becomes : ea 


(B) v=ft+ vo. 
é ds 
Since v Sr |), p. 108 | » we get from (B) 
ds 
dt — HG a Vo, 
or, ds = ftdt + vodt. Integrating, 
(C) efter ue Ce 


To determine C, suppose that the initial space (= distance) be so; that is, let 
8 = So when ¢=0. 
These values substituted in (C) give 


S$ =0+040C, or, C=8: 
Hence (C) becomes y bigs ? 


(D) s= i fl? + vob + So. 


By substituting the values f= g, v9 = 0, 8% =0, s =h in (B) and (D) we get the 
laws of motion of a body falling from rest in a vacuum, namely, 


(Ba) v=gt, and 

(D a) h=i 90. 

Eliminating t between (Ba) and (Da) gives 
v=V2gh. 


Ex. 2. Discuss the motion of a projectile having an initial velocity vo inclined 
an angle a with the horizontal, the resistance of the air being neglected. 


Solution. Assume the XY plane as the plane of motion, OX as horizontal, and 
OY as vertical, and let the projectile be thrown from the origin. 

Suppose the projectile to be acted upon by 
gravity alone. Then the acceleration in the hori- 
zontal direction will be zero and in the vertical 
direction — g. Hence from (15), p. 105, 


ar = 0 and SY = — 9. olhasa 
Integrating, Vp = Cy and vy =— gt + C2. 
But Vo CoS a = initial velocity in the horizontal direction, 
and Vo sin a = initial velocity in the vertical direction. 
Hence C, = v9 cosa and Cy = vp sin a, giving 
(E) Vz = V9 cosa and vy =— gt + vosina. 


But from (10) and (11), p. 104, wv: = * and v, = “ ; therefore (£) gives 


dx d P 
== 19) 60) and — =— gt + vosin 
OR rl tee, 


or, dx = vo cds adt and dy = — gtdt + vo sin adt. 
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Integrating, we get 
(Ff) Z=vcosa-t+ C3 and y=— 1g? + vosina-t+ C4. 
To determine C3 and C4, we observe that when 
=O, 2=O ancl 7 So: 
Substituting these values in (F’) gives 
Gx OnandeCa— 0; 


Hence 
(G) ‘ v= vo cosa-t, and 
(1) y=—ig?+ vsina-t. 
Eliminating ¢ between (G) and (H), we obtain 
gx? 
it = tale = 
(2) y 2 V2 costa’ 


which is the equation of the trajectory, and shows that the projectile will move in 
a parabola. 


EXAMPLES 
Find the function whose first derivative is 


2 
7 1. «—8, knowing that the function equals 9 whenz=2. Ans. = — 32+ 13. 


fg 2. 3+ a —522, knowing that the function equals — 20 when z = 6. of bat 
. Ans. 804+ 3824 — — —. 
2 3 

3. (y8 — b®y), knowing that the function equals 0 when y = 2. 


2 
Ans. EP 


“ Y" p24 
i. 2S ae 


4. sina + cosa, knowing that the function equals 2 when a = ~ 


Ans. sina —cosa+1.~ 


1 1 
- 5. oar’ knowing that the function equalsO0 whent=1. Ans. log (2¢—t?). 


Find the equation of a curve such that the slope of the tangent at any point is 


83 x2 
6. 8% —2. ANS) Y= —— Gs 
; pe y 2 a. 
2 Yo BAB Ans yi ce*. 
/ 3 ; 
= 8. 22+ 5a, the curve passing through the point (0, 3). a8 Bat 
Ans. Y ae treme 


G} s the curve passing through the point (0, 0). Ans. y2 = 2 pa. 


(aay 
oy 10. a the curve passing through the point (a, 0). Ans. bx? — a2y2 = a22. 


7 11. m, the curve making an intercept b on the axis of y. Ans. y= mex -+b. 
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Find the relation between x and y. knowing that 
dy « 


12. = Ans ———— : 
ag Che ii 2 57g 
13. «dy + yde = 0. ATE, aap = Ci. 
Oi?  Tkesae ‘ 
— aa Se Ans. «2+ y24+2%—2y=0. 
15. (1—y)de + (14+ 2)dy =0. Ans. log + * = ¢ 
: 2 aes o 


16. Find the equation of the curve whose subnormal is constant and equal to 2a. 
ne ee Ans. y?=4ax + C, a parabola. 
Hint. From (4), p. 90, subnormal= y ee 
ax 
17. Find the curve whose subtangent is constant and equal to a [see (3), p. 90]. 
PANS Alogi —1a Os 
18. Find the curve whose subnormal equals the abscissa of the point of contact. 
Ans. y? — x*=2C, an equilateral hyperbola. 
19. Find the curve whose normal is constant (= R), assuming that y = R when 
t= 0: Ans. x2? + y2 = R?, a circle. 
s/n (a ay 
Hint. From (6), p. 90, length of normal=y V 1 =) » or, de= =+(h2—y?) 2ydy. 
2. 


20. Find the curve whose subtangent equals three times the abscissa of the 
point of contact. AS, @ = COP, 


21. Show that the curve whose polar subtangent [see (7), p. 99] is constant is 
the reciprocal spiral.. 
22. Show that the curve whose polar subnormal [see (8), p. 99] is constant is 
the spiral of Archimedes. 
23. Find the curve in which the polar subnormal is proportional to the length 
of the radius vector. cAlns) p= cer’. 
24. Find the curve in which the polar subnormal is proportional to the sine of 
the vectorial angle. Ans. p=c—acos 6. 
25. Find the curye in which the polar subtangent is proportional to the length 
of the radius vector. ; Ans. p= ce%?. 
26. Determine the curve in which the polar subtangent and the polar subnormal 
are in a constant ratio. Ans. p= ce, 
~ 97 . Find the equation of the curve in which the angle between the radius vector 
- and the tangent is one half the vectorial angle. Ans. p=c(1 — cos). 
Assuming that v = v) when ¢=0, find the relation between v and ¢, knowing 
_ that the acceleration is 
28. Zero. Ans. V = Vo. 
29, Constant = k. Ans. v= + kt. 


bt? 
30. a+ Ot. ‘ Ans. ee 


314 INTEGRAL CALCULUS 


Assuming that s=0 when ¢=0, find the relation between s and ¢, baht 
that the velocity is 


31. Constant (= %o). Ans. $= Ul. ‘ 
2 nt? 

32. m+ nt. Ans. s=mt+ me 

$3. 3-- 2% —38. Ans. s=3t+#— €. 


34. The velocity of a body starting from rest is 5¢ feet per second after ¢ sec- 
onds. (a) How far will it be from the point of starting in 8 seconds? (b) In what 
time will it pass over a distance of 360 feet measured from the starting point? _ 

Ans. (a) 45 ft.; (b) 6 seconds. 


35. A train starting from a station has after ¢ hours a speed of # — 217 + 80¢ 
miles per hour. Find (a) its distance from the station; (b) during what interval 
the train was moving backwards; (c) when the train repassed the station; (d) the 
distance the train had traveled when it passed the station the last time. 

Ans. (a) +t —7# + 40¢ miles; (b) from 5th to 16th hour; 
(c) in 8 and 20 hours ; (d) 46581 miles. 


36. A body starts from O and in ¢ seconds its velocity in 

Y the X direction is 12¢ and in the Y direction 4t2—9. Find 
(a) the distances traversed parallel to each axis; (b) the dis- 

tance traversed along the path ; (c) the equation of the path. 


Ans. Dehn, —9t; 
6 Be (b) s= Fe 498; () y= (22-0)yf 


37, The equation giving the strength of the current ¢ for the time ¢ after the 
source of E.M.F. is removed, is (R and L being constants) 


ie, dt 
dt os 
Find i, assuming that I = current when ¢ = 0. Ans, i= Ie 4, 


38. Find the current of discharge 7 from a condenser of capacity C in a circuit 
of resistance R, assuming the initial current to be Io, having given the relation 
di dt 
Gy ; 
C and R being constants, Ans. i= Ipecr, 


CHAPTER XXVI 
INTEGRATION OF RATIONAL FRACTIONS 


188. Introduction. A rational fraction is a fraction the numerator 
and denominator of which are integral rational functions.* If the 
degree of the numerator is equal to or greater than that of the 
denominator, the fraction may be reduced to a mixed quantity by 
dividing the numerator by the denominator. For example, 


+32 5243 
Se Ee fe ea ay a ae ened 
er Do. ans ee OTT] 


The last term is a fraction reduced to its lowest terms, having 
the degree of the numerator less than that of the denominator. 
It readily appears that the other terms are at once integrable, and 
hence we need consider only the fraction. 

In order to integrate a differential expression involving such a 
fraction it is often necessary to resolve it into simpler partial frac- 
tions, i.e. to replace it by the algebraic sum of. fractions of forms 
such that we can complete the integration. That this is always 
possible when the denominator can be broken up into its real prime 
factors will be shown in the next section.} 

189. Partial fractions. Consider the rational fraction 


F(2) 
F (2) 
reduced to its lowest terms, the degree of the numerator being less 


than that of the denominator. If a occurs a times as a root of the 
equation f(x) = 0, we may write 


S(t) = (& — a)° (2), 


(A) 


* That is, the variable is not affected with fractional or negative exponents (see § 25, p. 16). 
+ Theoretically, the resolution of the denominator into real quadratic and linear factors is 
always possible when the coefficients are real, that is, such a resolution exists. 
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where $(z) is not divisible by x—a. Therefore ¢(a) + 0 since a is 


not a root of ¢(z)=0. We may then write (A) in the form 
F(z) 
B eee 
a @— a6) 
The equation | 
D(C) ee F(z) A 


f(t) («—a)* (e—a)*p(x) (x—a)* 
is evidently true for any value of A. 

Combining the last two fractions, 

Tc) ae ee ean 
S(z) (e—a)j* (e—a)* (2) 

Now let us determine the value of 4 so that the numerator of 
the last fraction in (C’) shall be divisible by —a. In that case 
x= a will be a root of F(x) — Ag(a) = 0, and hence 
F(a) 

(4) 


(C) 


F(a)— Ad(a)=9, or, A= 


This value of A is finite since ¢(a) # 0. 
Having now determined the value of A so that x—a shall be a 
factor of F(x) — Ad(x), we may write 
F(@)—- A$(@)=(¢— 4) F,@), 


where the degree of the new function F, (2) is less than the degree 


of (x — a)*""$ (2). 
Hence from (C) 


F(z) _ oA iO 
S(@)  (@—a)*  (w—a)*"*$ (a) 


If a>1, we proceed in the same manner with the second fraction 
on the right-hand side of (D), giving, say, 


(D) 


Ey (a) cs Ab, F, (x) 

E Se) gee 

Gay 6@) aa * @ aol)’ 
where A, = Zien 


$ (4) 
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Continuing this process, we get 
Aas F(x A A, A 
Gy FQ) _ G(x) 


Fe) @= ap" @a att teat bey 
where G'(z) is of lower degree than $(z), and ¢(z) does not contain 
the factor x — a. 
If now 6 occurs 8 times as a root of f(x) = 0, it will also occur 
8 times as a root of (x)= 0, and we may break up 
= ete) 
p (2) 
into a sum of partial fractions in exactly the same way as we 
decomposed the original fraction. 

From the preceding discussion it follows that if a, }, c,--.,1 are 
roots of the equation f(z) = 0, occurring respectively a, 8, y, ---,» 
times, the given rational fraction may be broken up into a sum of 
rational fractions as follows: 


L(G) he ee A A, Le 
(@) F(e) (@—a)* Gage Ore 
B 18 
Ce) 
L l, Ly. 
"ep ey Tat 


Since every equation of degree m has n roots, it is evident that 
there will be as many partial fractions as there are units in the 
degree of f(z). 

Instead of finding the constants A, A,, ---, B, B,,---, LZ, L,, --- by 
the method indicated above, it is more usual to clear (G) of frac- 
tions. This makes F(z) identically equal to a polynomial in x of 
degree not greater than n —1 [assuming n as the degree of F'(x)] 
and therefore containing at most m terms. Since this identity 
holds true for all values of x, we equate the constant terms and the 
coefficients of like powers of x on both sides. This gives  inde- 
pendent and consistent equations, linear in the constants required. 
Solving these » simultaneous equations we get the m constants 
Ai A em eB pest, La Lis 
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190. Imaginary roots. Equation () on p. 317 holds true when 
some or all of the roots a, 6, ¢,---, / are complex (see § 11, p. 9). 
When the coefficients of #(x) and f(x) are real—and this is the 
only case we shall consider — we may avoid the complex numbers 
and put our results in real form as follows. 

Suppose, for instance, that the root 6 is complex. It may be 
written in the form bag thi, 


where g and / are real numbers and 7 = V — 1. Then there must 
be a second complex root, say ¢, conjugate to 6, namely, 
C= g — hi. 

If 4 occurs 8 times and e occurs y times, we see that 8 must 
equal y. From the manner in which B, is -.+ C, Ci, +». were deter- 
mined it is evident that if 
Bea do High AG tL ees 
we shall have 

Ca Gia = Cr 

Hence the sum 


(A) 


may be expressed in the real form 

(B) v (2) — 

[(e—g) + HP 

where the denominator is of degree 28 and the numerator of 
degree not greater than 28—1. Let w,(z) be the quotient and 
P,x +, the remainder found in dividing (2) by [(x—g)?+ A]. 
Th 

A + (a)=[(@— 9) + Fl @) + Pye + Qy 
and (B) may be written in the form 

(0) 4 (2) Per Q, +2) 

[(@—g + PP [eg + PF [@— 9 +B 
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Similarly the second fraction on the right-hand side of (C’) may 
be written in the form 


(D) v1 (2) = Px + Qs kl We (2) : 
[es9) -P [e—gP +h -[(e— 9) WP? 


Continuing this process, (A) gives finally 


B Bes B 
E 1 oo TE 
a (a — 6)8 eminets Age b 
oo", C C; Cp-1 
Se eM eee eS BS o 
Pyex+Q, PX + Vs Pat + Vp 


[eg +P eg EP eg 

ihe coeticients P7.0,, 6, Q., 5 Pe, Gg are calculated by the 
same method we employed to calculate the coefficients in the last 
section. 

We shall now proceed to illustrate what has hes said by work- 
ing out numerous examples in detail. It is convenient to classify 
our problems under the following four-heads. 

Case I. When the roots of f(z)=0 are all real and none 
repeated. The denominator may then be broken up into real 
linear factors, none of which are repeated. 

Case II. When the roots of f(v)=0 are all real but some 
repeated. Then the denominator may be broken up into real 
linear factors, some of which are repeated. 

Cass III. When the equation f(x) = 0 has some imaginary roots, 
none of which are repeated. Then the denominator may be broken 
up into a product of real prime factors, there being a real quad- 
ratic factor (factor of the second degree) corresponding to each 
pair of conjugate imaginary roots. 

CasE IV. When the equation f(z) = 0 has some imaginary roots 
repeated. The corresponding quadratic factors are then eae 
in the denominator. ~ 

When we speak of factors of the denominator we shall mean only 
real prime factors, as these include all the types that can occur.* 


* If the coefficient of the highest power of the variable in the denominator is different from 
unity, we begin by dividing both numerator and denominator by this coefficient. 
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191. Case I. When the factors of the denominator are all of the 
first degree and none repeated. 

It is evident from (@), p. 817, that to each non-repeated linear 
factor, such as x — a, there corresponds a partial fraction of the form 
A 
ca 
Such a partial fraction may be integrated at once as follows: 


Adu dx 
= = Al — : 
f Af og (x — a) + C 


L— 
Ex. 1. Find pes (eae eee 
34+ a2—2a 
Solution. The factors of the denominator being x, x —1, x + 2, we assume * 
2%+3 A B C 
(A) a +t 


x(x — 1) (@ + 2) Coo all 2+2° 
where A, B, C are constants to be determined. 

Clearing (A) of fractions, we get _ 

(B) 2x2+38=A(e—1)(@+2)4+ Be+2)x+C(e¢—-1)a 

=(44+ B84 0)24(44+2B—C)a—-2A4. 

Since this equation is an identity, we equate the coefficients of the like powers 
of x in the two members according to the method of Undetermined Coefficients, 
and obtain the three simultaneous equations 

A+B+C=0, 

{4+2B—c=s 
—2A=83. 


(C) 


Solving equations (C), we get 
A=—3, B=8, C=-1, 
Substituting these values in (A), 
Pete ee ae 
x (@ — 1) (@ + 2) 38(¢—1) 6(%+4 2) 


2243 
i cane a) ae oi oleae es 


=— $loga + $log(a —1) — dlog(@ + 2) + loge 


= SO Ans. 
a? (x + 2)8 
A shorter method cf finding the values of A, B, and C from (B) is the following : 
Let factor 7 =0; then 3 =— 24, or, A=—3, 
Let factor x —1=0, or e=1; then 5=8B, or, eae 


Let factor +2=0, or x=— 2; then —1=60, or, C= 


*In the process of decomposing the fractional part of thé given differential neither the 
integral sign nor dx enters. 
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EXAMPLES 
1 (@—I)dx _ ee c(@ + 4)3 
J 24+62+8 _ (a +2)! 
(Bx —1)dx _ : 
eg ee ee 9), 
(x? + % —1) dx ae hee 
e+ ataee, OEY t= 2) eA 8) O. 
rat g42 8 8 72 Vite IE 
4. ii See ee +2 +404 log@ 2“? 1g, 


xe — 4a 3 ~ (a + 2)8 


atda x 1 %—1 16 
5. = so o 
ermeny Peres 5) aa ce oF 3 los (@ + 2)+C. 


(x + 1)8 
(a — b) ydy (y — a) 
6. = 
i ie: Duce Trees 
(P+pqdt _, (¢—pv)¢+ 
ié—nt+o 8 t ge 
3 (ae —5)de _ 1 4@ 22 1 geen, 


= 0g + =lo 
oF EO MoVo 82 tye  2N8 7-3 


192. Case II. When the factors of the denominator are all of the 
jirst degree and some repeated. 


From (@), p. 817, it is clear that to every n-fold linear factor, 
such as (x — a)", there correspond the n partial fractions 
A B 
(2—a)" (%—a)" Lorre 


The last one is integrated as in Case I. The rest are all inte- 
grated by means of the power formula. Thus, 


Adz ote ae A 
la (an Gans eh 


1 
Ex. 1. Find ee ls 
© (& — Ta 
Solution. Since x — 1 occurs three times as a factor, we assume 
e+1léoA B C D 


a(@—1)e «x Cia tek 


Clearing of fractions, 
g8+1=A(e—1)? + Be + Ox(x@ —1) + De(w —1)? 
=(A + D)e8+(—844+ C—2D)224+ (84+ B- C+D)x—A 
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Equating the coefficients of like powers of x, we get the simultaneous equations 
A + DS 1, 
Al Se Oh DAI) 0, 
844+ B—C+D=0, 


ai ik 
Solving, A =—1, B=2, C=1, D=2, and 
2 
Fo eee 
* fsgrai@=— 8? - Gogg tee +e 
SS 
EXAMPLES 
ie ee ae 
2. ie ee =, Alga? + C. 
aoe = ean + log @—1) +0. 


(8a + 2) da Ag 3 heed 
4 = 1 C. 
i a (a = 1)8) 2 (a = 1)? FE ip 


rda ” naa te ile (2) C. 


5. = og 
(e+ 2)?2@+ 4)? 22462748 + 2 


x 
y?dy 4 
6. = log ak Gs 
giao tas woods gs (y -- 1) 


dt t 1 £9, 
Te a= + —log + C. 
Sex 4(2—2) gvo “t_voa 
as?ds 2 a2 a3 
Be bes — =alog(s+a — Gi, 
OR gas oypean 


m Nz n2 
9, = dz=1 m = 
Ges pea) @ = log (z + m)™(z + n) prey 


193. Case III. When the denominator contains factors of the 
second degree but none repeated. 

From (£), p. 319, we know that to every non-repeated quadratic 
factor, such as a+ px + q, there corresponds a partial fraction of 
the form Ax +B 


P+ prt gq 
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This may be integrated as follows: 


Ap _ Ap 
(de + B) de (oan 2) oe 


Pee a+ pe+y 


[ Adaing and subtracting “Pi in the numerator. | 


Witete je =e a) da (- ee ae b) daz 
jee] pave 


ae) e+ pe+q 


(22+ p)dx 2B— Ap da 
4 paren, 2 ek oe D 
(+5) +4) 


(Completing the square in the denominator of the second integral.] 
2c0+p 
=+lo a + px + eee Dare tape ab ©, 
DORON rer oe cre 
Since 2? + px + g=0 has imaginary roots, we know from 8, p. 1, 
that 4q—p’> 0. 


4 dx 
3 +42, 


joe, Ul, lavbayel is 


4 _A , Be+C 
a(a2+4) «© a2+4+4— 
Clearing of fractions, 4 = A (x? + 4) + «(Be + C)=(A + B)a? + Cx+4A. 
Equating the coefficients of like powers of x, we get 
PAN yD ==) 0 Op 0 AVA Gt 
4 eel x 
a(@+4) 2 o+4 


Solution. Assume 


This gives A =1, B=—1, C=0, so that 


; Ioee 5S aera 


1 cx 
=I Som (ied) onc — 0c AIS 
US ie A a Se err 
EXAMPLES 
2 
The Hf: Be Te ae “are tan > coe. 
(+) @+4) 10 °° @ +1)? 
ae re cae EC. 


"(202 — 3a — 8) dx (x? —2”+ 5)? 
eal: = log 
(« — 1) (2? — 2@ + 5) x —1 


aides eae  _ “arctan + 0. 


ae fe 
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4 1 
2 — are tan 2 + C. 


s 1 
in eee een 2 


(x3 — 6) dx xe? + 4 38 re 3 a 
-y O. ——__———_ =lo + —arc tan — — —~arc tan — + C. 
4 Meee ee 2 2 V9 V2 


Vine S = 
B le ; eee Nae Flow” Bd Os a tae Le Se aretan a @ 
ax 3 rs 


243) (a2—2a+5) +3 2 2 


dx oO Wy = I) 
he =e —__—~_ + —— arc tan — + (i, 
ee 6 Pa eee V3 


ec 


ie 


=e 22dz a V2 
29, = log (== -) are tan —— C. 
f ae Gnas 3 V3 # 


a) 2, 
a au OSU fi ee 
et ded 9 e+ i1)2 2 2 


2 ¢ V2 
a LO: fe oo EY Dele Vevey ee +C. 
#41 we Poive+ Reg 
dy a gt Oe tae 2yt+1 
1? == —are tan + C. 
7 heme “ey+1 VB v3 


194. Case IV. When the denominator contains factors of the 
second degree some of which are repeated. 

To every n-fold quadratic factor, such as (2?+px+q)”, there 
correspond the n partial fractions 

(A) VAG 4B (Cfo 1 10 ne Le Me ‘ 
(+ pr+gy" (+ pet gq a + px + q 


To derive a formula for integrating the first one we proceed 
as follows: 


Ap. Ap 

Wp es ee 

fgttt® ara [ i oe de 
(7 + px+q)" — (2 + px + q)" 

Ap 


[Adding and subtracting = in the numerator. | 


a(ee +) ae jee 


+ 
(a + px + q)" (x* + px + ¢)" 


4 u ae d 
55) rare @s+p)de+( 2 VW ereres 
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The first one of these may be integrated by [4]; hence 


32 Gea 52 A 
B Astaire mag oe 
ae di (v + px + q)" 2(1 —n) (a? + px + q)""" 


ere a) dx 
2 (2 + px + q)” 


x ny 
Let us now differentiate the function ——~__+__. 
Cas ag) 
Thus, 
P = ay 
| ats |. 1 mee H(>+4) re 
CAC pea espe gs Be Ape no & 


3 eee 
v (e+ pu+ gy 


eee) Ga) “a I" 
1G ee eae | 


; 2 2 2 2 
[ Since v4 pe+q= (c+?) +(q-"), and (7 +2) = (a+ pe+a)—(4 =) ‘| 


Integrating both sides of (C), 


he 
35 dE 


@e peg)? ( Sq pe 1 g)s* 


p Og 
Wee NM eases 


or, solving for the last integral, 


dx 
my, (a 
( J gezerrengs 2in—1)(g—E) @* + pe + gy" 


a D3 90) —— 3) f dx . 
2 ara Ca. n-l1 
2@—1 (9-4) (e+ prt 9) 
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Substituting this result in the second member of (B), we get* | 


E) (Ax + B) dx _ A(p? — 49) + (2 B— Ap) (20 + p) 
Cd becnerey +pxe+g” 2(n—1)4q—p?) (e+ pu t+ qr 


sia Ee FN) f neha, 

(n—1)(4q—p*) J (e+ pet qr 

It is seen that our integral has been made to depend on the 
integration of a rational fraction of the same type in which, how- 
ever, the quadratic factor occurs only n—1 times. By applying 


the formula (#) n—1 times successively it is evident that our 
integral may be made ultimately to depend on 


f dx 
4+ pe+q 


and this may be integrated by oe g the square, as shown 
on p. 302. 
In the same manner all but the last fraction of (A) may be 
integrated. But this last fraction, namely, 
JOG Se NL 
Ze pe q 
may be integrated by the method already given under the previous 
case, p. 828. 
(x8 + oe? + (23 + 2? + 2) da 
(x? + 2)2 
Solution. Since x? + 2 occurs twice as a factor, we assume 
e+a2+2 Ag+ B  Cx+D 
(x? + 2)2 (x2 + 2) +42 
Clearing of fractions, we get 
8 + a24+2 = Ae + B+ (Cx + D) (a2 + 2) 
= Cx? + Dx? + (4+2C)2+B+4+2D, 
Equating the coefficients of like powers of a, 
C=1, D=1, A+2C=0, B4+2D=2. 


xls Find f | 


This gives Ale we; Cail, =i, 
Hence ie ae } oa Ue and 
(x? 4 2)2 (a2 + 2)2  o24+2 
(a8 + x? + 2) dx 2 ade ada dx 
(x? + 2) “ less +\ey3atlac 
il 


1 x it 
= = tf, — ney o (72 
a on ana ge 2 oe +2)4+0C. 


*4q—p*>0, since «2+ px + q=0 has imaginary roots. 


. 


fee 
o 
al (4a2—82)de _ —-- a2? —& (e —1)2 
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Ex. 2. Find rere aN 
(a? + 1)2 
Solution. Since «2 + 1 occurs twice as a factor, we assume 
2e8+%+3 At+B  Cx+D 
(a? 41)? ~ (241)? g24]1 
Clearing of fractions, 
203 +a%+3= Ax + B+ (Cx + D) (a? +1). 
Equating the coefficients of like powers of x and solving, we get 
A= IPSS OO DK) 
3 
Hence (= haa eo ay alee 
(a? + 1)2 (a2 + pe w+ 
w+ 3 a 
=] ai ote 
og (x? +- 1) eae +2" 
Now apply formula (£), p. 326, to the remaining integral. Here 
Jail, I= 8 = CO) 1 Se 
Substituting, we get 
—£+3 face 14+ 38a (= _ 1430 +5 are tan a, 
(a2 + 1)2 2 (a? + 1) to) B41 ~ 2(a? +1) 
Therefore 
242 a 3 1+3¢e 3 
peace oN (721 eo areca te Os 
if ee oe, 
EXAMPLES 
e+tae—1 2— 1 x 
ie ee Jes sie ee 2 16 a2 + 2)3 are tan —— + C. 
Gap aya +8 v2 v2 
2, — 
i 2 adx ops x—1 40 
(1+a)(1+a2)2 4 ~(~+1)?  2(2?+1) 
‘ 3 
tet Te ay = 9 4 10 5 Plog (a? +2) — 9 log (a? +3) +0. 
(a2-+2)2(a2+48)2 2(a24+2) ‘ a24+3 2 


+ log 


(a —1)2 (a2 +1)? («—1)@?+1) ge? + 1 
— xe — 3 
5. al (8%+2)de 18% cies 4 26 ae tere 4¢. 
(a? — 82438)? 38(@%-382+38) 33 


+ are tan © + C. 


‘Since a rational function may always be reduced to the quotient 
of two integral rational functions (§ 26, p. 16), i.e. to a rational 
fraction, it follows from the preceding sections in this chapter 
that any rational function whose denominator can be broken up 
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into real quadratic and linear factors may be expressed as the 
algebraic sum of integral rational functions and partial fractions. 
The terms of this sum have forms all of which we have shown 
how to integrate. Hence the 

Theorem. The integral of every rational function whose denomi- 
nator can be broken up into real quadratic and linear factors may 
be found, and is expressible in terms of algebraic, logarithmic, and 
inverse-trigonometric functions; that is, in terms of the elementary 
Sunetions. . 


CHAPTER XXVII 


INTEGRATION BY SUBSTITUTION OF A NEW VARIABLE. 
RATIONALIZATION 


195. Introduction. In the last chapter it was shown that all 
rational functions whose denominators can be broken up into real 
quadratic and linear factors may be integrated. Of algebraic 
functions which are not rational, that is, such as contain radicals, 
only a small number, relatively speaking, can be integrated in terms 
of elementary functions. By substituting a new variable, however, 
these functions can in some cases be transformed into equivalent 
functions that are either in the list of standard forms (pp. 292, 298) 
or else are rational. The method of integrating a function that is 
not rational by substituting for the old variable such a function of 
a new variable that the result is a rational function is sometimes 
called integration by rationalization. ‘This is a very important arti- 
fice in integration and we will now take up some of the more 
important cases coming under this head. 

196. Differentials containing fractional powers of + only. 

Such an expression can be transformed into a rational form by 
means of the substitution 


nr 


Ray 
where n ts the least common denominator of the fractional exponents of x. 

For 2, dz, and each radical can then be expressed rationally in 
terms of z. 


2 3 
ee — at 

— dx. 
2 


Ex. 1. Find af 
HV) 


Solution. Since 12 is the L.C.M. of the denominators of the fractional expo- 


nents, we assume 2 = 212, 


z uh 
Here dx = 122dz, x3 = 28, xt = 28, x? = 28. 


$3 ot ees 
af = ©" dx = f 12 ade = 12 f (2 — 2) de 
Z 


a 


ie Ape 
= $2’ 4294 C= Sat — 424+. 


[Substituting back the value of z in terms of #, namely, p= 0X4, | 
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The general form of the irrational expression here treated is then 
R (’ dx, 
where & denotes a rational function. of 2”. 
197. Differentials containing fractional powers of a + bx only. 


Such an expression can be transformed into a rational form by 


means of the substitution 
a+ br= 2", 


where n is the least common denominator of the fractional exponents 


of the expression a + ba. 
For x, dz, and each radical can then be expressed rationally in 


terms of z. 


Bx, 1. Find f ‘ed m 
(1+ a)? + (1+2)3 
Solution. Assume l+ec=2; 
then dx =2zdz, (14+ 2)?= 23, and (142)? =z. 


af dx hee =f 2z2dz _ dz 
(1 4 a)? 4 eed it a)? z+ A 2 eg 

= 2 arc tan z + C =2arc tan (1+ 2)? +0, 
when we substitute back the value of z in terms of z. 


The general integral treated here has then the form 
1 
Ra, (a+ bx)"] dz, 


where #& denotes a rational function. 


EXAMPLES 


— 
ww! & 
1H 
Q 
8 
| 
Co] > 
8 
we 
i 


— 3 log (a +1)+¢. 


fa = Gat 6 all) +0. 
at o\0" 4 as 


; 
z il 6 12 
mgh Sone = += + 2loga — 24 log (@% +1) +6. 


iS) 


a8 + xt ge tt 
d + | 
4. f A = Sat + 2102 Beers come 
gees «(8 ee) 
3 Va da awe a8 Agi 
B. ee 4at $4. 32 log (28 — 
Soe tat g +40! + 162! + 82 log (et — 2) 1 +0. 
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pee 1 y? ytt 9 +r 
76 SF Renault) 


» 
0 


ote 
| 7. i ring ae! Saul 
_— ea (@+1)?41 , 
cde  2(2a+bs = 2d; 602 + 6 
8. f ;= ( Jig. pal DE EE eG; 
de (a+ bx)? bVa+ bx (4%+1)? 12(4%+41)3 


4 3 cs 
10. fyVatydy = (by —8a)(a+y)t+0C. 


oe ) 
11. Pag att ltd Vedi + tog (VeqT—1) +0. 
7 12. S Sze tt 8@ +h 4 hog + Ver +0. 
_ 
13. Spe TEN 2G + DE aboste +4 I +6 


198. Differentials containing no radical except /a + ba + a?.* 
Such an expression can be transformed into a rational form by 
means of the substitution 


Va+ba+e2—2—2. 


For, squaring and solving for 2, 


ea 2 (2? + bz + a) dz 
= ——; then dr = : 
x SED 1en dx 4257 3 
ih Zeebe 6 
and a eae Ria 
2 


Hence xz, dw, and Va+bx+<2° are rational when expressed in 
terms of 2. 


hy ee 
1Dpie, Ue in Ae 


Solution. Assume V14+e4+2?27=2-2. 
Squaring and solving for z, 
oo 2 
a=” : ; Cherie see Ne eee 
2z2+1 (22 + 1)? 
; 2 
and Vitetai(=2—2) =F Sete, 


* If the radical is of the form Vn+px+ qx, g>0, it may be written vane? Le x, and 
therefore comes under the above head, where a= z b =7" 
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ea 


2 2 dz 
_f_*@_- | “{-- = log [(@2 +1) ¢] 
Vi+a2+ 2 Sache 2z+1 
e2e 


=log[(@e2+14+2V1+24+2%)c], 


when we substitute back the value of z in terms of «. 


199. Differentials containing no radical except Va + ba — a*.* 
Such an expression can be transformed into a rational form by 
means of the substitution 
Va + bz — 2° [=V (x —a)(B —2)]=(e@—a)2, 


where x—a and 8 —x are real} factors of a+ ba — 2”. 


For, if Va + b2 — 2? = V(4— a) (8 — 2) =(2—a)z, 


by squaring, canceling out (x — a), and solving for a, we get 


ae ae, then es eee 
yer (2 + 1)? 

and Va4 bi P[=(0— aye] E92. 
ot 


Hence 2, dz, and Va+6x—2’ are rational when expressed in 
terms of z. 


og, Il vind (j= 
ise f V244—22 


Solution. Since 2+%—22=(%+1)(2 —2), we assume 
(@ +1) (2 —%) =(@ +1)z. 
= 
Squaring and solving for x, «= aa 
GB te Tl 
Hence dete nly 3 +2 —22[ 1 a4 
rae mre = ==((@ = : 
(22 + 1)? ( a )z] Pal 
dz 
+: =—2 mea 
SS Jeans arc tanz + C 
2—2 
=— 2 arc tan \/ 
ere ae (Gi 


when we substitute back the value of z in terms of a. 


* If the radical is of the form Vn + px — qa? qu?, ra it may be written Va ee aw — 22, and 
Cag 


therefore comes under the above head, where Cae =) Uae 
qd q 


{ If the factors of 4 + bx—a are imaginary, Va + bx —wx? is imaginary for all values of z. For, 
if one of the factors is z—m+ in, the other must be —(@—m-— in), and therefore 


b+ ax—x?=—(x—-m + in) (x—m—in)=—[(~—m)2+ n2], 
which is negative for all values of 2. We shall consider only those cases where the factors are real. 
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EXAMPLES 


il. ji 1 log et tee v8 
a Page Tercera June ; 


2, be tha Eee Eg te Pin a 
Je aoe a ( +2x—1)+0C. 


Gia Se a tetn (F c 


da 
4. ee 109 (2EN = 
4 ics B pahgeek fistacctva ss ay) 5 


salt ) = =—2aretany/-—* 
4% —3 —22 ot 


ada 8+6 
6. ip -= gee + 
(2+3%—20%)? 25V24 8a —222 


ap Ge 


dx Seat tS 
z = V5 log (5a —14+ V5 Vba?2 — 22 
Tif === 8 ( of a? —2¢+7)+C. 


if ——————— 
a3: =—~log(6a —142V8V322—241)+0¢. 
== V3 : eet 


4d: = § 
a) on =2V@aresin(*2—*) +o 
V44+3¢@ —222 V41 
dx 1 : 
7 10. 16 (Gtet+Ve+e) +0. 
TO I area 
2)% ———. 
en f SEEN = tog +14 V2a +a) —- 5 
x 2 +V20 + x2 


. general integral treated in the last two sections has then 
the form R(x, Va + bx + cx’) da, 


where & denotes a rational function. 
Combining the results of this chapter with the general theorem - 
on page 328, we can then state the following 
_ Theorem. very rational function of x and the square root of a 
polynomial of degree not higher than the second can be integrated 
and the result expressed in terms of the elementary Funetions.* 


* AS before, however, it is assumed that in each case the CS ERSTE of the rational function 
can be broken up into real quadratic and linear factors, 
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200. Binomial differentials. A differential of the form 
o" (a +-.b2")? dz, 
where a and 6 are any constants and the exponents m, n, p are 
rational numbers, is called a binomial differential. 

Let x—e*; then dz = az* "dz, 
and a” (a + ba")? da = az™"**" (a + bz")? dz. 

If an integer a be chosen such that ma and na are also integers,* 
we see that the given differential is equivalent to another of the 
same form where m and n have been replaced by integers. Also, 

a" (a + ba")? da =o" (ar +b)" da 
transforms the given differential into another of the same form 
where the exponent n of x has been replaced by —n. ‘Therefore, 
no matter what the algebraic sign of n may be, in one of the two 
differentials the exponent of 2 inside the parenthesis will surely 
be positive. 

When p is an integer the binomial may be expanded and the 
differential integrated termwise. In what follows p is regarded 
as a fraction; hence we replace it by 7 where r and s are integers. 

We may then make the following statement: 

very binomial differential may be reduced to the form 


a™ (a + bx”)? da, 
where m, n, 7, $ are integers and n ts positive. 
201. Conditions of integrability of the binomial differential 


r 


(A) a” (a+ ban)s dx. 
CAsE I. Assume a + 62” = 2. 
1 ez 
Then (a + 62") =2, and (a+ b2")' = 2’; 
1 m 
also ey reed (ete ALS 
x (*)> and w= (252); 
er 
he dz = ee s—1 wma A 
nee x in” ( ; dz. 


* It is always possible to choose a so that ma and na are integers, for we can take a as the 
1..C.M. of the denominators of m and n. 


+ The case where p is an integer is not excluded, but appears as a special case, Viz.,.r=p,s=1, 


INTEGRATION BY RATIONALIZATION 385 


Substituting in (A), we get 


a™(a + ba"\'dx =~ gts} Bae ON dz. 
bn b 
The second member of this expression is rational when 
m+1 
N. 


is an integer or zero. 


Cask IT. ~Assume a + ba” = 2°2". 


Then C= g 5 and a =f ba” = go" = az’ } 
Ze ZO 
Hence (a+ ae = a hu yrs 
also pies Pa hs By a” =a" (z—b) ; 
s§ E = ey 
and dz = — A Oe (ea 0) dz. 


Substituting in (A), we get 
m+lir 


a (a + ba)'de=—— a n ies —y | n PN etetgy, 


The second member of this penn is rational when ~+— 43 
n 


is an integer or zero. 
Hence the binomial differential 


fig (a4 bat\'de 


am 13 


can be integrated by rationalization in the following cases: * 


Case I. When uh 


1 : ; 
= an integer or zero, by assuming 
at ba" = 2. 


Case II. When med 


r ; ; 
+-=an integer or zero, by assuming 
8 
a + ba® = 22". 


* Assuming as before that the denominator of the resulting rational function can be broken 
up into real quadratic and linear factors. 
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EXAMPLES 
8 3 = b 
1. f= foe + tay fax = ; ae +C. 
(a+ ba2)3 / be Sa + ba? 
Solution. = 3; V2, P= — 30812 : and here ~~ tet = 2, an. integer. 


Hence this comes under Case-I and we assume 


1 
22 — a? zdz 
? = Fi 
b? (22 — 


__ wda 7 ey zdz 1 
(a + bx2)3 b3 (22 — a)? a 


= make — az-*) dz = ail? taz1)4+¢ 


a + bx? = 22; whence % = i ae and (a + ba?)? = 23. 


ey 
Oat bat 
2 da _ (2”? —1)(1 + ae 
atV1 4 a2 3x3 
. r le m+1 or - 
Solution. m=—4, n=2, aon and here ——— +-=-— 2, an integer. 
n s 
Hence this comes under Case II and we assume 
1 + 2? = 2242, eee 
a a 
h 2 I il 2 a a 
whence - ge + 22 = ; mere alr 
also af Sealine a pee ena dx =— ade 
(22 — 1)? ara (z2 — 1)? 
‘zdz 
da (2 —1)3 
oe ——SS= = — es 2) Ss 
SS r Zz Se ide 
(2-1) (2_4) 
3 
a le = C@ NIE ar 
or 328 
ntan — C2 —2)0+2! 
Sy x3 (1 +22 phe ON ee 
i (1 +27) ie +C 
dx ed atda ; (x2 2 
4, = ae OF 5. = (1+ 72 ee) C. 
Saat Vee Cem 
6. (ee Ee 
aVa?—a2 @ ey ae eta 
d 
tls f—— = —a(l + x2)"2 (20+! y+. 
a2 (1 + «23 
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5 8: f—., =e lop eee 
gir a Ve+yR+a 


; ; nya cal 
& feast2mia = +20)! ate 


10. fua +u)idu = 4(1+ u)i(u—2)+0. 


2 : 
“ : ei. {f Sug c= a 27 (04 
Fé (a + ba2)? = 3.a(a + ba2)? 


7 1. {| (14 6%)8do= 311+ @)*—3(14 84 (14 68+. 


ets f da = 328 + 2a 
x(a, + 28)8 2 ax (a + «3)8 


202. Transformation of trigonometric differentials. 


From Trigonometry 


(A) sin z = 2 sin 5 COs 3 37, p. 2 
(B) cos x = cos? — sin?=. dT pea 
; 2 2 
x 
tan = 
2 
ese | peay oe tan* = 
5) °° 9 5 
a 
and. cos ~ = i SS 
see a eenen? 
y V aI 9 
Tf we now assume 
tan : = 2) OF, ¢ = 2 arc.tan 2, 
il 


ee 
we get sin == 


Substituting in (A) and (8), 
BoB aoe, = reset 
foe meee 


Also by differentiating x = 2 arc tan z we have dz = 


‘sin 2 = 


2 dz 
aby” 
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Since sin 2, cos 2, and dz are here expressed rationally in terms 
of z, it follows that - 

A trigonometric differential involving sina and cosx rationally 
only can be transformed by means of the substitution 


x 
tan — = 2, 


2 


or, what is the same thing, by the substitutions 


22 eles. 2 dz 
hoes sie oee SLE aE 
into another differential expression which is rational in z. 

It is evident that if a trigonometric differential involves tan 2, 
cot x, sec x, ese w rationally only, it will be included in the above 
theorem, since these four functions can be expressed rationally in 
terms of sin 2, or cosz, or both. It follows therefore that any 
rational trigonometric differential can be integrated.* 


sin z= 


EXAMPLES 


(1+ sin 2) da 1 x Bal £ 
= — tan?— + tan—+ —logtan—+ C. 
ae 4 ee 219 : oa ; 
Solution. Since this differential is rational in sin x and cos x, we make the above 
substitutions at once, giving : 


(14 22 2 dz 


(l+sina)de _ 1+ 2271+ 22 
sinz(1+cosz) — 22 (Ga) 
14 2 14 22 


_ fe (see see eyoe 1 “5 
mer rear yaar ee )dz 
ze 

=5(5+22+logz) +0 


3 ay ae. ail ay 
= — tan? — tan — = ze 
i an: al an = + 5log( tan=) +6. 


dx 1 
vee Uresrirns 


* See footnote, p. 335. 
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dx 1 ay 
3. a Se 
j= gatetan(2tan=) + ¢. 


4, Se 
D \lSerare at 


/ 


71 (2s *)+¢. 


dx 1 
, & §|——=- 
7 i ieee poe tan(3 tan x) + C. 


tan 42 
dx 1 2 
6. | ——_—__= -]1 F 
DF A estee ss Zeer ae 
Z 2 


cd 

A Ph (E= == + 2aretan(tan®) +6, _ 
1 -++ sin x ap 2 

j ee 


8. | 222 2are tan (tan=) —tan= + €. 
1+ cosa 2 2 


9. Derive by the method of this article formulas [16] and [17], p. 293. 


203. Miscellaneous substitutions. So far the substitutions con- 
sidered have rationalized the given differential expression. In a 
great number of cases, however, integrations may be effected by 
means of substitutions which do not rationalize the given differen- 
tial, but no general rule can be given, and the experience gained 
in working out a large number of problems must be our guide. 

A very useful substitution is 


2? 


called the reciprocal substitution. Let us use this substitution in 
the next example. 


V q2 — 72 
Ex.1. Find ) eee 


4 area 1 dz 
Solution. Making the substitution z = = dx = — a) we get 


es ss Va — a, , _ (at — 1)3 ae) (a2 — x2)2 
sl aoerree =-J(@e-1 Cae or ea 3 ata a 
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EXAMPLES 


dx i x8 ; 
= ] C. 
ae: ibsemes 348 oS eae 


v2 — & 300 


> 2. Se EO ee 


dx 1802+ 27% +11 
3. = + log(#+1)+C. 
2) Bed ene g(@ +1) 


6 (a + 1)8 


dx x 
4. = aEOs 
4 dee +22)? a? Va? + a? 


N 


dx il Cx 
Ds rf = log 
aVar+a2 & a+ Va2 + 22 


8 3 ; 
AN we Fa _ 3) +146, 
(a? + 1)8 8 


Ms if cS = log a : 
a aVi+a%+ 2 Q4+ae+2Vitda+x2 
V1 + log ci 
apiin’. k FEE de = =(1 + log a)! + 6. 
vo 


exe 4 Ati 
e 9: — = — (3 et — 4) (er + 1)2 + CG, 
sl eee 1)# at | a ) 


dx LS te 1. 
10. f[_“" _= ee 
rab er _2Qer Der Zee) Oe 2) eC 
2 ee 
pe ah eee C. 
é Vi-a 2 2 


2 ———— 
-) 12. J Veta edz =F aresin® +2 Va + @, 
Beis 


Assume «? = z. 
Assume @ —2=42. 
Assume #+1=2. 

HL 
Assume @ = -—. 

Z 

a 
Assume @ = -. 

z 
Assume #2 +1= 2. 


1 
Assume « =-—- 
z 


Assunne 1 + log x = z. 


. Assume e* +1= 2. 


Assume e® = z, 


Assume # = cos z. 


Assume % = asin z, 


CHAPTER XXVIII 
INTEGRATION BY PARTS. REDUCTION FORMULAS 


204. Formula for integration by parts. Jf wand v are functions 
of a single nrdependent variable, we have from the formula for the 
differentiation of a product, V, p. 144, 

d (uv) = udv + vdu, 
or, transposing, 
udv = d (uv) — vdu. 


Integrating this, we get the inverse formula, 


(4) f udu = uw — fede 


called the formula for integration by parts. This formula makes 
the integration of wdv, which we may not be able to integrate 
directly, depend on the integration of dv and vdu, which may be 
in such form as- to be readily integrable. This method of integra- 
tion by parts is one of the most useful in the Integral Calculus. 

To apply this formula in any given case the given differential 
must be separated into two factors, namely, w and dv. No general 
directions can be given for choosing these factors, except that 

(a) dx is always a part of dv; and 

(6) it must be possible to integrate dv. 

The following exampies will show in detail how the formula is 
apphed. 


Ex. 1. Find | xcoszdz. 


Solution. Let u=«x and dv = cos zdz; 
then du = dx and v = {| cos ada = sin &. 
Substituting in (A), 
Th ekD on v du 
a SsATF eN aan ns 
fe cos adz = % sina — | sina d 


=—2 sinz+cosx+C. 
341 
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Ex. 2. Find {2 log xdz. 


Solution. Let u = log and dv = xdz; 
: 2 
then d= de and v= | «dz = = 
x 2 


Substituting in (A), 


x? x2 de 
felog ede = loge. — ies 


x x 
| pee ee 
ea ee 


Ex. 3. Find { xe*dz. 


Solution. Let u = ee and dv = rdz; 
2 
then du = et ade and v = fade ==. 


Substituting in (A), 


2 2 
if BYE RG ee (GARE S — if = etude 


ERED Ci (Po 
= —= fe AIO OD 
2 2 


But x%e“dx is not as simple to integrate as xe**dx, which fact indicates that we 
did not choose our factors suitably. Instead 


let u=«ax and dv = edz; 
ear 
then ; du = dx and v = [ede = 
Substituting in (A), 
ere ene 
frentda = 2. — — —— dx 
a a 
rer eux et 1 
= =F (e+e 
a a a 


It may be necessary to apply the formula for integration by 
parts more than once, as in the following example. 


Ex. 4. Find | x%edz. 
Solution. Let u = «x? and dv = edz; 
then du =2aede and v= fedr ==. 
a 
Substituting in (A), 
eax eur 
feorde =f -f{= -2adxz 
- a a 


rem 2 
B = Sa andy . 
(B) 5 _ Sf reste 
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aL” 


The integral in the last term may be found by applying formula (A) again, 
which gives 
if Ee 1 
creda = —(« _ ~). 
a a 
Substituting this result in (B), we get 


e : 
Steeeda == AE (a2) 4 = (e284 2) C. 
a a? a a Gu a 


Among the most important applications of the method of inte- 
gration by parts is the integration of : 


(a) differentials involving products, 
(6) differentials involving logarithms, 
(c) differentials involving inverse circular functions. 


EXAMPLES 
3 
1. fz2 log zdx = = (ios — 5)+ Cc. 


2. Jasin ada =—acosa+ sina +C, 


3: fare sin edz = zarcsine +V1l—224C, 
Hint. Let u=arcsin x and dv= dz, etc. 


4, fog ade =a(logx —1)+ C. 


5. fare tan edx = x are tan x — log(1+ 22)? +C 


gyesrl 1 ) 
n log ae Ee a C. 
fe log ada aq (ese ai + 


a24+1 


en 


L 
fs fe are tan xdz = arc tan © — 5 +C. 


8. fare cot ydy = yare cot y + } log(1+ y?) + C. 


1 
ih zatdx = at Fee — —-| +C 
loga  log?a 


2 2t 2 ] 
2 = = Cc 
ay Si ee lie a ilog?a Fs log? a f 


11. f cos 6 log sin 6d = sin 6 (log sin @ — 1) + C. 


go 


12; f werden = et (a? — 2% + 2) + C. 
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pce Bil? Oren 
8eangar — pete es C. 
13. fe etme a (« ; + a are 
14, f #2sin gdp = 2 cos p + 2psin 6 ~ $2008 $ + C. 
15. fos x)2dx = «[log? a — 2logx + 2] + C. 


2 
16. fa tan? ada =a tana — > + log cosa + C. 


log edz x 
= log x — log(a +1) + C4. 
iti e+ 1 woe ae 
Hint. Let w=log x and dv= Ao » ete. 


ate vi-# 


8 
18. 2 are sin Lae = are sin a + mu + C. 


19. f seo? 6 log tan 6dé = tan 6 (log tan 6 — 1) + C. 
20. fice (log @) = log a - log (log ) —loga+ C. 


nfm 2Va + Iflog(e +1) —2]+0. 
Vz+1 

22. fea — «28 da =— 122 (a — 22)? — 2 (a — 22/9 + C. 

Hint. Let w= x? and dv=(a- a2)2 xdx, ete. 


(log «)? da 2 [ 4 =| 
23. = log2 x =I Ja C. 
f a ae og? & + ey 2 9 ae 


205. Reduction formulas for binomial differentials. It was shown 
in § 200, p. 384, that any binomial differential may be reduced to 


the form a” (a 3 ba")? da, 


where p is a rational number, m and n are integers, and n is posi- 
tive. Also in § 201, p. 334, we learned how to integrate such a 
differential expression in certain cases. 

In general we can integrate such an expression by parts, using 
(A), p. 341, if it can be integrated at all. To apply the method 
of integration by parts to every example, however, is rather a long 
and tedious process. When the binomial differential cannot be 
integrated readily by any of the methods shown so far, it is cus- 
tomary to employ reduction formulas deduced by the method of 
integration by parts. By means of these reduction formulas the 
given differential is expressed as the sum of two terms, one of 


REDUCTION FORMULAS 345 


which is not affected by the sign of integration, and the other is 
an integral of the same form as the original expression, but one 
which is easier to integrate. The following are the four principal 
reduction formulas. 


[A] aw” (a + bx”) P dx 


UM-N+1(q@ bacr)P+1 wv 
og a Bea ca) wm" (a + bx”)? dx. 


(np+m+1)b (np +m+1)b 
[B] f ena + ba)? dx 
S amt+t(a + ba”)P anp 


nmptm+1 np+m+i 


[C] f em (a + bar)? dx 


(m+ 1)a (m + 1)a@ 


jh am (a + bar”) P-1dar, 


f emr+n(a + 62L")Pdx. 


[D] xem (a+ ba”) P da 
__ emt*(a+ bar)Pt! np+n+m+i1i Ci» a ; 
= n(ipt+ija 1 n(p + lja fe i 
While it is not desirable for the student to memorize these 
formulas, he should know what each one will do, namely: 
Formula [A] diminishes m by n. 
Formula [| B| diminishes p by 1. 
Formula [C] increases m by n. 
Formula [D] increases p by 1. 
I. To derive formula [A]. 
The formula for integration by parts is 


(A) frude = uw — | vdu. (A), p. 841 
We may apply this formula in the integration of . 
f a™ (a + ba”)? da 
by placing “%=z""*'* and dv=(a + ba*)?a* "da; 
bales 
— — ue ae di: € d a) ae a 5 
then du=(m—n+1)2e x and v epee 


* In order to integrate dv by [4] it is necessary that x outside the parenthesis shall have the 
exponent n—1. Subtracting n—1 from m leaves m—n+1 for the exponent of x in wu, 
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Substituting in (A), 


(B) fe (a + bx")? dx 
Ona be ne m—n--1 
nb(p +1) nb (p +1) 


But fer 0 eae =("" (a + bx")? (a + ba") da 


= afonr(a + ba")? da + b fa (a + bx”)? da. 


fe m—" (a + ba") * Fda, 


Substituting this in (B), we get 


e 7 Ce Gary 
fe (a + bx")? da = Final. as 
(m—n-+1)a M—N (ry mn m—n+1 m 
0.0.) a+ ba")? dz. 
‘nb (p +1) le n(p +1) apes 


Transposing the last term to the first member, combining, and 
solving for je a” (a + ba")? dx, we obtain 


[A] a (a + ba”)P da 


ss oa OLE) PEt a(m—n-+ 1) m—n n 
~ b(np +m + 1) Aer (a + bu") Pda. 


It is seen by formula [4] that the integration of "(a + 62")? du is 
made to depend upon the integration of another differential of the 
same form in which m is replaced by m—n. By repeated appli- 


cations of formula [4], m may be diminished by any multiple of n. 


When np +m +1=0, formula [4] evidently fails (the denomi- 
nator vanishing). But in that case 


1 
at +p=0; 


hence we can apply the method of § 201, p. 335, and the formula 
is not needed. | 


Il. Zo derive formula |B]. Separating the factors, we may write 
(C)- pana ba”)?dz = fx" (a + ba")?~* (a + b2") dx 


= af x" (@ + ba")? da + bf on™ (a + ba)?" dx. 
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Now let us apply formula [4] to. the last term of (C) by substi- 
tuting in the formula m+n for m and p—1for p. This gives 


b f 29a 4 ba®)Pda = (a+ ba"? __a(m+l) 
mp+tmtl np+m-+1 


“(a + ba”)? "dz, 


Substituting this in (C’), and combining like terms, we get 
[B] f em (a + ba”)? da 


«+1 (a + bx”) P a 


wp m nN p- » 
np+tm+t an aeeerrens fe FEA ae 


Each application of formula [B] diminishes p by unity. Formula 
[B] fails for the same case as [-4]. 


Il. Zo derive formula [C]. Solving formula [4] for 


lex (a + b2")*dx, 


and substituting m+n for m, we get 


[C] fam (a + bx”)? dx 


Pee Pn Blepeee  D mana Yars a 
i aim +1) a(m + 1) 


Therefore each time we apply [C], m is replaced by m+n. When 
m+1=0, formula [C] fails, but then the differential expression 
can be integrated by the method of § 201, p. 335, and the formula 
is not needed. 


IV. Zo derive formula [PD]. Solving formula [B] for 
ifs (a + bz")?~* da, 
and substituting p +1 for p, we get 


[D] am (a + bx”) P dx 


_ wmtt(a t+ ba®)P+t npt+n+m+i te ba”)? +1dm. 
maar p + 1)n- 1 nan(p 41) Jem at bane stde 
Each application of [D] increases p by unity. Evidently [D] 
fails when p+1=0, but then p=—1 and the expression is 


rational. 
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EXAMPLES 
3, e 
1 jigs ahdes Fae tate. 


Solution. Herem=8, n=2, p=—4,a=1,b=—1. 

We apply reduction formula [A] in this case because the integration of the 
differential would then depend on the integration of | (1 —x2)~* da, which comes 
under [4], p. 292. Hence, substituting in [A], we obtain 

Fi 8 Osa (eee \ ea & 
fou ayteatit-erh 16-249 
—1(—-1+438+41) —1(-—143+41) 
=— Pe (1 — a2) + effec — #2) Fdx 

—ter(1— a2)3 =#(1—= a2) a 6) 

=—1(e2 + 2) (1— 227 + C. 


3-2 (1 — 22)-4dax 


4 1 3 i 
2. f—— pa 5 a7 (Get ger) Vee + Zataresin’ + 6. 
(a2 — a2)3 4 8 8 a 
Hint. Apply [4] twice. 
2 
3. Ser emae de, = = a? + 22 + + 5 log («+ Va? +27) + C. 
Hint. Here m=0, n=2, p=i, a=a?, b=1. Apply [B] once. 
dx -(* —1)} 
4. i = are seca” + C. 
28 Va2 — 1 272 +5 = 
Hint. Apply [C] once. 
xrdx © a x 
5. if, = Var — a? arc si ; 
V a2 — a2 2 +> Ruy tke 
wdx ; ‘. 
6. it AG 2a?) Va? + 22 + C. 
a + = 
xdx at 442 8 : 
". leas = ! \VI=# + 0. 
5 ie is ase, 


4 
8. a a?) Vaz — x + 2 arc sin ~ + @. 
a 
' 


Hint. Apply [A] and then [B}. 


9 f da x rs 1 t rey 5 
9: = a = 5 

(a2 + x7)2 2az(a2+ a7) 28 ee a = 
Hint. Apply [D] once. 

VJ a2 — 72 
10. ee ee loe as 
: 22 Aes +0. 
eeV a2 — 72 2 ara 2a a + Va? — 22 
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11. f adx ss x? + 2 q@2 
(a2 + «28 (a2 + «28 

12. f dx opal ne Saco, 
(a? — x)? 3at(a?— x2)3 


3 © —— 4 

13. SJ 2+ alae =F 202 + 502) VE + +S logo + VET @) + 6. 
1 1 x z 4 

14. Seer + antde =F or + a) Veit“ tog (e+ VE Fa) +O. 


ada _ @4+8a 2 


15. = 2 an — xy) 1 2% are vers ~ CG. 
V2 an — x pe 2 ae 
Hint. Fs fries tae, Apply [A] twice. 
are | 
TK, i = pokes 2 HE) 
a? (a2 — x2)3 ax : 
yedy 2y7 + br(y + 3r) 5 
iW = a V2 2 8 9 ee 
ae, r : ry—y saree SRN Sie 


tdt 1 
18. f= =- Cat — #)} + ware vers +0. 
2at — 2 a 


ds s 38 3 8 
ile» = 4 , — 
Ve + s?7)? 4a? (a? + s%)2 F 8 at (a? + 8?) Z 8 a> sere a oes 
rsdr 2 a 
20. { ——-— = — — (8 4 47348) V1—- +0. 
V1 — 7 me es 


206. Reduction formulas for trigonometric differentials. The 
method of the last section, which makes the given integral depend 
on another integral of the same form, is called successive reduction. 

We shall now apply the same method to trigonometric differentials 
by deriving and illustrating the use of the following trigonometric 


reduction formulas. : 
[EZ] sin” a cos” x da 
7 in” +1, nm—1 os | 4 
oo DE ee f sin’ a cos”-2a dx. 
m + 7 mtn 
[F] sin” x cos” x dx 


- sin™-lacos"tix ,m—1 3 
pene th seh SOR Ae sin’”’-2 a@ cos” x da. 
m+n m+n 
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[G] f sin” a cos” a dx 


in’+1ae cos"*tixz , m+n+2 (.. 
— _ sin” +ta costtta || m+n + (soma costtiaden 


= n+1 n+1 
[HH] sin” a cos” x dx 
sym +1 s*t+lg mt+n4+2C6. 
OL COS me f sine ta costar dx. 
m+1 m+1 


Here the student should note that 

Formula [E] diminishes n by 2. 

Formula [F'] diminishes m by 2. 

Formula [G] increases n by 2. 

Formula [IH] increases m by 2. 

To derive these we apply as before the formula for integration 
by parts, namely, . 


(A) ude = uv — { vdu. (A), p. 341 
Let u=cos”'z, and dv=sin"2 cos zdzv; 
sj .m+1 
then du = —(n —1)cos”*zsin dz, and v= estes Ee) 
m+ 


Substituting in (A), we get 


sin”™+t!7 cos"=1x 


(B) foinne cos"adx = + 


m+1 
Vt ; 
ag sin”*?z cos"-*zda. 
m+1 
In the same way, if we 
let u=sin”""'z, and dv =cos"xsin zdz, 


we obtain 
sin”-lz cos" tla 
n+1 


(C) fosinns cos" adz = 


Ho I 7A) 5 
sin™~*z cos"*? ada. 


+ 
n+ 


But fosinntz cos"~*adx = | sin”x(1 — cos*z) cos*-?adz 


= fsinte cos”? zdx — | sin” x cos"xdz. 
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Substituting this in (B), combining like terms, and solving for 
f sin”2 cos"xdx, we get 
LE] f sina Cos” x da 


sin” +1a cos”- tae  n—i1 tees 
Sa SE ae sin” a cos”— 
m+n m+n BILE 


Making a similar substitution in (C), we get 
[LF] _fsinm ar cos” x da 


sin™ 14 cos"+1~  m—1 
m+n m+n 


f sin” 2a cos"x dx. 
Solving formula [E] for the integral on the right-hand side, and 
increasing n by 2, we get 
[G] ip sin” x cos” ax dx 


sin” +a cos"+1x~ , m+n42 
= = 4 __—_ | Sin” x COS” +200 dix. 
m+ 57 n+l f 


In the same way we get from formula [F], 
[7] i: Sin” x cos” x dx 
_ sin®™+laecos™tia , m+n+2 


and 
sin’ +2a cos”a dx. 
m+1 m+ fh 


Formulas [EF] and [F] fail when m+n=0, formula [G] when 
nm+1=0, and formula [MH] when m+1=0. But in such cases we 
may integrate by methods which have been previously explained. 

It is clear that when m and n are integers the integral 


fin" x cos" «dx 


may be made to depend, by using one of the above reduction 
formulas, upon one of the following integrals: 


; : dx dx 
f dx, f sin xdz, ibe xdx, f sin x cos adz, f 5 f ) 
sina J cos2 
f— ee f tan zdz, feo ada, 
COS @ Sin & 


all of which we have learned how to integrate. 
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EXAMPLES 


sin 2 cos®% ° sin % cos? & 
a 24 


ee: 
te fin? x cost edx = — + ie (sin z cos z+ 2%) +. 
Solution. First applying formula [Ff], we get 


sin « cos® x 
6 
[Here m= 2, n=4.] 


1 
in? 42dx = — +— 4 oda. 
(A) fein x cost da 5 J £8 x 


Applying formula [#] to the integral in the second member of (A), we get 


4} a8 7 
(B) fost cde = eT + 5 fost edn. 


[Here m=0, n=4.] 


Applying formula [#] to the second member of (B) gives 


(C) feos? Cae — == + . 


Now substitute the result (C) in (2); and then this result in(A). This gives the 
answer as above. 


sind ne 
2. f sinte cos? nde = S5* (5% x  sinra mt) 48 has! 
2 3 12 

3), — = tan 2 — 2 cot 7 — Dros + C. 

sin*t x cos? x 3 

4 2 

ci fr adx a SOL oe. 3a 46. 

sin? x 2 2 

cost ada COS a 3 a 
5. f ee log t L 

sin’ a 2 sin? a ee 2 = a aC, 

fs ee Cosa 7 sine as! brs Ome 5a 
6. fosin ada = 5 3 Peete eek aie gat 

dp cos6/ 1 5} 8 0 

7. i; = ) 1 

sind 6 4 \sint 6 -. 2 sin? 6 A 8 ee ae 

dp sin d Het 5 5 5 
= f= AE Safi 

cos’ @ 2cos?¢\3 cost d ag 12 cos? e 8 + 16 BE (800 Oar tame) aC 
%) f cost tat = (ce obolt gestae 

8 24 128 


‘ dy 5 
©. fattag=- anlse ) 
sint y cos? y cos? y \8 sin’ y o 8 sin y is? ay 


5 
+ 5 10g eee y + tan y) +0. i 
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207. To find | e“ sin nxdx and f e*” cos nxdx. 


Integrating e“ sin nzdzx by parts, 


letting w=e™*, and, dv = sin nzdz; 
then du = ae“dz, and v=— oe 
n 


Substituting im formula (4A), p. 341, 


namely, oe 
rude = uv — | vdu, 
we get 
(A) |e eitnedn oe + = few cos nada 
n n 


Integrating e* sin nxdx again by parts, 


letting u=sin nz, and dv=e™dz; 
(Gee 

then du=n cos nxdxz, and v=—- 
a 


Substituting in (4), p. 341, we get 


ae e*“sinnzx n 
(B) fe cin Lolke = —— ifs cos nada. 
a 


a 
Eliminatin e** cos nadx between (A) and (B), we have 
g ) 


(a? + n’) f e sin nadxz = e*" (a sin nz — N COS NZ), 


: e*" (a sin NV — N COS NX 
or, f e” gin nxdx = ( — ) eC 
een 


Similarly we may obtain 


e* (n sin nx + a COS NX 
fe cea om ——> ) +¢. 
Fen 


In working out the examples which follow, the student is advised 
not to use the above results as formulas, but to follow the method 
by which they were obtained. 
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EXAMPLES 


ex 
iL sin edz = —(sinx — cos#) + C. 
Jf esin ade 5 y+ 
er 
‘ == (si C. 
2 fe cos ade a Oe 


2 
33, f 00s 3 ada = gO sin 8a +2cos3a)+C. 


A (ee ada A sin 2 + cos 2% 16 \ 
ew Zen 
. i , 
5. ee —(2sin 2a —8cos2x)+C. 
Ge NGX 3 


6. Jf esintade = (1 ee) AC 


5 


7. J excostada = 2 (1 4 “BP a Foose) 4 Gg, 
2 
ee ete x 
8. Jf 2 cos 5 dx = & (sin = cos) C. 
2 ae 2 + 
9. fe" (sin.aa + cos aa) da = “*"%" + ¢, 
a 


10. fe (sin 22 — cos 22) de = © (sin 24 — 5 cos 2a) + C. : 


CHAPTER XXIX 
THE DEFINITE INTEGRAL 


208. Differential of an area. Consider the continuous function 
¢ (x), and let™ 
y= $(2) 


be the equation of the curve AB. Let 
CD be a fixed and MP a variable ordi- 
nate, and let w be the measure of the 
area CMPD.* When z takes on a suf- 
ficiently small increment Az, wu takes 
on an increment Au (= area MNQP). 
Completing the rectangles MNRP and MNQS, we see that 


area UNEP < area MNQP < area MNQS, 
or, EP Ne NW UN OC) Nas 
and, dividing by Az, A 
uU 
De ee. 
Now let Az approach zero as a limit; then since MP remains 
fixed and NVQ approaches MP as a limit (since y is a continuous 


function of x), we get 
du 


—=y(= MP), 
oe ee) 
or, using differentials, Z q 
UU = y Le 


Theorem. The differential of the area bounded by any curve, 
the axis of X, and two ordinates is equal to the product of the ordi- 
nate terminating the area and the differential of the corresponding 


abscissa. 


* We may suppose this area to be generated by a variable ordinate starting out from CD and 
moving to the right; hence w will be a function of « which vanishes when v= a. 
+ In this figure MP is less than NQ; if MP happens to be greater than NVQ, simply reverse 
the inequality signs. 
855 
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209. The definite integral. It follows from the theorem in the 
last section that if AB is the locus of 


¥ = (2), 
then | du= ydz, or, 
(A) du = $ (a) dz, 


where du is the differential of the area 
between the curve, the axis of x, and 
any two ordinates. Integrating (A), 


U ={¢ (a) dx. 


Since f ¢ (x) dv. exists (it is here represented geometrically as an 
area), denote it by f(x) + C. 

(B) “UU =f (0) + C. 

We may determine C, as in Chapter X XV, if we know the value 


of u for some value of x If we agree to reckon the area from the 
axis of y, i.e. when 


we get 


(C) L= da, U= area OCDG, 
and when x= b, w= area OLFG, etc., 
it follows that if 

(D) x= 0, then v= 0. 


Substituting (D) in (B), we get 
u=f(0)+C, or C=—f(0). 
Hence from (B) we obtain 
(B) w=Fe)—F 0), 
giving the area from the axis of y to any ordinate (as MP). 


To find the area between the ordinates CD and HF, substitute 
the values (C’) in (2), giving 


(f) area OCDG = f(a) —f (0), 
(G) area OLFG =f (b) —f (0). 
Subtracting (f’) from (@), | 

(HT) area CE FD = f(b) — f(a@).* 


* The student should observe that under the present hypothesis f(x) will be a single-valued 
function which changes continuously from f(a) to f(b) as x changes from a to b. 
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Theorem. The difference of the values of {yde Sor x=a and 
w=b gives the area bounded by the curve whose ordinate is y, the 
axis of X, and the ordinates corresponding to x—a and x =b. 

This difference is represented by the symbol* 


CE ae JS aie or fs (a) dx, 


and is read “the integral from ato 6 of ydv.” The operation is 
called integration between limits, a being the lower and b the upper 
limit.t+ 

Since (I) always has a definite value, it is called a definite integral. 
For, if 


fo @dz=fa)+e, 
‘then fe (x) de =| f+] =[F0)4+0]-[F@4+ 6], 
or, fh Sear eta), 


the constant of integration having disappeared. 
We may accordingly define the symbol 


oe Sf bode 


as the numerical measure of the area bounded by the curve y = (x), 
the axis of X, and the ordinates of the curve atx=a,v=b. This 
definition presupposes that these lines bound an area, i.e. the curve 
does not rise or fall to infinity, and both a and b are finite. 

We have shown that the numerical value of the definite integral 
is always f(b) — f(a), but we shall see in Ex. 2, p. 868, that f(b) — f(a) 
may be a number when the definite integral has no meaning. 

210. Geometrical representation of an integral. In the last section 
we represented the definite integral as an area. This does not 
necessarily mean that every integral 7s an area, for the physical 
interpretation of the result depends on the nature of the quantities 


* This notation is due to Joseph Fourier (1768-1830). 

+ The word limit in this connection means merely the value of the variable at one end of 
its range (end value), and should not be confused with the meaning of the word in the Theory 
of Limits. ; 

+ $ (a) is continuous and single-valued throughout the interval [a, b}. 
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represented by the abscissa and the ordinate. Thus, if 2 and y 
are considered as simply the codrdinates of a point and nothing 
more, then the integral is indeed an area. But suppose the ordi- 
nate represents the speed of a moving point, and the corresponding 
abscissa the time at which the point has that speed; then the 
graph is the speed curve of the motion, and the area under it 
and between any two ordinates will represent the distance passed 
through in the corresponding interval of time (see § 187). That 
is, the number which denotes the area equals the number which 
denotes the distance (or value of the integral). 

Similarly a definite integral standing for volume, surface, mass, 
force, etc., may be represented geometrically by an area. On page 
372 the algebraic sign of an area is interpreted. 


211. Mean value of d(x). This is defined as follows: — 


Mean value of ¢(x) 


b 
d (x) dx 
a 
from x=atox=b b—a 


Since from the figure 


f ib (a oe eae OE 


this means that if we construct on the base 4B(=b—a) a rec- 
tangle (as ALMB) whose area equals the area of APQB, then 
area ALMB AB-CR 


=d ] i ) 
; vip altitude CR 


mean value = 


212. Interchange of limits. 


Since ff $(~)dv=F6)—F(a), and 
J, ¢@ae=f@)—f0)=-[F)—F(@), 


S $e) ae =— {"o(a)aw. 


Theorem. Interchanging the limits is equivalent to changing the 
sign of the definite integral. 


we have 


THE DEFINITE INTEGRAL 359 


213. Decomposition of the interval of integration of the definite 
integral. 


Since x: (x) dz =f (x,) — f(a) and 


J $@)de=f)—S@), 
we get by addition, 


Sf e@ae+f 4 (0) de = f(b) — f(a). 


But So @de=f—Ka)s 


therefore by comparing the last two expressions we obtain 
6 a. b 
p(x) de = | d(x) da + (x) dx. 
Sana aaeals Coie ie 


Interpreting this theorem’ geometrically, as in § 209, p. 856, we 
see that the integral on the left-hand side represents the whole 
area CHFD, the first integral on the 
right-hand side the area CMPD, and 
the second integral on the right-hand 
side the area MHFP. The truth of the 
theorem is therefore obvious. 

Even if x, does not lie in the interval 
between a and 6, the truth of the theo- 
rem is apparent when the sign (p. 872) as well as the magnitude 
of the areas is taken into account. Evidently the definite integral 
may be decomposed into any number of separate definite integrals 
in this way. 

214. The definite integral a function of its limits. 


b 
From rf p(x) dx = f(b) —f (a) 
we see that the definite integral is a function of its limits. Thus 


b ‘ b 
f (2) dz has precisely the same value asf f (x) dx. 


Theorem. A definite integral is a function of its limits. 
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215. Calculation of a definite integral. The process may be sum- 
marized as follows: 

First step. Find the indefinite integral of the given differential 
expression. | 

Second step. Substitute in this indefinite integral first the upper 
limit and then the lower limit for the variable, and subtract the last 
result from the first. 

It is not necessary to bring in the constant of integration, since 
it always disappears in subtracting. 


4 
Dp Lh Find {/ ada. 


a4 34 4 
Solution. i ade = [=| = . a ; = 2 iene. 
1 1 


wv 
Bx. 2. Find ff sin xde. 
0 


Solution. f,sin Co [- cos a | "= [- a 1) | — [- 1| =e Ans. 


Ex. 3. Find (°—@_. 
0 a? + x 
a 
Solution. ff, oat = [- are tan =| "= sare tan 1 wearsi7 tan 0 
0 a2 + a2 a ato 6 a 
Tv v 
= = 0h Ans 
4a 4a i 


216. Infinite limits. So far the limits of the integral have been 
assumed as finite. Even in elementary work, however, it is some- 
times desirable to remove this restriction and to consider integrals 
with infinite limits. This is possible in certain cases by making 
use of the following definitions. 

When the upper limit is infinite, 


+2 sas b ; 
pede =i, fb a)da, 


and when the lower limit is infinite, 


f ‘$ Gc\de ee nie fi yan 


provided the limits exist. 
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Ex, 1. Find ("© 
My; 
Solution. f, de _ limit ¢>de limit 14? 
NS aie b=+o0 rh ae 2) Ore thes veh 


limit — iat ls age 


~ b=+0 
Ex. 2. Band (ge 
0 v2 + 4 a2 
: Bons aide iFivay >’ 8 asda 
Solution. (2. ———~ —, limit = ae 
Ee earage ab tie ogt+4aQ2 , [4@are tan = |” 


limit 2 =i 
ayes [+e can SUE IE Ans. 
. Let us interpret this result geometrically. The graph of our function is the 
witch, the locus of 
8 a8 
w+ 4a? 
8 akdax 


res OEOb (e 2 b 
rea OPQ hea are tan ——- 


Y= 


Now as the ordinate Qb moves indefi- 
nitely to the right, 


4a? arc tan @ 
2a 


is always finite, and- 
limit 4 a2 are tan 5 — | =27a?, 
b=+0 


which is also finite. In such cases we 
call the result the area bounded by the curve, the ordinate OP, and OX, although 
strictly speaking this area is not completely bounded. 


+o 
Ex. 3. Find i ue 
1 xv 


Ee ax limit b da limit 
= — = ] ‘ 
if @ Oedicosh F Pace GRU, 


Solution. 


The limit of log b as b increases without limit does not exist; hence the integral 
has in this case no meaning. 


217. When ¢(a) is discontinuous. Let us now consider cases 
when the function to be integrated is discontinuous for isolated 
values of the variable lying within the limits of integration. 

Consider first the case where the function to be integrated is 
continuous for all values of 2 between the limits a and 6 except 


c=. 
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If a< and e is positive, we use the definition 


(4) SoearaIef gaa, 


and when $() is continuous except at v= 6, we use the definition 


(Bf b@ae— tet (gq ae, 


provided the limits are definite quantities. 


Ex. 1. Find x 
0 a a 
Solution. Here mee becomes infinite forza. Therefore, by (B), 
az — x2 
jhe des sr limits ("SS Gee se limit [378 sin“ | pes 
0Ve—e ¢= 00 Vag ¢%=9 ato 


— limit [ are sin ( ieee )| =aresinl=~- Ans. 
a= a 2 


l 
Ex. 2. Find if tae 
0 2 


Solution. Here = becomes infinite for x = 0. me by (A), 
x 
‘de limit ¢ da S| =): 
if @ eSlJe @” c= 


In this case there is no limit and therefore the ae does not exist. 


If ¢ lies between a and 6 and ¢(z) is continuous except at r=e, 


then, e and e' being positive numbers, the integral between a and b 
is defined oy 


(C) $2) dx = EEh {p(x de + om i $(0) day 
provided scant pip linit is a definite quantity. 


2 eh 
0 (a2 — 
Solution. Here the eee to be integrated becomes infinite for x = a, i.e. for 


a value of & between the limits of integration 0 and 8a. Hence the above defini- 
tion (C) must be employed. Thus, 


iby 2ade __ limit ees xa limit (3%  22dx 
9 (a2 — a2y8 —€e=0 (a2 — a2)8 e=0 at (nies ey 


limit , ae 
= See 3 (a? — ay + a Ape — a8 
=" 0 a: 


limit BA) fn Lae ee 
=n 03 Tae ot 3 Via+é) 2_ q2| 


Wye, I,  dweyl 


=8a!+6a3=9a3. Ans. 
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eS 
To interpret this geometrically, let us plot the graph, i.e. the locus of 
22 
Uae re) 
(x2 — a?) 
and note that x = a is an asymptote. 
area OPE ={ ON 
0 a? — q2)8 


=8V (a — 6)? — a? + 8a. 
Now as PE moves to the right towards | 
the asymptote, i.e. as e approaches zero, 


3 
38V(a=6)?—- a+ 3ai 
is always finite, and aa [3 V (a — e)?— a? + 8a? | = 3a’, 


which is also finite. As in Ex. 2, p. 361, 3.a4 is called the area bounded by OP, 
the asymptote, and OX. Similarly, 


area H’QRG =i see =o V8 a2 — 3 Vatep—@ 
a+é' (a? = a2)i 

is always finite as QH’ moves to the left towards the asymptote, and as e’ approaches 

zero the result 6 a3 is also finite. Hence 643 is called the area between QR, the 

asymptote, the ordinate c=3a,and OX. Adding these results we get 9a!, which 

is then called the area to the right of OY between the curve, the ordinate x = 3a, 

and OX. 


2 
Ex.2. Find ( ee 
0 (@—a)? 
Solution. This function also becomes infinite between the limits of integration. 
Hence, by (C), 


ae de. limit 6% © limit (7% de 
0 (c—aj? ©=0J0 (e—a)? & =0Ja+e'(xz — a)? 
_ limit 1 thee limit Z dbs 
—— a ripe 
Se Oe a OE See 


=iei- D+ Fas(-1s9) 

In this case the limits do not exist and the 
integral has no meaning. 

If we plot the graph of this function and note 
the limits, the condition of things appears very 
much the same as in the last example. It turns 
out, however, that the shaded portion cannot be 
properly spoken of as an area, and the integral sign has no meaning in this case. 

That it is important to note whether or not the given function becomes infinite 
within the limits of integration will appear at once if we apply our integration 
formula without any investigation. Thus, 


leer Re =i a 


a result which is absurd in view of the above discussions. 
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EXAMPLES 
1. (62%dx = 38 a0 (onde 
. {f rar = 5 7. ° if e— =i. 
a a*t 1 =} 
Zs Si (ho = ab if are tan ade = 7 — log v2. 
4dz 
Se 24rv2 
2: ie : 22. [ de = 4. 
ede 
4. —=]. 
JS & 28. fevi- ft) dt =2-V5 — 5. 
2)(%@ —1)dzx=— 
Bf 2a +2)(%—1)dx Salhi ie 
it dx Ee VB 1) : 0 ee 2 
ee 25 ee 
2 8, -_= . ———S———————— 
ea f ee elon 8. oo V24= y 
Sees ee 256 1 9 
26. (2 b\4dy ee 
7 Sagat — Pay 315 at 


V3 repo 
ui; V2—322 4V3 


3 4 
oi, mei 125. 
| OME = 
28. if sina costada = qs 


27. 2a f" (2+ 2cos6)hde = 8a, 


1 dy Qa 
10. = A 
Si mai 38V3 


11. te tat _ log 2 . 5 29. Si tan ada = 0. 
See 

12. Sv may =} ~ "2. _ 30. flog ydy =—1. 

ee Sose-= 31. f #logade =— }. 

14. Sr rapa 8? - 5: 39. ff etlog ade = — 4, 


ie} 


asin ada = r — 2. 


15. iy sin ¢d¢@ = 1. ; 33. ih 


27 
16. qpe vers? 6d@ = 37. 


34. Pees 6d) = log (* a +), 
17. ip * sect ada = 4. ; ; 
18. ff resin ede = 7 —1. a as Lipewrrny 5 
19. Si elognde = 4". a aac. pees. 
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218. Change in limits corresponding to change in the variable. 
When integrating in Chapter XXVII by the substitution of a new 
variable it was often found quite troublesome to translate our result 
back into the original variable., When integrating between limits, 
however, we may avoid the restoration of the original variable by 
changing the limits to correspond with the new variable.* This 
process will now be illustrated by an example. 


a 
Ex. 1. Find f Va? — x? dz, assuming x = asin 0. 


Solution. Va? —2x?dx% = a? V1 — sin? 4-cos odo — a2 cos? 6dé. 


When t=a,a=asind, ie, 0= 5; 
and when f(D, (= Cain , Toes WS), 
Baya aad Aas a sin20\]= a2. 
fh az — x dx = (2a cost ado =| (0 + 3 )jt==- Ans. 
0 


By this change in limits we mean that as @ increases from 0 to = x will increase 
from 0 to a. 


EXAMPLES 
ale ue —~= 4 — 2)log3. Assume Va = z. 
%14Vz 
2. —— eye Assume x = az. 
0 Vq2— 2° 2 
3 1 
3. (eS Assume « =—- 
ante 2 
4. ——= = il. Assume V1 — 2?= 42. 
0 V1 — 22 
us 
5. f,?sin a cos?ada = 4. Assume sin a = Z. 
0 
6 = cone = La, Assume sin @ — cos 0 = 2. 
OMS EE sins26 4 
1 dz T ed 
% So ea = tO tame — 7 Assume e* = 2. 
OG? pe 4 
8. poe = Assume % = a sin? z. 
Vax — a 


* The relation between the old and the new variable should be such that to each value of 
one within the limits of integration there is always one, and only one, finite value of the other. 
When one is given as a many-valued function of the other, care must be taken to choose the 
right values. 
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2% — 9)3 3 
9. fee eg a Assume % — 2 = 23, 
3 (nw — 2)8 +8 2 
10. —— vel de=4—7. Assume e% — 1 = 22, 
0 ee +3 
11, ‘c yay 3 a2 Assume 2 + 4y = 2%. 
V244y + 4y 2 
12. Ih pele ATE oe NERS 
0.3 2cost 3/5 2 
log 5 fey ee 
13. jis e=4— 7, Assume e* — 1 = 22, 
0 ee +3 
a 3d: Cis 
14. ij oe een = Assume # = a tan z. 
0 (a2 + a8 2 
a or 4 
15. rf y? Va? — yay = = . ‘Assume y = asin z. 
1 
16. sf V2t + dt =V3 — 4 log (2 + V3). Assume t + 1 =z. 
log 2 — 
Wife EES ue Assume e + 1 =z, 
sin 0 6 
18. ifs Crass a Cl — ; log 3. Assume ee oe a =& 
24V5 2414)\d : 
19. if loa Cs log 8. Assume z —i =z. 
S e Vert Tat +1 x 


CHAPTER XXX 


INTEGRATION A PROCESS OF SUMMATION 


219. Introduction. Thus far we have defined integration as the 
inverse of differentiation. In a great many of the applications of 
the Integral Calculus, however, it is preferable to define integra- 

tion as a process of summation. In fact the Integral Calculus was 
invented in the attempt to calculate the area bounded by curves 
by supposing the given area to be divided up into an “infinite 
number of infinitesimal parts called elements, the sum of all these 
elements being the area required.” Historically the integral sign 
is merely the long S, used by early writers to indicate “sum.” 

This new definition, as amplified in the next section, is of fun- 
damental importance, and it is essential that the student should 
thoroughly understand what is meant in order to be able to apply 
the Integral Calculus to practical problems. 

220. The definite integral defined as the limit of a sum of differ- 
ential expressions. Assume ¢$(x)dx as the differential of f(a). 
Then by § 209, p. 356, 


(A) eee S f (a) dx = f(b) — f (a) 


gives the area bounded by the curve y = ¢(z) (AB in figure), the 
axis of X, and the ordinates x=aandx«=b.* Now suppose the 
segment ab to be divided into a number of equal parts, say 6, each 
equal to Az, at points whose 
abscissas are 6,, 6,, 6,, 84, 55. 
Erect the ordinates at these 
points and apply the Theorem 
of Mean Value (44), p. 168, to 
~ each interval, noting that here 
(x) takes the place of ¢'(2). 


*TIn the figure a, b, b,, 2, 2, ete., denote the abscissas of the points under which they are 
written. 
367 
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Applying (44) to the first interval (=a, b=6,, and 2, lies between 
a and 6, as shown in figure), we have 
a — F(a) = $(2,); 
14a 
or, since b,—a= Az, 
: Sb) —F(a) = $ (&) Aw 
Applying (44) in the same way to each one of the remaining 
five segments, we get 
F(b,) — F(a) = $ (a) Aa, 
Fb.) —F (01) = $ (2) A 
F (bs) —F (6,) = p (3) Az, 
F (bs) —F (bs) = (#4) Ax, 
SF (bs) —F (bs) = (5) Ax, 
: F (6) —F (bs) = $ (5) At, 
respectively. 
Adding these six equations, 
(B) — £(6)—F(@)= $ (@) Ax + $ (a) Av + $(%) Av 
+  (%,) Av + $ (a,) Ax + > (1,) Aa. 
But ¢ (x,) Av = area of first rectangle, 
¢$ (a) Ax = area of second rectangle, ete. 

Hence the sum on the right-hand side of (B) equals the area of 
the figure bounded by the zigzag line PP,p,P,p,P,p;P,p.P;p;9s 
the axis of X, and the ordinates z=a andx=6. It is also evident 
that the area of this figure equals 

I (6) —F (a); 
no matter into how many equal parts the interval [a, 5] may be 
divided. Hence for any number n of equal parts 


(C) (6) —F (a) = $ (a,) Ax + $ (a) Ax +... + f(a,) Aa, 
(D) where Az = bos 4. 


When the number of segments (=n) into which the interval 
[a, 6] is divided increases without limit, equations (C’) and (D) still 
hold true, but Az becomes dz, i.e. a variable whose limit is zero 
(§ 30, p. 21). 
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f(b) —f(a)= im [b (a) de + o(a,) de +--+ 6(x,) da], 
or, by (A), 


(£) So (ae = jimit [f (x,) da + f(x) dx +--+ 6(x,) da]. 


This exhibits our definite integral as the limit of a swm of differ- 
ential expressions. Hach one of the differential expressions ¢ (c,) dz, 
---+, 6(u,) dx is called an element of the integral. 

The above-result also illustrates very clearly the definition of 
the definite integral as the area under the curve. For as n increases 
without limit the sum 


 (%;) dx + $(a,) du +--+ $(2,) dx 
always represents the area under the zigzag line, and evidently 
the figure bounded by the zigzag line, the end ordinates, and OX 
approaches the area under the curve as a limit. } 

We may, however, attack the problem in a much more general 
way, for it is geometrically evident that a subdivision of the given 
area may be made in an infinite variety of ways such that the con- 
tinuation of the process will lead in the limit to the area desired. 
For example, let us choose within the interval [a, 6], n — 1 abscissas, 
Lyy Loy +++y L__yy N- any manner whatever, and erect ordinates at the 
corresponding points to the curve. Then the area is divided into 
m portions such as z,P, x,Q, etc. Denote the lengths of the sub- 
divisions on OX as follows: 


Then evidently the area of 
the segment 2,Q, for example, equals approximately that of the 
rectangle whose base is Aa, and altitude Qz,, or $(a,). Carrying 
out this idea for each portion, we have as a result that 


(a) May + f (2) Arr, +--+ 6% -1) A%-1 + 6 (%) AX) 
gives an area approximately equal to the area required. And now 
it is geometrically obvious that the limit of the above sum is the 
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area under the curve if the process of subdivision of [@, 6] be 
continued according to some law by which each division on # 
approaches the limit zero. That is, 


n 


dint (x) Ant = [- o (@) de: 


i=1 
This general discussion shows that integration between limits 1s 
a process of summation, in which, however, the definite integral 
appears not as a simple sum but as the limit of a sum, the number 
of terms increasing without limit, and each term separately approach- 
ing the limit zero. 


In order to replace the intuitional point of view that we have so far adopted in 
the text by a rigorous and general analytical proof, proceed as follows. 


Divide the interval [a, b] into any number of parts Ax,, Avg, ---, At, and let. 


a’; be any abscissa in the segment Aa;, the extremities of this segment being denoted 
by 2; and 2; 1. Also suppose x; to be a value in the interval [@;, 7;41] determined 
by the Theorem of Mean Value (as in the first part of this section), so that 
FS (€i+1) — Fi) = $ (i) Aa. 
Then, exactly as before, the sum 


n 
(F) >)? Hi bas 
1 
equals the required area. And while the corresponding sum 
(@) >? (7) Aa; 
1 


does not also give the area, nevertheless we may show that the two sums (F’) and (@) 
approach equality when 7 increases without limit. For the difference ¢ (x,) — ¢ (x’i) 
does not exceed in numerical value the difference of the greatest and smallest 
ordinates in Az; And furthermore, it is always possiblet to make all these differ- 
ences less in numerical value than any assignable positive number e, however small, 
by continuing the process of subdivision far enough, i.e. by choosing n sufficiently 
large. Hence for such a choice of n the difference of the sums (F) and (@) is less 
in numerical value than ¢(b — a), i.e. less than any assignable positive quantity, 
however small. Accordingly as n increases without limit, the sums (F) and (@) 
approach equality, and since (’) is always equal to the area, the fundamental result 


follows that ‘ Pe ee 
fo @) dx = Nim's D2 4) Aes, 
1 


n=O 


in which the interval [a, 6] is subdivided in any manner whatever, and 2’; is any 
abscissa in the corresponding subdivision. 


* Any term of this sum is sometimes called an element of the area, for each one represents 
the area of one of the rectangles forming the whole figure. 
+ That such is the case is shown in advanced works on the Calculus. 
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The process of evaluation of the limit of this sum is accordingly 
often spoken of as summing up an infinite number of infinitely small 
quantities, but the phrase has no meaning except in the above sense. 
-- We may apply to great advantage this fruitful idea of summing 
up an infinite number of infinitely small quantities to a large number 
of the problems of the Integral Calculus. In order to obtain solu- 
tions by this method the following steps are in general to be taken. 

First step. Find a differential expression for any one of the infin- 
itesimal quantities (elements) composing the quantity to be calcu- 
lated,* and reduce it to a form involving only a single variable. 

Second step. Integrate this differential expression (ie. sum up 
all the elements) between the limits given by the conditions in the 
problem. 

221. Areas of plane curves. Rectangular codrdinates. It was 
shown in § 209, p. 356, that the area between a curve, the axis » 
of X, and the ordinates x =a and a= 6 
is given by the formula 


b a 
(A) area = if y dx, 
a 


the value of y-in terms of x being sub- 
stituted from the equation of the curve. 
Considered as a process of summation, 

it is customary to look upon this operation as follows (see p. 367). 
Consider any strip (as C#) as an element of the area. Regard- 
ing it as a rectangle of altitude y and infinitesimal base dz, its area 
is equal to ydz, and summing up all such strips between the ordi- 

nates 4P and BQ gives the area ABQP. 

Similarly it may be shown that the 

ae TY area between a curve, the axis of Y, and 
LY the lines y=c and y=d is given by the 

formula 


da 
x (|@B area = f a dy, 
Cc 


the value of z in terms of y being substi- 
tuted from the equation of the curve. 


* If an area is wanted, find a differential expression for an element of the area; if a length, 
find it for an element of the length; if a volume, find it for an element of the yolume, etc. 
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« 


“Ex. 1. Find the area included between the semicubical parabola y? = 28 and 
the line x = 4. ‘ 
Solution. Let us first find the area OMP, half of the required area OPP’. For 


the upper branch of the curve y = Va, and summing up all the strips between 
the limits x = 0 and a = 4, we get, by substituting in (A), - - 


4 
area OMP = {, yd = (clan = Ga = 12%. 


Hence area OPP’ = 2- 54 = 253. 

If the unit of length is one inch, the area of OPP is 
253 square inches. 

Nore. For the lower branch y = — z?; hence 


4 3. 
area OM P’ = {,(- x?) dw = — 124. 


This area lies below the axis of « and has a negative sign 
because the ordinates are negative. ; 

In finding the area OMP above, the result was positive because the ordinates 
were positive, the area lying above the axis of x. 

The above result, 253, was the total area regardless of sign. As we shall illus- 
trate in the next example, it is important to note the sign of the area when the 
curve crosses the axis of X within the limits of integration. 


Ex. 2. Find the area of one arch of the sine 
curve y = sing. 


Solution. Placing y=0 and solving for a, 


we find 
Pes (UF aryl Pam CWS. - 


Substituting in (A), p. 371, 


area OAB =f yde =i, sin zdx = 2. 
a 0 


Also, area BCD = {yae = ("sin zdxz = — 2, 
and area OABCD = i yde = f, *" sin ade = 0. 
a 0 


This last result takes into account the signs of the two separate areas composing 
the whole. The total area regardless of these signs equals 4. 


Ex. 3. Find the area included between the parabola «2 = 4 ay and the witch 
— Se 
~ 924+ 42) 

Solution. To determine the limits of integration, we solve the equations simul- 


taneously to find where the curves intersect. The codrdinates of A are found to 
be (—2a, a), and of C (2a, a). 
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It is seen from the figure that 


area dOCB =area DECBA — area DECOA. 


2a 8 aedx 
But area DECBA = 2 x area OHCB = 2f, 2 
; , 0 +442 : 
2a 2 4 a2 
and area DECOA = 2 x area OEC = 2 { i Ohh = om 


Hence area AOCB =27a?— a = 207(r = 2). Ans. 

Another method is to consider the strip PS as an element of the area. If 7’ is 
the ordinate corresponding to the witch, and y” to the parabola, the differential 
expression for the area of the strip PS equals (y’ — y¥”) dx. Substituting the values 
of y’ and y” in terms of z from the given j 
equations, we get 


area AOCB = 2 x areaOCB 


= 2" -v") da 


2 a1 8 a3 x 
— (ss ~ =) ae 
J w+t4ae 4a 


= 2a? (mr — 2). 


mM ge y? 
Ex. 4. Find the area of the ellipse m + 7 le 
Solution. To find the area of the quad- 
rant OAB, the limits arex=0, =a; and 


ys v V a? — x. 
a 
Hence, substituting in (A), p. 371, 


b (7 1 
= = 2 _ o2\o 
area OAB =~ f(a x7)? dx 


my LO ». soe 

= | — (a? — x?)2 are sin =] 
b a (a yee 2 as o 
te a : [B], p. 345. 


Therefore the entire area of the ellipse equals rab. 


992. Area when curve is given in parametric form. Let the 
equation of the curve be given in the parametric form 


x = () Ve (2). 


7 
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We then have y= (t) and dxr=f'(é) dt, 
which substituted * in (4), p. 3871, gives 


(A) area = ” b(t) f'(é at, 
ty 
where t=t, when x=a, and t=#, when x=). 


We may employ this formula (A) when finding the area under a 
curve given in parametric form. Or we may find y and dz from 
the parametric equations of the curve in terms of-¢ and dé and 
then substitute the results directly in (4), p. 371. 

Thus, in finding the area of the ellipse in Ex. 4, p. 373, it would have been 
simpler to use the parametric equations of the ellipse 

x= acos¢, y = bsin ¢, 
where the eccentric angle ¢ is the parameter (§ 79, p: 94). 
Here y = bsin ¢ and dx =— asin ¢d¢. 
When v= 0; ¢= 2; and when «=a, = 0. 


Substituting these in (A), p. 371, we get 


a 0 
area OAB =| yde = =f{ ab sin? ¢d¢ = aa 
2 


Hence the entire area equals rab. Ans. 


EXAMPLES 


1. Find the area bounded by the line y = 5a, the axis of X, and the ordinate 
ap =P, Ans. 10. 


_g 2. Find the area bounded by the parabola y? = 4%, the axis of X, and the lines 
e=4 and «= 9. Ans. 251. 


3. Find the area bounded by the parabola y2=4a, the axis of Y, and the 
lines y= 4 and y = 6. Ans. 122. 


7 4, Find the area of the circle 22 + y? = r?. Ans. mr?, 


5. Find the area between the equilateral hyperbola ey = @?, the axis of XX, 
and the ordinates x=a and « = 2a. Ans. a? log 2. 


6. Find the area between the curve y = 4 — 2? and the axis of X. Ans. 102. 


de Find the area intercepted between the codrdinate axes and the parabola 
2 + y= = ai. Has a? 
ne 


* For a rigorous proof of this substitution the student is referred to more advanced treatises 
on the Calculus. 
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. 8. Find the area bounded by the semicubical parabola y? = «3, the axis of Y, 
Vand thé line y = 4. Ans. $1024. 


x x 
9. Find the area between the catenary y =° G +e Ay the axis of Y, and 
the line x = a. 2 a 
Ans. eed — 1}. 


10. Find the area between the curve y = loga, the axis of XY, and the ordinates 
/e=1ande=a. Ans. a(loga—1)+1. 


11. Find the entire area of the curve 


i” : =i (2) + (2)'= ile Ans. a7a. 


._— 12. Find the entire area of the curve a?y? = 23 (2a — 2). Ans. 1a? 


13. Find the area bounded by the curves 
x(y — e&)=sineg and 2ay =2sinz + 23, 


the axis of Y, and the ordinate ~=1. Ans. fe — ha) du=e—71=1.55+--. 


3 

14. Find the area between the witch ee a and the axis of X, its 
x2 -- 4 a? 

asymptote. Ans. 47a? 


3 
15. Find the area between the cissoid y? => and its asymptote, the line 
ay atone. Ans. 37a? 


7 16. Prove that the area bounded by a parabola and one of its double ordinates 
equals two thirds of the circumscribing rectangle having the double ordinate as 


one side. 


2 17. Find the area included between the two parabolas y? = 2 px and a? = 2 
i : 


18. Find the area included between the parabola y? = 2@ and the circle 


ee ye=4a— 2. Ans. 0.475. 


| A 19. Find the total area included between the curve y = x? and the line y = 22. 
Ans. 2, 


_/ 20. Find an expression for the area bounded by the equilateral hyperbola 
x2 — y2 = a®, the axis of X, and the diameter through any point (a, y). 


2 
Ans. © log eae 
2 a 
_ ~ 21. Find by integration the area of the triangle bounded by the axis of Y and 
> the lines 22 +y+8=0 and y=—4. Ans. 4. 
4 22. Find the area of the circle 

é % = 7 cos, 
= hea Oe 

; Ans. mr, 


6 being the parameter. 
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23. Find the area of one arch of the cycloid 
& = a(9— sin 6), 
? y =a(1 — cos8); 
6 being the parameter. 
Hint. Since x varies from 0 to 27a, 6 varies from. 0 to 27. 
Ans. 37a?; that is, three times the area of the generating circle. 


24. Find the area of the hypocycloid 
x = acos? 6, 
7 = @ sings 


2 
Ans. oe that is, three eighths of the 


6 being the parameter. 
Y 
area of the circumscribing circle. 


25. Find the area of the loop of the folium of Descartes 
e+ y3 = 8 acy. 


x 3at 
Hint. Let y=tx; then z= ; 
1+¢8 
= Sat ‘and de =1—2® gadt. 
14% a+ ep 


The limits for ¢ are 0 and , 


223. Areas of planecurves. Polar codrdinates. Let BC be a curve 
whose equation is given in polar codrdinates. Let (p, @) be the 
coordinates of P, and assume wu as the measure of the area OHP.* 
When @ takes on a small increment AQ, 
u takes on the increment Au (= area OPQ). 
Completing the circular sectors OPR and 
OS, it is seen that 

area OPA < areaOPQ < area OSQ, 
or) 4 OP A0te Aud 00 ahd: 

Dividing through by Ad@, 


Now let A@ approach zero as a limit; then OQ will approach OP 
as a limit, and we get 
du 1 .,/f 1- 
qe 3? ‘; gee ) 


* Since we may suppose this area to be generated by a variable radius vector starting out 
from OZ and moving up to the position OP, wu will be a function of @ which vanishes when @=ca. 
+ The area of a circular sector =} radius x are=1 OP x OPAO. 
; + In this figure OP is less than OQ; if OP is greater than OQ, simply reverse the inequality 
signs, : 
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Or, using differentials, du = 4 p’dd, 
this being the differential of the area in polar coérdinates. 


Integrating, we have U= 1 ( p'dd. 


If we now apply the same line of reasoning as that followed in 
§ 209, p. 856, the area of the sector OHF' may be calculated by 
means. of the formula 


(A) area =} i B 206, 


F 


the value of p in terms of 6 being substi- 
tuted from the equation of the curve. 

To look at this process as a summation, 
consider any sector OBC as the element of 
area. Regarding it as a circular sector of 
radius p and infinitesimal arc pdé, its area 
equals $’d@. Summing up all such sectors between OF and OF 
gives ee area OFF. 

Formula (A) may then be used for finding he area bounded by a 
polar curve and the radit vectors corresponding to 0=a and 0=8. 


Ex. 1. Find the entire area of the lemniscate p? = a? cos 2 0. 


Solution. Since the figure is symmetrical 
with respect to both OX and OY, the whole 
area = 4 times the area of OAB. 


Since p= 0 when @= a we see that if 0 


varies from 0 to . the radius vector OP sweeps 


over thearea OAB. Hence, substituting in (A), 


T 


P a 
entire area = 4 x area OAB=4- +f p2dé = 2a? {cos 2 ad da 
a 


that is, the area of both loops equals the area of a square constructed on OA as 
one side. 


EXAMPLES 
1. Find the area swept over in one revolution by the radius vector of the spiral 
of Archimedes, p = a8, starting with 9 = 0. et 4 ee 


2, Find the area of one loop of the curve p = a cos 20, FAs See 


° 
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3. Show that the entire area of the curve p = asin 26 equals one half the area 
of the circumscribed circle. ; 


4. Find the entire area of the cardioid p = a(1 — cos @). 


31a? 
Ans. 


; that is, six times the area of the generating circle. 


. . =e 2 
5. Find the area of the circle p = a cos 0. ang wo 


6. Prove that the area of the three loops of p= asin 36 equals one fourth of 
the area of the circumscribed circle. 


7%. Prove that the area generated by the radius vector of the spiral p = e® equals 
one fourth of the area of the square described on the radius vector. 


 / 


‘Si 6 
} 8. Find the area of that part of the parabola p = a 7 which is intercepted 


' between the curve and the latus rectum, Ane 8 a2 
. 3 La 


9. Show that the area bounded by any two radii vectors of the hyperbolic 
spiral p? = a is proportional to the difference between the lengths of these radii. 


ab? 


10. Find the area of the ellipse p? = —- Ans. rab. 
ae a? sin? 6 + 6? cos? 6 a 
11. Find the entire area of the curve p = a (sin 26 + cos 2 6). Ans. 1a?, 
12. Find the area of one loop of the curve p? cos @ = a? sin 8 8. 3 a2 ; 
Ans. = = toe 


2 
13. Find the area below OY within the curve p = asin - : 


a2 
Ans. (10 + 27 V8) Gy 


224, Length of a curve. By the length of a straight line we 
commonly mean the number of times we can superpose upon 
it another straight line employed as a unit of length, as when 
the carpenter measures the length of a board by making end-to- 

end applications of his foot rule. 

Since it is impossible to make a 

straight line coincide with an are of a 
3 curve, we cannot measure curves in the 

same manner as we measure straight 

lines. We proceed then as follows. 

Divide the curve (as 4B) into any number of parts in any man- 
ner whatever (as at C, D, #)-and connect the adjacent points of 
division, forming chords (as AC, CD, DE, EB). 


E 


C 


A 
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The length of the curve is defined as the limit of the sum of the 
chords as the number of points of division increases without limit in 

such a way that at the same time each chord separately approaches 
zero as a limit. 

Since this limit will also be the measure of the length of some 
straight line, the finding of eae length of a curve is also called 
“the rectification of the curve.” — 

The student has already made use of this definition for the 
length of a curve in his Geometry. Thus the circumference of a 
circle is defined as the limit of the perimeter of the inscribed (or 
circumscribed) regular polygon when the number of sides increases 
without limit. 

The method of the next section for finding the length of a plane 
curve is based on the above definition, and the student should note 
very carefully how it is applied. 

225. Lengths of planecurves. Rectangularcodrdinates. We shall 
now proceed to express in analytical form the definition of the last 
section. Given the curve Yy 

¥ =f (2) y=d 
and the points P (a, ¢c), Q(6,d) onit; to find ,_, 
the length of the arc PQ. 

Take any number (= n) of points on the 
curve between P and Q, say P', P",---, P™, 
and draw the chords PP', P'P", ---, PY. 
Consider any one of these chords, P'P", for example, and let the 
coordinates of P’! and P" be 

P'(z', y') and P" (v' + Az’, y' + Ay’). 

Then, as in § 102, p. 141, 

P'Pp" = V(Az')? a Cie 


aN y' 2 
fP' " 
or, Vall =[h af (Ay 
(Dividing inside the radical by (Aw’)? and multiplying outside by Az’.] 


But from the Theorem of Mean Value, (42), p. 167 (af Ay’ is 
denoted by f(6)—f(a) and Az' by 6—a), we get 


= f'(x,). - a <a, <a'4 Aq’ 
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Substituting, we get 
P'P" = [1 +f" (a) Ae’. 
In the same manner we find 
Pla [14 f" (a) TA2®, 
Pipes | les a) )FAz', 
Pips oe (x) Ag 


PQ = =[1+ file tag, 

The length of the inscribed broken line joining P and Q (sum of 
the chords) is then the sum of these expressions, and the length 
of the arc PQ is therefore, by definition, the limit of the sum 

[1 +" (w)*Aa + [1 +f" (a) P Ae! +--+ [145 @,)7 Aa 
as n increases without limit. Hence, if we denote the length of the 
arc PQ by s, we have, by § 220, p. 367, the formula for the length of 


the arc, 
ab La Pi(e) anes or, 


(A) c=" [1+ ($4) ] 


where must be found in terms of x from the equation of the 


given curve. 

Sometimes it is more convenient to use y as the independent 
variable. To derive a formula to cover this case, we know from 
(38), p. 152, that ay 


dx 
ae hence du = 7 dy. 


dy 
Substituting this value of dz in (A), and noting that the corre- 


sponding y limits are c.and d, we get* the formula for the length of 
the arc, 


al 
2 2 - 
(B) s ={" iS oe 1] ay, 
dee . ‘ 
where a in terms of y must be found from the equation of the 


given curve. 


1 ay\27 & 
mf [14 (=) | us a [(=)'+( +( on" (=) |= 
ce Cha dy 5 dy (1 ) Gs = 


ee 
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Ex. 1. Find the length of the circle a? + y2 = r2. y 


Solution. Differentiating, ov SSNs 
oe 


Substituting in (A), ‘ 


r a2 3 : 
are BA={ [1 + al dx ; 


“eS! 


ipetettating y?=r?— a? from the equation of the 
circle in order to get everything in terms of z. : 


eT: 


are BA =r rare sin =| =—- 


ae 


Hence the total length equals 2rr. Ans. 


EXAMPLES 
1. Find the length of the arc of the semicubical parabola ay? = «3 from the 
origin to the ordinate « = 5a. Ver: 335 a 
27 
2. Find the entire length of the hypocycloid 23 + y? = ai. Ans. 6a. 


x xu 
3. Rectify the catenary y = 5 (e+ e “) from « = 0 to the point (a, y). 
2 xa x 


a Se 
Ans. ae =@ &. 
4, Find the length of one complete arch of the cycloid 


° 4 
© =r arc vers a= V2ry — y?. PAS MOU 
if 
Hint. Use(B). Here Coe a 
Y Vary —y? 


5. Find the length of the are of the parabola y? = 2px from the vertex to one 


: A z 
extremity of the latus rectum. Lire : 2 + Plog (1 + V2), 


6. Rectify the curve 9ay2=a(« —3a)?fromx=O0tox=s8a. Ans. 2a V3. 


7. Find the length in one quadrant of the curve ( x ) + ) =i 
a 


2 2 
ii at cee ab ae 
a+b 

: em +1 
8. Find the length between « = a and x = 6 of the curve ey = =k 
2b 

Ans. log 2 : +a—b. 

e2a ak 


9. The equations of the involute of a circle are 
x = a(cos @ + @sin 4), 
i = a(sin 6 — 0 cos 6). 
Find the length of the arc from 0 = 0 to 0 = 44. Ans. 4612 
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226. Lengths of plane curves. Polar codrdinates. Formulas (A) 


and (B) of the last section for finding the lengths of curves whose 


equations are given in rectangular coordinates involved the differ- 
ential expressions 


2 2 2 
1+ dy’ dx and ge +1 | dy. 
dx \ dy 


In each case, if we introduce the differential of the independent 
variable inside the radical, they reduce to the form 


[da® + dy? 
Let us now transform this expression into polar codrdinates by 
means of the substitutions 
x=pcos 6, y=psin 0. 
Then dz =— p sin 0d@ + cos @dp, 
and dy = p cos @dé@ + sin @dp, 
and we have 
[de® + dy’}* =[(— p sin 0d0 + cos Adp)? + (p cos Od0 + sin Odp)?}* 
=[pde? + dp}. 
If the equation of the curve is 
p=F(9), 
is 
th ip =f" (0)d0 = ao. 
hen dp = f'(0) 70 d 


Substituting this in the above differential 
expression, we get 


[roy] 


If then a and 8 are the limits of the independent variable 0 
corresponding to the limits in (4) and (B), we: 308, we get the 
formula for the length of the arc, . 


Fe pio 


(4) A =" [e + (2) ] * 10, 


dp 
where p and — 7 in terms of @ must be substituted from the equa- 


dé 


tion of the given curve. 
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In case it is more convenient to use p as the independent vari- 
able, and the equation is in the form 


G= $(p), 9 
then dé = $'(p) dp = = dp. 
p 


Substituting this in [p de? + dp*}? 


¢ 2 ee 3 
gives E ce +1 ap. « 


Hence, if p, and p, are the corresponding limits of the inde- 
pendent variable p, we get the formula for the length of the arc, 


(B) s aj [-*(S) + 1 }fap, 
a 


ae. : 
where 4, iM terms of p must be substituted from the equation of 


the given curve. 


Ex. 1. Find the perimeter of the cardioid p = a(1 + cos 6). 
Solution. Here ms =— asin é. 


If we let @ vary from 0 to z, the point P will gener- 
ate one half of the curve. Substituting in (A), p. 382, 


sa J, (ed + cos 6)? + a? sin? 6}? de 
=af"(@ + 2.c0s 0)'do = 2a f”"cos do = 4a. 


s=8a. Ans. 


EXAMPLES 
1. Find the length of the spiral of Archimedes, p = a, from the origin to the end 
of the first revolution. Hee NODE - og oe Waa 


2. Rectify the spiral p = e*® from the origin to the point (p, 6). 
Hint. Use (B). Ans. 2Va? +1. 
a 


eed 
3. Find the entire length of the curve p = a eer Ans. ——.- 
4, Find the circumference of the circle p = 2rsin 0. Ans. 2rr. 


5. Find the length of the hyperbolic spiral p@ = a from (p, 91) to (p2, 42). 


V a2 2 
ae mee ton a + ps”), 
p2(a + Va? + py) 
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6. Find the length of the arc of the cissoid p = 2a tané sin @ from d= 0 to0= 


7 
V5 
hs V5 Pye 38 + 
Ans 2a 2 log Ss 


7. Find the length of the parabola p = a sec? from 6 =— A *to@= = 
31 
Ans. 2a (see * 2 + log tan =) . 


8. Show that the entire length of the epicycloid 4(p? — a?)? = 27 a%p? sin?9, 


a ee : ; 
which is traced by a point on a circle of radius 5 rolling on a fixed circle of radius 
a, is 124. 


227. Volumes of solids of revolution. Let V denote the volume 
of the solid generated by revolving the plane surface AMPC about 
the axis of X, the equation of 
the plane curve CPD being 
y =f (2). 

Let x(=OM/) take ona small 
increment Az(= MN); then 
V takes on an increment AJ, 
the volume of the dise gen- 
erated by the plane surface 
MNQP. In revolving, the 
two rectangles MNRP and 
MNQS generate cylinders having the same altitude Av(= MJ), 
the exterior one having NQ, and the interior one MP, as radius 
of the base. The disc generated by MNPQ is evidently greater 
than the interior but less than the exterior cylinder. Hence 


wMP’-Ar<AV <1NQ@ -Az; 
or, dividing by Az, 


MP’ < x Apna, 


Now let Az approach zero as a limit; then VQ approaches MP 
as a limit, and we get 


dV Vjesn pao Ne 
FI Gh (=7MP); 
or, using differentials, 

dV= ry'dx, 
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P= 


which is the differential of the volume of the solid of revolution. 
Integrating, 
V=7 f yPdx. 


Therefore if OA=a and OB =, the volume generated by revolv- 


ing ABDC about the axis of X may be calculated by means of the 
formula 


. : 7 
(A) Vet f ‘ydac, 
a 


where the value of y in terms of x must be substituted from the 
equation of the given curve. 

This formula is easily recalled if we consider a slice or disc of 
the solid between two planes perpendicular to the axis of revolu- 
tion as an element of the volume, and regard it as a cylinder of 
infinitesimal altitude dz and with a base of area zy’, hence of vol- 
ume 7y’dx. Summing up all such slices (elements) from A to B, we 
get the volume generated by revolving ABDC about the axis of X. 

Similarly when OY is the axis of revolution we use the formula 


rd 
(B) Voir J “edi, 
Cc 


where the value of x in terms of y must be substituted from the 
equation of the given curve. 


ae ay} 
Ex. 1. Find the volume generated by revolving the ellipse = 4h . — 1 about the 
axis of XY. 
b2 
Solution. Since y2= ms (a2 — a), and 


the required volume is twice the volume 
generated by OAB, we get, substituting 
in (A), 


V a - ah2 , 2) d 
. sar, yada = x [ ea) xv 
_ 2mab? 
5 BA 
4 7ab? 
Aiea 


47a3 


To verify this result, letb=a. Then V= , the volume of a sphere, which 


is only a special case of the ellipsoid. When the ellipse is revolved about its major 
axis the solid generated is called a prolate spheroid ; when about its minor axis, an 
oblate spheroid. 
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EXAMPLES 


1. Find the volume of the sphere generated by revolving the circle 2? + y? = 2 
about a diameter. pate ee 4 ae 
2. Find by integration the volume of the right cone generated by revolving 
the line joining the origin to the point (a, b) about the axis of X. yes mab? t 


3. Find the volume of the cone generated by revolving the line of Ex. 2 about 
the axis of Y. Age mab ; 


4, Find the volume of the paraboloid of revolution generated by revolving the 
are of the parabola y? = 4 ax between the origin and the point (#1, yi) about its axis. 


2 
Ans. 27aa? = ae i.e. one half of the volume of the circumscribing cylinder. 


5. Show that the volumes generated by revolving y = e* about OY and OY are 


: and 2m respectively. 


6. Find the volume generated by revolving the arc in Ex. 4 about the axis of Y. 


5 : 
Ans. = == 4 ray7yj ; i.e. one fifth of the cylinder of altitude y; and radius of base x}. 
a2 


7. Find by integration the volume of the cone generated by revolving about 
OX that part of the line 4~% — 5y +3 = 0 which is intercepted between the coérdi- 


t : t 
nate axes Laas on 
4 100 
8. Find the volume of the spindle-shaped solid generated by revolving the 
hypocycloid 2? + y? = a? about the axis of _X. ae 32 ras 
ns. : 

-105 

3 
9. Find the volume generated by revolving the witch y =————_ about its 
w+4a? 


asymptote OY. 
Ans. 47a’. 


10. Find the volume generated by revolving about OY that part of the parabola 


“gh + y = a) which is intercepted by the coérdinate axis. A was 
ns. ——> 

15 
7 11. Find the volume of the torus (ring) generated by revolving the circle 
x2 + (y — b)2 = a? about OX. Ans. 2 71?ab. 


12. Find the volume generated by revolving one arch of the sine curve y=sing 


about the axis of Y. oe 
Ans. oe 


13. Find the volume generated by revolving about OX the curve 
y (e —4a)y2 = ax (a — 3a) 
between the limits x=0 and x=8a. — Ans. rants — 16 log 2). 
2 
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Fe 14. Find the volume generated by revolving one arch of the cycloid 


CH are vers” — v2 ry — y? 
r 
about OX, its base. 
Hint. Substitute dx= ydy 


———. , and limits y= 0, y= 2r, in (A), p. 385. 
Vary y ee a Fag. “sat, 


x x 
f - 15. Find the volume generated by revohying the catenary y = — 5 +e ®) about 
the axis of X from x = 0 tox=b. 
: 3 : _& 2h 
Ans. aree? et#—e «a Bue é 
- 8 ( Uns 2 
. . 3 
16. Find the volume of the solid generated by revolving the cissoid y? = z 
about its asymptote 2 = 2a. Ue 


Ans. 2773, 


17. Given the slope of tangent to the tractrix 2 = u ; find the solid 


generated by revolving it about OX. z Vey 


Ans. 27a’, 


rated by revolving the rectangular hyperbola «2 — y2= a? about OX equals the 


18. Show that the volume of a conical cap of height a cut from the solid gen- 
e 
ee of a sphere of radius a. 


19. Using the parametric equations of the hypocycloid 


ce a cos’ 6, 


y = asin® 0, 
; tw 32 ra3 
find the volume of the solid generated by revolving it about OY. Ans. ee 
13) 
20. Find the volume generated by revolving one arch of the cycloid 
%=a(6 —sin 86), 
y = a(1 — cos 8), : 
about its base OY. Ans. 577a3, 


Show that if the arch be revolved about OY the volume generated is 6 7a?. 


Pg 21. Show that the volume of the egg generated by revolving the curve 
ny? = (a — a) (w — b) 


about OX is r{(a+ Plog; —20—@) 
WA 22. Find the volume generated by revolving the curve xt — ax? + aty2 = 0 
a 


bout OX. Tee An. 
5 


23. Find the yolume of the solid generated by revolving the curve 2? + yi =1 
about OY, ieee 4a 


ss) 
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228, Areas of surfaces of revolution. Let S denote the area of 
the shaded surface generated by revolving the are CP(= 8) about 
OX, the equation of 
the plane curve CPD 
being y=f (2). 

Let «(=OM) take 
‘on a small increment 
Ar(= MN); then 8 
takes on an increment 
AS, the area of the band 
generated by the arc 
PQ (= As). Draw the 
chord PQ. Let AS’ denote the area of the convex surface of the 
frustrum of the cone of revolution generated by the chord PQ. 

Then 


9 
Aye? eee 27 + 2H). chord PQ, 


es lateral area of the frustrum of a cone of revolution is equal to one Aa 
-the sum of the circumferences of its bases multiplied by the slant height. 


or, AS! = 2 =(9 + a ‘chord PQ. 


Multiplying and dividing the first member by AS, and then 
dividing both members by As, we get 


AS AS! Ay\ chord PQ 
A gee B28 2G) ea We ee 
“) As AS “(9 % a As 


Now let Az approach zero as a limit. Then As and Ay also 
approach zero and 


limit (AS\ dS limit (AS'\ _ 4, limit chord PQ\ | 1 
As = 0 As Dds’ As=0 AS ia > As=0 As ake 
Hence from (A), 

ds 

pele tpl 1 ; 

rF Ty (=27MP); 
or, using differentials, 

dS = 2 ryds, 
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which is the differential of the area of the surface of revolution. 
Integrating, : 


S=2 anf yds : 
or, since from (29), p. 148, ds = iE + el | we have 


dy’ 3 
- Sa 2mfyli+(Ge) | ae 


Hence if OA = a and OB = 4, the surface generated by revolving 
the are CD about OX is given by the formula | 


(B) s= anf" Tee eae 


where the value of y and oy in terms of 2 must be substituted 
; hy 


~ 


from the equation of the given curve. 

This formula is easily remembered if we consider a narrow band 
of the surface included between two planes perpendicular to the 
axis of revolution as the element of area, and regard it as the 
convex surface of a truncated cone of revolution of infinitesimal 
slant height ds and with a middle section whose circumference 
equals 27ry, hence of area 27yds. Summing up all such bands 
(elements) from A to B, we get the area of the surface generated 
by revolving the are CPD about OX. 

Similarly when OY is the axis of revolution we use the formula 


(C) Si a IG) face 


where the value of 2 and “o in terms of y must be substituted 
av 


from the equation of the given curve. 


Ex. 1. Find the area of the surface of revolution generated by revolving the 
hypocycloid xi + y8 = a? about the axis of X. 


d 3 5 
Solution. Here “% =— La y = (ab — x3)3. 
dx a 
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Substituting in (B), p. 889, noting that the arc BA generates only one half of. 
the surface, we get 


S a 2 aul an 
_= — 23 1+=—j] dz 
: Qn f (at — ah 14+ 
3/A2\2 
= 2m (- (al _ (5) dx 


=o ra (" (a8 _ a2)? a 3 da 


6 ra? 


EXAMPLES 


1. Find the area of the surface of the sphere generated by revolving the circle 
x? + y2 = r? about a diameter. Ans. 4rr?. 


2. Find the area of the surface generated by revolving the parabola y? = 4azx 
about OX, from the origin to the point where x = 3a. ee 56 eel 
3 
-) 3. Find by integration the area of the surface of the cone generated by revolv- 
ing the line joining the origin to the point (a, 6) about OY. Ans. rb Va? + b2. 
x x 
E 4. Find the surface generated by revolving the Ce aey = 5 (e +e =) about 
OY from « = 0 to % =a. 
4 Ans. 27a2(1—e7}). 
5. “Find the surface of the prolate spheroid generated by revolving the ellipse 
y = (1 — e?) (a? — x) about OX. 


Ans. 27b2 + 2 nab arc sin e. 


6. Find the surface of the torus (ring) generated by revolving the circle 
x? + (y — 6)? =a? about OY. Ans. 47ab. 


Hint. Using the positive value of Va?— «2? gives the outside surface, and the negative value 
the inside surface. 


7. Find the surface generated by revolving an arch of the cycloid 


a = rare vers” — V2ry — ¥2 ; 
about its base. r Ee 64 rr’ 


8. Find the surface generated by the cycloid when revolved about the tangent 


at its vertex. 82 rr? 
Ans. 
3 
9. Find the surface of the oblate spheroid generated by revolving the ellipse 
a?y2 + ba? = a2b? about its minor axis. at fe e 


Ans. 2aad + ee lo. Oe 


Hint. e=eccentricity of ellipse. 


—.* 
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10. Find the surface generated when the cycloid is revolved about its axis. 
Ans. 8 rr? (r — 4). 


11. Find the surface generated by revolving about OX that portion of the curve 
y = e& which is to the left of the axis of Y. INGO, = [v2 + log (1 + V2)]. 


12. A quadrant of a circle of radius a revolves about the tangent at one extremity ; 
prove that the area of the curved surface generated is + (3 — 2) a2. 


13. Find the surface generated by revolving the cardioid 
e = a(2 cos @ — cos 24), 

y = a(2sin 6 — sin 2 6), 5 
about OX. ; Ans. “eee . 


14. Show that the surface generated by revolving the cycloid 
v4 *%=a(6—sin 6), 
y = a(1— cos 8), 


2 
about OX is pea . 


15. Show that the surface generated by revolving the curve «+ — a2x? + 8 a’y? = 0 


a 1 
about OX from x=0tox=ais reas ESS en ka 
a 


16. Show that the surface generated by revolving #4 + 3 =6ay about OY from | 


Tv 


12 AT 
“2=i1toz= 2 is (2 + log 2) ; and that when revolved about OY it is Gree 


17. Show that the surface generated by revolving the cubical parabola y = 2° 
1 
about OX fromx=0toxr=1is anf V1+4+ 9ata8dx = 57 (1000 —1). 


18. Show that if we rotate y2+42—=—2logy about OX from y=1 to y=2, 


5, ere 
the surface generated is ——. 


3 


CHAPTER XXXI 
SUCCESSIVE AND PARTIAL INTEGRATION 


229. Successive Integration. Corresponding to successive differ- 
entiation in the Differential Calculus we have the inverse process 
of successive integration in the Integral Calculus. We shall illus- 
trate by means of examples the details of this process, and show 
how problems arise where it is necessary to apply it. 


: 3 
Ex. 1. Given gy =e a comindays 


dx 
Solution. We may write this 
dy 
oo 
’ 
d2 
or, ‘fae 
da 
4 dy 
Integrating, Fe fo xan, 3 
dy 
or, i = 3774+ ¢. 
This may also be written 
dy 
“(as 
= 327+ ¢, 
e 
or, a(<") = (Gar + ¢1) da. 
: : dy 
Integrating again, ’ cE =f@ x* + cy) da, or, 
d 
(A) oY = 08 + cya + 9, 
da 
Again, dy = (x + c& + ce) dx, and integrating, 
Cx? 
(B) ya Ete 4 cat 4 os Ans. 


The result (A) is also written in the form 


“ off ite adxdx (or =(f6 Gar. 
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and is called a double integral, while (B) is written in the form 


y =f f f 6 adxdxdx (or =f ffs ada’), 


and is called a triple integral. In general, a multiple integral 
requires two or more successive integrations. As before, if there 
are no limits assigned, as in the above example, the integral is 
indefinite; if there are limits assigned for each successive inte- 
gration, the integral is definite. : 


Ex. 2. Find the equation of a curve for every point of which the second deriva- 
tive of the ordinate with respect to the abscissa equals 4. 


2 
Solution. Here rad = 4. Integrating as in Ex. 1], 
x 
dy 
C —=42 Ci. 
(C) a + C1 
(D) y=2e2? +44 cy. Ans. 


This is the equation of a parabola with its axis parallel to OY and extending 
upward. By giving the arbitrary constants of integration cy and Ce all possible 
values we obtain all such parabolas. 

In order to determine c; and ce, two more conditions are necessary. Suppose 
we say (a) that at the point where x = 2 the slope of the tangent to the parabola is 
zero; and (b) that the parabola passes through the point (2, — 1). 


d , 
(a) Substituting «= 2 and ss = 0 in (C) 


gives 0=8+4¢. 
Hence c, =— 8, 
and (D) becomes y = 202 — 8x4 Ce. 


(b) The coérdinates of (2, — 1) must satisfy this equation ; therefore 
—1=8 — 16 + Go, or, ¢2 = + 7. 
Therefore the equation of the particular parabola which satisfies all three condi- 


tions is y=202?-8a+7. 
EXAMPLES 
i OY ag AG, Gp ou Cot + Cg. 
Pc, oe 5 Andy: ns. Y ot a 
3. c qe 
2. Given ets (I) 5 sihavel Wp ING OP = or + Co® + Cg. 
dx3 
8 cya? 
8. Given d3y = a ; find y. Ans. y =logx + a + Cot + C3. 
dp Cats C162 r) 
4. Given a6 = sin @; find p. Ans. p=cosé+ aoe + C26 + Cg. 


394 INTEGRAL CALCULUS 


d Giga wen el records, ct? ee 
I, CED age sayy teed ZN 5 Aare a2 7 
in3 
yy gta e+ eid oe 


7. Determine the equations of all curves having zero curvature. 


6. Given d2p = sin ¢ cos? ¢d¢? ; find p. ANS) p— 


Hint. a ot =0, from (88), p. 161, since A= 0. 
dx’ 
Ans. y = ¢1& + Co, a doubly infinite system of straight lines. 
8. The acceleration of a moving point is constant and equal to f; find the dis- 
tance (space) traversed. 


Hint. From Ex. 28, p.114, @ = f? 
ito OnsEx. 28; pA Ans. Marre Rv 


9. Show in Ex. 8 that c, stands for the initial velocity and ce for the initial 
distance. 


10. Find the equation of the curve at each point of which the second derivative 
of the ordinate with respect to the abscissa is four times the abscissa, and which 


passes through the origin and the point (2, 4). Ans. 3Y = 20\(t2— 1): 
Cyx® Cg? 
11. Given ©Y = xeose; findy. Ans. y=x cosx — 4 sina + + +cat + ee 
we 
Roy - 7 3 2 
12. Given ay = sine. tind. AD US poke Sea! += +C2% +€3. 
du’ 9 27 


230. Partial Integration. Corresponding to partial differentia- 
tion in the Differential Calculus we have the inverse process of 
partial integration in the Integral Calculus. As may be inferred 
from the connection, partial integration means that, having given 
a differential expression involving two or more independent vari- 
ables, we integrate it, considering first a single one only as varying 
and all the rest constant. Then we integrate the result, considering 
another one as varying and the others constant, and so on. Such 
integrals are called double, triple, etc., according to the number of 
variables, and are called multiple integrals.* 

Thus the expression 


= fy (x, y) dyda 


indicates that we wish to find a function « of x and y such that 


Lee y): 


= 


* The integrals of the same name in the last section are special cases of these, namely, when 
we integrate with respect to the same variable throughout. 


a 
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In the solution of this problem the only new feature is that 
the constant of integration has a new form. We shall illustrate 


this by means of examples. Thus, suppose we wish to find u, 
having given 


Integrating this with respect to-2, considering y as constant, 
we have 4 ; 
Fes L=€ ay 8 £4, 
where ¢ denotes the constant of integration. But since y was 
regarded as constant during this integration, it may happen that ¢ 
involves y in some way; in fact ¢ will in general be a function of y. 
We shall then indicate this dependence of ¢ on y by replacing 
- & by the symbol ¢(y). Hence the most general form of w is 


U= e+ ry + 3a+ by), 
where $(y) denotes an arbitrary function of y. 
As another problem let us find 


ua) wa f fees ndien 


This means that we wish to find wu, having given 


Ou 


ea 
Oxy a 
Integrating first with respect to y, regarding x as constant, 
we get A 
ou 2y +2 + (2), 
0x 3 


where v(z) is an arbitrary function of x and is to be regarded as 
the constant of integration. 

Now integrating this result with respect to 2, regarding y as 
constant, we have 


3 ape 
ua E 4 + Ve) + Oy), . 


where ®(y) is the constant of integration, and 


W (2) ={¥ (x) da. 
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231. Detinite double integral. Geometric interpretation. Let 
f(x, y) be a continuous and single-valued function of x and y. 
Geometrically, ; 

(A) z2=f(% ¥) 
is the equation of a surface, as KL. Take some area S in the XY 
plane and construct upon S as a base, the right cylinder whose 
elements are accordingly parallel to OZ. Let this cylinder inter- 
sect KL in the area S’, and now let us find the volume V of the 
solid bounded by 8, S', and the cylindrical surface. We proceed 
as follows. 

At equal distances apart (= Az) in the area S draw a set of lines 
parallel to OY, and then a second set parallel to OX at equal 


distances apart (= Ay). Through these lines pass planes parallel 
to YOZ and XOZ respectively. Then within the areas § and 5S! 
we have a network of lines, as in the figure, that in S being 
composed of rectangles, each of area Av.Ay. This construction 
divides the cylinder into a number of vertical columns, such as. 
MNPQ, whose upper and lower bases are corresponding portions 
of the networks in S' and S respectively. As the upper bases of 
these columns are curvilinear, we of course cannot calculate the 
volume of the columns directly. Let us replace these columns 
by prisms whose upper bases are found thus: each column is cut 
through by a plane parallel to XY passed through that vertex 
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Pad 


of the upper base for which z and y have the least numerical 
values. Thus the column MNPQ is replaced by the right prism 
MNP, the upper base being in a plane through P parallel to 
the XOY plane. 

If the codrdinates of P are (4, y, 2), then MP=z=/f(2, y), and 
therefore 


(B). Volume of MNPR=f(z, y) Ay. Az. 


Calculating-the volume of each of the other prisms formed in 
the same way by replacing 2 and y in (B) by corresponding values, 
and adding the results, we obtain a volume V' approximately equal 
to V; that is, 


(C) V =D S@ y) Ay Aa; 


where the double summation sign >>) indicates that there are two 
variables in the quantity to be summed up. 

If now in the figure we increase the number of divisions of 
the network in S indefinitely by letting Az and Ay diminish 
indefinitely, and calculate in each case: the double sum ((), then 
_ obviously V’ will approach V as a limit, and hence we have the 


fundamental result 
limit 


(D) Va ay=0 DDS (way Ae. 


Let us see how to calculate this double limit. We commence 
by calculating (C) for all the prisms of a row parallel to YOZ, say 
along the line DG. 

This will give us, approximately of course, the volume of a 
slice of V bounded by planes through P and Q parallel to the 
YOZ plane. To do this analytically, we sum up in (C), keeping 
x constant (=OD). Since in this summation Az is also constant, 
we may write (C’) in the form 


(B) Vix > Ax-> f(a, y)Ay- 
Hence (D) becomes 


limit 


(F) Vs Ay = 0 > Ame > Ie y) AY. 
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In (£), the Tas for the second sign of summation are the 
extreme values of y for the vertices of the network along the 
line DG, and for the first sign of summation the extreme values 
of x in the entire network. Hence it should now be intuctionally 
evident that (2’) becomes* 


(4) yaf oa f Senay, 


for we have merely replaced the signs of summation by integral 
signs, and the limits by the values taken from the region S itself. 
We have accordingly the fundamental result, 


limit 


(H) Va ay 0D Fee Nay: Av= S Fees yaya, 


the second integration sign applying to y and being performed 
first, v and dx being meanwhile regarded. as constants. 

The process of evaluating (D) might have been carried out by 
first adding up the columns in ((’) along a line parallel to OX, 
i.e. y remaining constant, afterwards summing up the resulting 
prisms by varying y, and finally passing to the limit as Av and Ay 
approach zero. These steps would be indicated by wee the 
differential expression in (/’) in the form 


St (x, y) dady 


and changing the limits. Summing up our line of reasoning, we 
may write 


limit 


V=ay=0 SF WAy-Ae= f° i “F(a, y) dydex 


=f 1e gaedy, 


where v, and », are in general functions of y, and u, and wu, func- 


tions of , the second integral sign applying to the first differential 
and being calculated first. 


* A rigorous proof of (G) is to be found in Goursat’s Cours d’ Analyse Mathématique, 


Vol. I, §123. An English translation, by Professor Hedrick, of this book is published by 
Ginn & Company, 


a | tn ir laa nem 
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Pad 


Our result may be stated in the following form: 
The definite double integral 


IEC y) dydx 


may be interpreted as that portion of the volume of a truncated 
right cylinder which is included between the plane XOY and the 


surface # 
I : @ = (2. Y), 
the base of the cylinder being the area bounded by the curves 
YU YoUy THA, T= A, 


Similarly for the second integral. 

It is instructive to look upon the above process of finding the 
volume of the solid as follows: 

Consider a column of infinitesimal base dydz and altitude z as 
an element of the volume. Summing up all such elements from 
y= DF to y= DG, x in the meanwhile being constant (say = OD), 
gives the volume of an indefinitely thin slice having FG HT as one 
face. The volume of the whole solid is then found by summing 
up all such slices from «= OA to a= OB. 

In partial integration involving two variables the order of inte- 
gration denotes that the limits on the inside integral sign correspond 
to the variable whose differential is written inside, the differentials 
of the variables and their corresponding limits on the integral signs 
being written in the reverse order. 


Ex. 1. Find the value of the definite double integral 


a V a2— 22 
: A (x + y) dyda. 
: a pVar—a22 
Solution. if if (a+ y) dydx 
a V a2—22 
Shu 


a 25 V a2 — a? 
0 2 Io 
a 2. m2 
= [, (ON 5) ae 
0 5 


8 
= 2a" . Ans. 
3 


(w+ 7) dy | dx 
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Interpreting this result geometrically it means that we have found the volume 
of the solid of cylindrical shape standing on OAB as base and bounded at the top 
by the surface (plane) z= 2+ y. 

The attention of the student is now particularly called to the manner in which 
the limits do bound the base OAB, which corresponds to the area S in the figure 
p. 396. Our solid here stands on a base in the XY plane bounded by 


y = 0 (line OB) 

y = Va? — 2? (quadrant of circle AB) 
x = 0 (line OA) 
* = a (line BE) 


from y limits ; 
from x limits. 


232. Value of a definite double integral over a region S. In the 
last section we represented the definite double integral as a 
volume. This does not necessarily mean that every definite 
double integral is a volume, for the physical interpretation of 
the result depends on the nature of the quantities represented by 
x, y, 2 Thus, if 2, y, z are simply considered as the codrdinates 
of a point in space, and nothing more, then the result is indeed a 
volume. In order to give the definite double integral in question 
an interpretation not necessarily involving the geometrical concept 
of volume, we observe at once that the variable z does not occur 
explicitly in the integral, and therefore we may confine ourselves 
to the XY plane. In fact, let us consider simply a region § in the 
XY plane, and a given function f(a, y). Then, drawing a network 
as before, calculate the value of 


F(% y)AyAr 
Sor each point of the network, and sum up, finding in this way 
DY Dd Sa y) dys, 


and finally pass to the limit as Av and Ay approach zero. This 
operation we call integrating the function f(x, y) over the region S, 
and it is denoted by the symbol 


S f[P@ gayae. 
“ 
If Sis bounded by the curves 


C=O, =A, Y=U, Y=, then 


x SSfendyde=J (Fe yayde 
S i : 
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a 


We may state our result as follows: 
* Lo integrate a given function f(x, y) over a given region S in the 
XOY plane means to calculate the value of 


limit 


Ar =0 ey: (a, y) AyAa, 


Ay = 


as explained above, and the ele ts equal to the definite double 


integral 
ipa fe I (% y) dyda, off “er (x, y) dxdy, 


the limits being chosen so that the entire region S is covered. This 
process is indicated briefly by 


f J (a, y) dyda. 
S 


In the sections which follow we shall show by numerous exam- 
ples how the area of the region itself may be calculated in this 
way, and also the moment of inertia of the region. 

Before attempting to apply partial integration to practical prob- 
lems it is best that the student should acquire by practice some 
facility in evaluating definite multiple integrals. 


26 a 
Ex. 1. Verify af if (a — y) adyda = 


2h 2 7 a2b3 
Solution. {P is. (a — y) adydz =i ‘Lau — ae an = , ee = Fae 


7 abs 
6 


SBE 2 a8 
Ex. 2. Verify (f - — EMS 


V2 — a2 V a2— 22 
a de = if E te 
Solution. tf i Vaz y y Vaz = 


z]a 
=f, Peg = Fat 
0 0 


In partial integration involving three variables the order of 
“integration is denoted in the same way as for two variables; that 
is, the order of the limits on the integral signs, reading from the 
inside to the left, is the same as the order of the corresponding 
variables whose differentials are read from the inside to the right. 
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Ex. 3. Verify i fh he xy?dzdydx = 32. 

Solution. if fs tt xy*dzdydx = i at [ { ‘nya | dydx = f aly a dydz 
= 3 f a ay?dydx = 3 fe [ it xytdy | ax 
nf [e]e=1 [nen 


EXAMPLES 
Verify the following. 


es 
a pb a2b2 a x 2 3 
f. Ge by it af dyda = 5a 
7 1. ihedh xy (x — y) dyda r (a 7. Yy 
ores 702 2 (2 =.) 
b = dy di: ee : 
_ 2. J, fi'rdear = = ae ee xy Bae 5 is me 
/ 2 
a a Sho 
EL J, J, 22 8in saear = * 3 
i tia As *(" (sedi 
6. f, J, audedy = os 8. ff Sf, turededy 90 
Veen 
a pb 2a 2h3 a a2—ax dzdz 
ie f AE ayPadedyde = 2 (a8—09). @ 2a [ if ————. = 4q. 
b 0 a 6 0 0 ax — x2 
2 ax — 2’ 3 
ited aes sie Me rae ones 
4 
T na(l+cosé) : 3 
118 it th i. r2sin odrde == 
b pl0t 
12. f Vst — #dsdt — 68. 
t 
v2 
DO yo 143 a3 
ie. f, fw + 20) dwdv = = 


14, feet edeayae == * FF ie 


b8 
(cos B — Cos a). 


10. 


i=) 


233. Plane area as a definite double integral. Rectangular codrdi- 


nates. Asa simple application of the theorem of the last section 


(p. 401), we shall now determine the area of the region S itself in 
the YOY plane by double integration.* 


* Some of the examples that will be given in this and the following articles may be solved by 
means of a single integration by methods already explained (§§ 221, 223). The only reason in 
such cases for using successive integration is to familiarize the student with a new method for 
solution which is sometimes the only one possible. 


——— 
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As before, draw lines parallel to OX and OY at distances Ax 
and Ay respectively. Now take 


element of area = area of rectangle PQ = Ay. Az, 


the codrdinates of P being (2, y). 
Denoting by A the entire area of region S, we have 


limit 
(A) = Ar =0 Ay-Az. 2 ¥ 
aE PP ee 
We calculate this by the theorem “an 
on p. 401, setting f(z, y)=1, and get ha 
OB ACE iD 
(B) A= dydzx, 
0A “CD 74\ en LO : Ee 


where CD and CE are in general 

functions of x, and OA and OB are constants giving the extreme 
values of 2, all four of these quantities being determined from the 
equations of the curve or curves which bound the region S. 

It is instructive to interpret this double integral geometrically 
by referring to our figure. When we integrate first with respect 
to y, keeping x (=OC) constant, we are summing up all the 
elements in a vertical strip (as DF). Then integrating the result 
with respect to 2 means that we are summing up all such vertical 
strips included in the region, and this obviously gives the entire 
area of the region S. 

Or, if we change the order of integration, we have 


OL HIT 


OK @ HE 

where HG and HJ are in general functions of y, and OK and OL 
are constants giving the extreme values of y, all four of these quan- 
tities being determined from the equa- 
tions of the. curve or curves which 
bound the region S. Geometrically 
this means that we now commence 
by summing up all the elements in 
a horizontal strip (as GJ), and then 
find the entire area by summing up 
all such strips within the region. 
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Corresponding to the two orders of summation (integration), the 
following notation and figures are sometimes used: 


(D) A=f fdyde; A= f fdedy. 
Ss” s 


Wh. 
Y 


Referring to the result stated on page 401, we may say: 

The area of any region is the value of the double integral of the 
Function f(x, y)=1 taken over that region. 

Or, also, from § 231, p. 399, 

The area equals numerically the volume of a right cylinder of untt 
height erected on the base S. 


Ex. 1. Calculate the area of the circle x? + y? = r? by double integration. 


Solution. Summing up first the elements in a vertical strip, we have from 
(B), p. 408, OA PUR 
Ay ; dydx. 
OB JMS 
From the equation of the boundary curve (circle) 
WR gro Se a2, MS =— Vr? — 22, 
OB=—17; 0OA=r 


+r r2— 2 
Hence Als aap Ne 
-r Vr2— a2 


= af. Vr — a2dx = rr*, Ans. 
— > 


When the region whose area we wish to find is symmetrical 
with respect to one or both of the codrdinate axes, it sometimes 
saves us labor to calculate the area of only a part at first. In the 
above example we may choose our limits so as to cover only one 
quadrant of the circle, and then multiply the result wi 4. Thus, 


Saf ayae = (Vad = 


*- A=ar’. Ans. 
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Ex. 2. Calculate that portion of the area which lies above OX bounded by 
the semicubical parabola y? = 3 and the straight line 
T] Bab 

Solution. Summing up first the elements in a hori- 
zontal strip, we have from (C), p. 403, 


OD pAC 
A={, ip dady. 


From the equation of the line, AB = y;and from the 
equation of the curve, AC = y/’, solving-each one for x. 
To determine OD, solve the two equations simultane- 
ously to find the point of intersection H. This gives the 
point (1, 1); hence OD=1. Therefore 


A= ={ (dy Zs (y3 — y)dy = es a 


=> ay: Ans. 


ae 


EXAMPLES 


1. Find the area of the ellipse — is v= = 1 by double gee: 


Vea aa a 


s. 4 [ Ae dydx = 7 ab. 


2. Find by double integration the area between the straight line and a parabola 
with its axis along OY, each of which joins the origin and the point ae b). 


b 
Ans. te be ys = = 


3. Find by double integration the area of the rectangle formed by the coérdi- 
nate axes and two lines through (a, 0) parallel to the codrdinate axes. Ans. ab. 


4. Find by double integration the area of the triangle formed by OX and the 


b yi ab 
‘ aa =o ns. —- 
lines 7 = a and y= ae 5 


5. Find by double integration the area between the two parabolas 3y? = 25a 
and 627=9y. - Ans. 5. 


6. Required the area in the first quadrant which lies between the parabola 
y? = ax and the circle y? = 2 ax — «. five a? 2a? 


7. Find the area outside of the parabola y? = 4a (a — «) and inside of the circle 
y? =4a? — x, 
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8. Solve the problems on page 405 by first summing up all the elements in a 
horizontal strip, and then summing up all such strips. é 


b a 3 b od) 
Ans, Ex. hg th drdy =a. Bx, 4, (ff? dady = 2. 


ye 


B Baz @ p= 2 2 
Ex. 5, {i ve 5. Ex. 6 oe Gedy ee 
0 Jay "dy JaVanp 4 3 
25 


234. Plane area as a definite double integral. Polar codrdinates. 
Suppose the equations of the curve or curves which bound the 
region S are given in polar codrdinates. Then the region may 

be divided into checks bounded by 
t radial lines drawn from the origin, 
each one making the angle A@ with 
the next one, and concentric circles 
drawn with centers at the origin, the 
difference between each radius and 
x the next one being Ap. 

We shall consider these checks as 
the elements of area of the region 8. Let us calculate the area 
of one, say PQ, bounded by arcs with radii p and p + Ap. 

From Geometry, 

area of sector OSQ = 4(p + Ap)*Ad, 
area of sector OPR =} pA. 


Dos 


ep, 


F 


w] 
SOUS 
Oe 
0) 
<5 


L/ 


SK > 
N Ss 
sella 

Sau 


Hence 
area of element PQ = $(p + Ap)?A@ — } p?A@ 


= pApAd +4 Ap’. Ad. 


Then, as before, the area of the region S will be 


limit 
A=Ap=0 ApA@ +1Ap 
Ap = 0 57D, (pAPAO + § Ap'Ad) 


limit 
=f { papae + 4p=0Ap.4 5°) ApAd, 


the summation extending over the entire region, or, 


(A) A= afi ‘fpapas. 
S 


Here, again, the summation (integration) may be effected in 
two ways. 
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When we integrate first with respect to 6, keeping p constant, 
it means that we sum up all the elements (checks) in a segment of 
a circular ring (as ABCD), and next integrating with respect to p. 
that we sum up all such rings within the entire region. Our 
limits then appear as follows: 


OF rangle XOB 
(B) A= f aE pd@dp, 
OE“ angle XOA 
the angles XOA and XOB being in general -functions of p, and 
O# and OF constants giving the 
extreme values of p. 

Suppose we now reverse the 
order of integration. Integrating 
first with respect to p, keeping 0 
constant, means that we sum up 
all the elements (checks) in a 
wedge-shaped strip (as GAL/). 
Then integrating with respect to #, we sum up all such strips 
within the region S. Here 


(0) an ipo (en 


ngleXOJ “ OG 


OH and OG being in general functions of 6, and the angles XOJ 

and XOI being constants giving the extreme values of 0. 
Corresponding to the two orders of summation (integration), the 

following notation and figures may be conveniently employed: 


(D) A =f {pdbdp, A =f { papas. 
S S 


SON AN 
SOs ASSO 
RSIS \ SSS sansa 
Zo ey 


These are easily remembered if we think of the elements (checks) 
as being rectangles with dimensions pd@ and dp, and hence of area 
pdédp. 
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Ex. 1. Find the area of the circle p = 2rcos @ by double integration. 


Solution. Summing up all the elements in a 
sector (as OB), the limits are 0 and 2rcos@; and 
summing up all such sectors, the limits are 0 and 


5 for the semicircle OX B. Substituting in (D), 
A = 2rcosé e3 wr? 
aad hl ff fel as or, 

AN aA Se 


EXAMPLES 


1, In the above example find the area by integrating first with respect to @. 


2. Find by double integration the entire area of the cardioid p = a(1 — cos 6). 


2 
Ans. one . 


3. Find by double integration the entire area of the lemniscate p? = a? cos 2 6. 
Ans. a. 


4, Find by double integration the area of that part of the parabola p = a seo? 


intercepted between the curve and its latus rectum. 
6 


a aD 5 2 
Ans. ge ike i odpdgt es 
re) 3 


5. Find by double integration the area between the two circles p = acos 0, 
p =bcos 0, b>a; integrating first with respect to p. 


a bcos é 
AR, Jheye pdpdé = Z (b? — a2). 


cos 8 


6.. Solve the last problem by first integrating with respect to @. 


// 235. Moment of inertia. Rectangular codrdinates. Consider an 
element of the area of region S, as PQ. 
If the coordinates of P.are (x, y), the 
distance of P from O is V2?+y¥?. Mul- 
tiplying the area of element, i.e. 


Xe 


AvAy, é 
by the square of the distance of P from y 
the origin, we have ce x 


(A) CPT WNT Nos 
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Then the value of 


limit ; 
B Ay = 0 ape 2) A IN 
(B) dy =9 DD (2 + yf) AyAw 


defines the moment of inertia of the area within the region S about 

the point O, when the summation is extended over the entire region. 
The product (A) is then an element of the moment of inertia. 
Denoting this moment of inertia by Z, we then have, as before, 


(C) - T= f f (a? + y?) dyda,* 
S 


the limits of integration being determined in the same way as for 
finding the area (p. 403). 


Ex. 1. Find I over the area bounded by the linesx =a, y=0, y= 2. 


Solution. These lines bound a triangle OAB. Summing up all the elements 
in a vertical strip (as PQ), the y-limits are zero and ae 
(found from the equation of the line OB). Summing 
up all such strips within the region (triangle), the 
x-limits are zero and a(= OA). Hence 


raf"f"e +?) dyda 


~ 


3 
= ab( — + — Ans 
4 12 
If we suppose the triangle to be composed of horizontal strips (as RS), 
b pa a2 b8 
= 2 2) dady = o(F —). Ans. 
i SS ® ee) Gel BOs 
b 


EXAMPLES 


1. Find I over the rectangle bounded by the lines x=a, y=b, and the 
S sors axes, vee (fe seo SMES a®b = abs 


2. Find I over the right triangle formed by the codrdinate axes and the line 
joining the points (a, 0), (0, 0). b(a~x) ab (a? + b2) 


a 
Se Ce x 4 2\ dydx = 
Ans {i if (a? + y?) dydx 5 


2 


wrt 


Z 8. Find I for the region within the circle 2*-+ y2=r Vis pile 


* From the result, p. 401, we may say that the moment of inertia of the area within the region 
S is the value of the double integral of the function f (x, y)= «+ y* taken over that region. 
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—T 


‘ 2 2 
oy 4. Find JI for the ellipse a ale 


% Compare result with preceding problem.. 


Ans. ea + 6). 


5, Find I over the region between the straight line and a parabola with axis 
vA along OX, each of which joins the origin and the point (a, 0). 
a b/= absa2 02 
: ory) ayae = — (= \e 
Ans. {Sie (a?+ y?) dyda awe 
a 


6. Find J over the region bounded by the parabola y? = 4 az, the line x+y 
is and Ox, ; 


a p2Vaa 8a pda—x 314 at 
2 2 ; 2 2 = 
Ans. i if (a +p) dyda + fi Ai (+ y) dyde = 


5 


2a p8a—y 314 at 
24 2) dady — : 
or, ff Si (o + x?) dady = 

da 


236. Moment of inertia. Polar codrdinates. Consider an ele- 
ment of the area of region S, as PY. If the codrdinates of P 
are (p, @), the distance of P from O is p. The area of the element 
in polar codrdinates was found, on 
p- 406, to be 


pApA@ + 1 Ap" -AG@, 
Multiplying this by the square of 


the distance of P from the origin, 
we get 


(A) p’ (pApA@ + 3 Ap -Aé). 


Then, in conformity with the, definition of moment of inertia 
(=I) of the last section, we say that 


limit 


(B Ap =0 2(pAp-A@ +1 Ap .Ad 
(B) Ap = 0 57D, p*(pAp- AO + } Ap’. AG) 


defines the moment of inertia about O of the area within the region S. 
Or, passing to the limit (as under § 234, p. 406), 


(C) Fics f f pdodp, 
s 


the limits of integration being determined in the same way as in 
finding the area (p. 407). 
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Ps 


Ex. i. Find J over the region bounded by the circle p = 2r cos 0. 


Solution. Summing up the elements in the triangular-shaped strip OP, the 
p-limits are zero and 2r cos @ (found from the equation of the circle). 
Summing up all such strips, the é-limits 


T T Q 
are —— and —- Hence : 
2 2 x 
a 2reos6 4 
clio Pind ea ns 
MAY 2 ae 
. 5 : S 
Summing up first the elements in a circu- 
lar strip (as QR) we have 
2r pare cos — 
i if 2r 8d0dp = oa . Ans. 
—are COR Te R 


EXAMPLES 


vy 1. Find J over the area bounded by the parabola p = a sec? its latus rectum, 


and the initial line OX. 
Ee a Ape 48 at 
2 2 253, = . 
Ans. Hf ik p>dpde 35 


y 2. Find I over the entire area of the cardioid p = a(1 — cos 8). 


ie (1—cos 6) 5 4 
Ans. af, if p?dpdé = e508 . 
0) J0 16 


rg 3. Find I over the area of the lemniscate p2 = a? cos 2 0. ee wat 
/ ets: 


4, Find TI over the area bounded by one loop of the curve p = a cos 2 0. 


237. General method for 
finding the areas of sur- 
faces. ‘The method given 
in § 228 for finding the area 
of a surface applied only 
to surfaces of revolution. 
We shall now give a more 
xX general method. Let 


(A) 2=f(2,y) 
be the equation of the 
surface KZ in figure, and 
suppose it is required to 
calculate the area of the region S’ lying on the surface. 
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Denote by S the region on the XOY plane, which is the orthogo- 
nal projection of S’ on that plane. Now pass planes parallel to. 
VOZ and XOZ at common distances Ax and Ay respectively. <As 
in § 231, these planes form truncated prisms (as PB) bounded at 
the top by a portion (as PQ) of the given surface whose projection 
on the XOY plane is a rectangle of area AvAy (as AB), which 
rectangle also forms the lower base of the prism, the coordinates 
of P being (x, y, 2). 

Now consider the plane tangent to the surface KZ at P. Evi- 
dently the same rectangle 4B is the projection on the XOY plane 
of that portion of the tangent plane (P&) which is intercepted by 
the prism PB. Assuming y as the angle the tangent plane makes 
with the XOY plane, we have 


area AB — area PR.cos y, 


ee projection of a plane area upon a second plane is equal to the area of the 
portion projected multiplied by the cosine of the angle between the aid 


or, . AyAx = area PR. cos ¥. 


a ONOI) 


Bier of angle between tangent plane, (70), p. 274, and YOY 
plane found by method given in Solid Analytic come 


But 


area PR 
02 dz \? P 
1 ER 
+(e) + Ge) | 
or, area PR = E He =) Se ‘) ai AyAz, 
ey 


which we take as the element of area of the region S’. We then 
define the area of the region S’ as 


Serer 


the summation extending over the region S, as in § 231. Denot- 
ing by A the area of the region S’, we have 


(B) AH + (=) eS) | dy dx, 


hence AyAz = 
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at 


the limits of integration depending on the projection on the XOY 
plane of the region whose area we wish to calculate. Thus for (B) 
we chose our limits from the boundary curve or curves of the 
region S in the XOY plane precisely as we have been doing in the 
previous four sections. 

If it is more convenient to project the required area on the XOZ 
plane, use the formula “A 


O aa ffl @y + (by ae, 


where the limits are found from the boundary of the region S, which 
is now the projection of the required area on the XOZ plane. 
Similarly we may use 


1 
a ODANE (OLN 2. 
(D) 4=J Fly +() | aeay, 
the limits being found by projecting the required area on the YOZ 
plane. 


In some problems it is required to find the area of a portion 
of one surface intercepted by a second surface. In such cases 
the partial derivatives required for substitution in the formula 
should be found from the equation of the surface whose partial 
area is wanted. 

Since the limits are found by projecting the required area on 
one of the codrdinate planes, it should be remembered that 

To find the projection of the area required on the XOY plane, 
eliminate z between the equations of the surfaces whose intersections 
form the boundary of the area. 

Similarly we eliminate y to find the projection on the XOZ plane, 
and x to find tt on the YOZ plane. 

This area of a surface gives a further illustration of integration 
of a function over a given area. Thus in (B), p. 412, we integrate 


the function : 
1 oz 2 02 2-2 
: | z (a 4 oy 


over the projection on the YOY plane of the required curvilinear 
surface. 
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Ex. 1. Find the area of the surface of sphere 22+ y2+z2%=~,r? by double 
integration. : 
Solution. Let ABC in the figure be one eighth of the surface of the sphere. 


Here Of on @ 08 Y¥ 
240% Oye 
02 \2 02\2 g2  y2 =gt+y2+4 22 2 
o 14(B)+(B) 1a 88 Ete 
an a6 oF oy ct g2 sc g2 g2 2 =. 2 — y2 


The projection of the area required on the X OY plane is A OB, a region bounded 
by x =0, (OB); y=0, (OA); + y?=1", (BA). 

Integrating first with respect to y, we sum 
up all the elements along a strip (as DEFG) 
which is projected on the XOY plane in a 
strip also (as MNFG); that is, our y-limits 
are zero and MF (= Vr? — #). Then integrat- 
ing with respect to x sums up all such strips 
composing the surface ABC; that is, our 
z-limits are zero and OA (=r). Substituting 
X in (A), 


it UL 


WA 
Ny 


OY 


fi oe rdyda ar 
it Vy = eg oe 


or, A=4nr2, Ans. 


Ex. 2. The center of a sphere of radius r is on the surface of a right cylinder, 


the radius of whose base is . Find the surface of the cylinder intercepted by 
the sphere. 


Solution. Taking the origin at the center of the sphere, an element of the 
cylinder for the z-axis, and a diameter of a right section of the cylinder for the 
g-axis, the equation of the sphere is a+ y*+z2%=,r?, and of the cylinder 
x2+y2=rz. ODAPB is evidently one fourth 
of the cylindrical surface required. Since this 
area projects into the semicircular arc ODA 
on the X OY plane, there is no region S from 
which to determine our limits in this plane; 
hence we will project our area on, say, the 
XOZ plane. Then the region S over which 
we integrate is OACB, which is bounded by 

=0, (OA); «=0, (OB); 224 rv = r?, (ACB); 
the last equation being found by eliminating 
y between the equations of the two surfaces. 
Integrating first with respect to z means that 
we sum up all the elements in a vertical strip 
(as PD), the z-limits being zero and Vr? — ra. 
Then on integrating with respect to « we sum up all such strips, the x-limits being 
zero and r. 

Since the required surface lies on the cylinder, the partial derivatives required 
for formula (C), p. 418, must be found from the equation of the cylinder. 
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° o 


oy _ PSB Oe 
on ly ee 
Substituting in (C), p. 4138, 


SAMA il =) ) | azae. 


Substituting the value of y in terms of x from the equation of the cylinder, 


DW ah Rests — dadx _ 
Asar ff Ver 8 he amen da = 4 a2. 
07/0 Van — x2 Vre — x 


Hence 


oor EXAMPLES 
1. In the preceding example find the surface of the sphere intercepted by the 
cylinder. Vra— a2 
Ans. arf ff ae ee = 2 (mr — 2) 7%, 
—y? 


2. The axes of two equal right circular cylinders, r being the radius of their 
bases, intersect at right angles; find the surface of one intercepted by the other. 


Hint, Take x?+22=r? and #?+ y?=r? as equations of cylinders. 


Van ae A 
Br { (ee = 8r?, 
V2 — 2 


3. Find the area of the portion of the surface of the sphere 2? + y? + 22 = 2 ry 


lying within the paraboloid y = az? + bz?. banks 27r 
i Vab 
4, Find the surface of the cylinder 2? + y? =r? included between the plane 

z= me and the XOY plane. Ans. 472m. 


5. Find the surface of the cylinder z? 4+ (w cosa + y sina)? =r? which is situ- 
ated in the positive compartment of codrdinates. 


Hint. The axis of this cylinder is the line z=0, x cosa+y sina=0; and the radius of base is r. 


2 
Ans. a 2 
sina cosa 


6. The diameter of a sphere whose radius is r is the axis of a right prism with 
square base of side 2a. Find the surface of the sphere intercepted by the prism. 


a a? 
Ans. 8r (2 @ are sin ————_ — ? are¢ sin - ) : 
72 — 2 72 — a? 


7. Find the surface of the sphere 22+ y? + 22= a? in the first octant inter- 
cepted between the planes r= 0, y=0,2=b, y= 0. 


pare f . ob 

Ans. a( 20 aresin — a arc sin aa a) 

238. Volumes found by triple integration. In many cases the 
volume of a solid bounded by surfaces whose equations are given 
may be calculated by means of three successive integrations, the 
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process being merely an extension of the methods employed in 
the preceding sections of this chapter. 

Suppose the solid in question be divided by planes parallel to 
the codrdinate planes into rectangular parallelopipeds having the 
dimensions Az, Ay, Av. The volume of one of these parallelo- 


pipeds is Ae. Ay. Aa, 


and we choose it as the element of volume. 

Now sum up all such elements within the region R bounded 
by the given surfaces by first summing up all the elements in a 
column parallel to one of the codrdinate axes; then sum up all 
such columns in a slice parallel to one of the codrdinate planes 
containing that axis, and finally sum up all such slices within the 
region in question. The volume V of the solid will then be the 
limit of this triple sum as Az, Ay, Aw each po ae ZeTO as a 
limite hates, 


limit 


Ves = tye = p> AzAyAz, 
= R 


the summations being extended over the entire region R bounded 
by the given surfaces. Or, what amounts to the same thing, 


v={f {azayan, 
R 


the limits of integration depending on the equations of the bound- 
ing surfaces. 

Thus, by extension of the principle of § 232, p. 401, we speak 
of volume as the result of integrating the function f(x, y, z)=1 
throughout a given region. More generally many problems require 
the integration of a variable function of 2, y, and z throughout a 
given region, this being expressed by the notation 


SSfre y, 2) dedydx, 
Lis 


which is of course the limit of a triple sum analogous to the double 
sums we have already discussed. The method of evaluating this 
triple integral is precisely analogous to that already explained for 
double integrals in § 232, p. 401. 
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aa 
Ex. 1. Find the volume of that portion of the ellipsoid 
A a2 y? g2 
a tt a 
which lies in the first octant. 


Solution. Let O— ABC be that portion of 
the ellipsoid whose volume is required, the 
equations of the bounding surfaces being 


2 
(hye = + f + — 1, (ABO), = 
(2) . #=0, (OAB), 
(3) y =0, (OAC), 
(4) - xz = 0, (OBC). 


PQ is an element, being one of the rectan- 
gular parallelopipeds with dimensions Az, Ay, Ax into which the planes parallel to 
the codrdinate planes have divided the region. 

Integrating first with respect to y, we sum up all such elements in a column 
(as RS), the z-limits being zero [from (2)] and TR = eq — a _ = [from (1) by 
solving for z]. ae 

Integrating next with respect to y, we sum up all such columns in a slice 

‘ 2 
(as DEMNGF), the y-limits being zero [from (3)] and MG= bat — = [from 
2 2 Us 
equation of the curve AGB, namely = + - =1,_by solving for y]. 
a: 2 

Lastly, integrating with respect to x, we sum up all such slices within the entire 

region O— ABC, the z-limits being zero [from (4)] and OA = a. 


Oe fe? [2p 


r a pO as 
Hence Vs {, ih oak @  dedydx 
0 Jo Jo 
Bee 2 2\% 
=e jf ae dydx 
0 Jo az  b2 

mcb mabe 

= CONT 
cade (a2 — x?) dx 6 


4 rab 
Therefore the volume of the entire ellipsoid is See 


Ex. 2. Find the volume of the solid contained 
between the paraboloid of 


revolution v2 + y2= az, 
the cylinder e2 + y2 = 2ax, 
and the plane 2a, 
ave x + y% 
Solution. The z-limits are zero and NP (= Pi 


found by solving equation of paraboloid for 2). 
The y-limits are zero and MN (= V2ax — «?, found 
by solving equation of cylinder for y). 
The z-limits are zero and OA (= 24). 


§ 
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The above limits are for the solid ON-AB, one half of the solid whose volume is 
required. . 


a2 + y2 


2a pV2an—a22 p—— 8 rae 
Hence Ei if ae if oS dzdyda' = he 
2 0 0 0 4 
8 
Therefore Ve 3 = 
EXAMPLES 
1. Find the volume of the sphere x? + y? + 22? = r? by triple integration. 
4rr3 
Ans. . 
3 


2. Find the volume of one of the wedges cut from the cylinder «? + y? = r? by 


the planes z = 0 and z = ma. r pVi2—a® ama 278m 
Ans. 2f, ih f, dzdydx = per’ 


3. Find the volume of a right elliptic cylinder whose axis coincides with the 
a-axis and whose altitude = 2a, the equation of the base being c?y? + 62z2 = 62c?, 


Ans. a(° fe" aeayae = 2 rabe. 


4, Find the entire volume bounded by the surface (G) + (¢) ae G) =—1 


Ans. abe 

90 

5. Find the entire volume bounded by the surface #3 + y? + 2? = a. Lone 
Ans. = : 


6. Find the volume cut from a sphere of radius a by a right circular cylinder 
with 6 as radius of base, and whose axis passes through the center of the sphere. 


AK, <* [a8 — (a? — b2)2}, 


7. Find by triple integration the volume of the solid bounded by the planes 
%=a,y=b, z= me and the codrdinate planes YOY and XOZ.- . Ans. 4 mba?. 


<A—~ 8, The center of a sphere of radius r is on the surface of a right circular cylin- 


der the radius of whose basis is”. Find the volume of the portion of the cylinder 
intercepted by the sphere. Ans. 2(9r — 4)r’, 


9. Find the volume bounded by the hyperbolic paraboloid cz = zy, the XOY 
plane, and the planes # = ay, © = da, y = 04, y = be. cee (a2 — ay”) (bo? — b,?) 
; : 1G ? 


10. Find the volume common to the two cylinders x? + y? = r? and a 4+ 22 = 72, 


3 
Ans. 167°. 
3 
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11. Find the volume bounded by the plane z = 0, the cylinder 
(t—a)?+y— bP? =r, 


and the hyperbolic paraboloid LY —1C2. Ans ae 
12. Find the volume of the solid Bounded by the surfaces Aine 
2=0, 2+ y2= 4az, w+ y2=2cz, Ans. ae 
13. Find the volume included by the surfaces y? + 22 =4ae ande—z=a. 
Caen Ans. 8 7ra3. 


14. Find the volume of the solid in’the first octant bounded by zy = az and 
Oe laa ll Ans. (Fs — tog 4 Ja 


15. Find the volume included between the plane z=0, the cylinder y?=2 cx—2?, 
and the paraboloid az? + by? = 22. 


16. Find the entire volumes of the solids bounded by the following surfaces : 


3 3 3 4 rab 
x y ) s, Ans, 272°, 
oC ae cir os 
ee 8 rabe 
(b Me 73 By a a =1. Ans. 5 . 
903 
(c) (a + y? + 2%)8 = 27 aayz. Ans. : . 
(Gd) (a? + y? + 2? + c# — a7)? = 4c? (a? + yy), Ans. 27?*ca?, 
' 63 
(e) (2 + y? + 27)? = cxyz. Ans. 360. 
an eV UP Re vine mabe 
(5 ca C2 Sa C2 VRE 


239. Miscellaneous applications of the Integral Calculus. In § 227 
it was shown how to calculate the volume of a solid of revolution 
by means of a single integration. yi 
Evidently we may consider a solid 
of revolution as generated by a 
moving circle of varying radius 
whose center lies on the axis of 
revolution and whose plane is per- 
pendicular to it. Thus in the 
figure the circle ACBD, whose 
plane is perpendicular to OX, may 
be supposed to generate the solid of revolution O—HGFH, 
while its center moves from O to N, the radius MC (= y) varying 
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continuously with OM (=) in a manner determined by the equa- 
tion of the plane curve that is being revolved. 

We will now show how this idea may be extended to the calcu- 
lation of volumes that are not solids of revolution when it is pos- 
sible to express the area of parallel plane sections of the solid as 
a function of their distances from a fixed point. 

Suppose we choose sections of 
a solid perpendicular to OX and 
take the origin as our fixed point. 
Assuming /'DE as such a section, 
we have from (D), p. 404, the area 


A =f f dedy, 
Ss. 


« being regarded as constant and the limits of integration being 
extended over the area S,(DFZ). If the area of DEF is expressible 
as a function of its distance from the origin (= x), we then have 


(A) f fdedy =F. 


S 


But from § 238, p. 416, the volume of the entire solid is 
Vaf ff dedyac =f [ ff dedy |da. 
R , S 


Hence, substituting from (A), we have 
(B) V={f@ae, 


where f(x) is the area of a section of the solid perpendicular to 
OX expressed in terms of its distance (=) from the origin, the 
v-limits being chosen so as to extend over the entire region R 
occupied by the solid. 

Evidently the solid O— ABC may be considered as being gener- 
ated by the continuously varying plane section DEF as ON (= 2) 
varies from zero to OM. The following examples will further 
illustrate this principle. 


SUCCESSIVE AND PARTIAL INTEGRATION 421 


Ex. 1. Calculate the volume of the ellipsoid 
w2 y2 22 
Ge IE 
by means of a single integration. 


1 


Solution. Consider a section of the ellipsoid perpendicular to OX, as ABCD 
with semiaxes 6’ and ec’. The equation of the ellipse HEJG in the YOY plane is 
a2 yp 
ar is 
Solving this for y (= b’) in terms 
of «(= OM) gives. 


vy = Ve a, 
a 


Similarly from the equation of 
the ellipse HFGI in the X OZ plane 
we get 


TA 


Cc 


ge a 
FS ae 


Hence the area of the ellipse (section) A BCD is 
whe 
Piaf 2 — 
TOC = as (a2 —@2) = (@). 


Substituting in (B), p. 420, 


robe e+e 


ne (a? — x?) da = srabe, Ans. 


V= 
We may then think of the ellipsoid as being generated by a 
variable ellipse 4BCD moving from G to #, its center always on 


OX and its plane perpendicular to OX. 


Ex. 2. Find the volume of a right conoid with circular base, the radius of base 
being r and altitude a. 


Solution. Placing the conoid as shown in the figure, consider a section PQR 
perpendicular to OX. This section is an isosceles triangle; and since 
RM =V2rx — 2? 
(found by solving x? + y?=2ra, the equation of the 
circle ORAQ, for y) and 
WOE 0p 
the area of the section is 
aV2re — 2? = f(a). 
Substituting in (B), p. 420, 


2-0 2, 
Vaaf Vara — aide =". Ans. 
0 


This is one half the volume of the cylinder of the same base and altitude. 
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Ex. 3. A rectangle moves from a fixed point, one side varying as the distance 
from this point, and the other as the square of this distance. What is the volume 
generated while the rectangle moves a distance of 2 ft.? 


: 2 2 
Ex. 4. On the double ordinates of the ellipse ~ + B = 1, isosceles triangles of 
a 


vertical angle 90° are described in planes perpendicular to that of the ellipse. Find 

the volume of the solid generated by supposing such a variable triangle moving 

from one extremity to the other of the major axis of the ellipse. Fey 4 ab? 
. 3 ° 


Ex. 5. Given a right circular cylinder of altitude a and radius of base r. 
Through a diameter of the upper base pass two planes which touch the lower 
base on opposite sides. Find the volume of the cylinder included between the 
two planes. Ans. (mr — 4)ar?. 


Ex. 6. Two cylinders of equal altitude a and radius r have a common diameter 
in their upper bases. Their lower bases are tangent to each other. Find the volume 
common to the two cylinders. wi 4720 

ns. . 
3 

Ex. 7. Determine the amount of attraction exerted by a thin, straight, homo- 
geneous rod of uniform thickness, of length /, and of mass M, upon a material point 
P of mass’m situated at a distance of a from one end of the rod in its line of 

direction. 


Solution. Suppose the rod to be divided 
into equal infinitesimal portions (elements) 
of length dz. 


* = mass of a unit length of rod ; 
+7 
hence aT dx = mass of any element. 


Newton’s Law for measuring the attraction between any two masses is 
product of masses 
(distance between them)?’ 
therefore the force of attraction between the particle at P and an element of the rod is 


force of attraction = 


= mda 


(@+ a> 
which is then an element of the force of attraction required. The total attraction 


between the particle at P and the rod being the limit of the sum of all such ele- 
ments between « = 0 and « = l, we have 


'M 

=m 
l 

9 (e+ a)? 

_Mm (dx ao Mm 
LJ @+a)2 > a(acet. 


force of attraction = 
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Ex. 8. A vessel in the form of a right circular cone is filled with water. If h is 


its height and r the radius of base, what time will it require to empty itself through 
an orifice of area a at the vertex ? 


Solution. Neglecting all hurtful resistances, it is known that the velocity of 
discharge through an orifice is that acquired by a body falling freely from a height 
equal to the depth of the water. If then x denote depth 


of water, as 
V= V2 gx. 


See PIES le Be | 


Denote by dQ the volume of water discharged in time 
dt, and by da the corresponding fall of surface. The -vol- 
ume of water discharged through the orifice in a unit of 
time is 

2 gx, 
being measured as a right cylinder of area of base a and 
altitude v(= V2ga). Therefore in time dé, 


(A) dQ =aV2gx dt. 


Denoting by S the area of surface of water when depth is x, we have, from 


Geometry, Ss 72 ona 


= = 1G} = 
ar he h2 


But the volume of water discharged in time dé may also be considered as the 
volume of cylinder AB of area of base S and_altitude dx ; hence 


mrad 
(B) dQ = Sdx =“ 
Equating (A) and (B) and solving for dt, 
pe wr2a2de 
ah? V2 get 


t= i200 2000 a Va 
0 


——=-) Ans; 
ah? V2 ga gx  Baveg 


' Therefore 


CHAPTER XXXII 
ORDINARY DIFFERENTIAL EQUATIONS* 


240. Differential equations. Order and degree. A differential 
equation is an equation involving derivatives or differentials. 
Differential equations have been frequently employed in this book, 
the following being examples. 


() 2h oH py 00 Ex. 1, p. 155 
dy Oy No dy dy 
3 gs) 2 
2) ( “de ve 2) (@ dz a1) 
d 
(8) tan Vr =p. ; (A), p. 98 
2 
(4) e412 2201). ' Ex. 1, p. 118 
52 
(5) dy =o Ex. 2; p. 145 
2 sin 20 
(6) dp ee ame, Ex.3, p45 
(1) @y = (20 2 —12 2) dz’. Ex. 1, p. 146 
0 7) 
(8) Eotiey 20 E EX, Dato 
a2 2, 
9) 22H ou 9 Ou 
(9) wae Yo ae re Ex. 8, po 207 
1 Ou Qype? 
(10) dyd =(1+ 3 ayz4+ xy’2")u. Ex. 1, p. 200s 


* A few types only of differential equations are treated in this chapter, namely such as the 
stu lent is likely to encounter in elementary work in Mechanics and Physics, 


. 424 


EE 
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In fact, all of Chapter XIII in the Differential Calculus and 
all of Chapter XXV in the Integral Calculus treats of differential 
equations. 

An ordinary differential equation involves only one independent 
variable. ‘The first seven of ‘the above examples are ordinary 
differential equations. 

A partial differential equation involves more than one independent 
variable, as (8), (9), (10). ; 

In this chapter we shall deal with ordinary differential equations 
only. 

The order of a differential equation is that of the highest deriva- 
tive (or differential) in it. Thus (8), (5), (6), (8) are of the first 
order; (1), (4), (7) are of the second order; and (2), (10) are of the 
third order. 

The degree of a differential equation which is algebraic in the 
derivatives (or differentials) is the power of the highest derivative 
(or differential) in it when the equation is free from radicals and 
fractions. Thus all the above are examples of differential equa- 
tions of the first degree except (2), which is of the second degree. 

241. Solutions of differential equations. Constants of integration. 
A solution or intégral of a differential equation is a relation between 
the variables involved by which the equation is identically satis- 
fied. Thus 


(A) y = ¢, Sin & 
is a solution of the differential equation 
dy 0 
(B) iene 
For, differentiating (A), 
2 
(C) of —— o,sina, . 


Now, if we substitute (A) and (C) in (B), we get 
= ¢, sin 74 ¢, sin 7 = 0, 
showing that (A) satisfies (B) identically. Here ¢, is an arbitrary 
constant. In the same manner 


(D) — Yy = ¢, COS & 


! 
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may be shown to be a solution of (B) for any value of ¢,. The 
relation 
(#) ¥y = ¢, SiN £ + ¢ COS & 


is a still more general solution of (B). In fact, by giving particular 
values to ec, and ¢, it is seen that the solution (#) includes the 
solutions (A) and (D). 

The arbitrary constants ¢, and e, appearing in these solutions 
are called constants of integration. A solution, such as (/), which 
contains a number of arbitrary essential constants equal to. the 
order of the equation (in this case two) is called the general 
solution or the complete integral.* Solutions obtained therefrom 
by giving particular values to the constants are called particular 
solutions or particular integrals. 

The solution of a differential equation is considered as having 
been effected when it has been reduced to an expression involv- 
ing integrals, whether the actual integrations can be effected 
or not. . 

242, Verification of the solutions of differential equations. Before 
taking up the problem of solving differential equations it is best 
to further familiarize the student with what is meant by the solu- 
tion of a differential equation by verifying a number of given 
solutions. 


Ex. 1. Show that 
(1) y = (ax coslog a + cevsinlogx + xloga 
is a solution of the differential equation 


d? 
(2) ot a + 2y =aloge. 


Solution. Differentiating (1), we get 


d : 

(3) = = (Cg — cx) sin log a + (cz + ¢1) cosloga + log” +1. 
a og x cosloga 1 

(4) Te = (Ca + 61) BF + (cy — ey) OSB 4 E 


Substituting (1), (8), (4) in (2), we find that the equation is identically satisfied. 


* Tt is shown in works on Differential Equations that the general solution has n arbitrary 
constants when the differential equation is of the nth order. 
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EXAMPLES 
Verify the following solutions of the corresponding differential equations. 
Differential equations Solutions 
dy \2 a dy 
1, ( i _ _ Seer ¥=0. ’ ss a2 
ae ek y y=ce+e—c%, 
dy 
2. (e ) mall = eof. (y Ch 2 
: y Fe + 2 ae y= ie | y? = 2 cx + c?. 
dy \2 “dy : aec 
St ie Pa |=@-v- 2)". 2 ¢% = 
ae a) ( Z Dies sf oat Ere: % 
dy 
4, ra sy )=e@ +). (2y — x7 — c) [log(a@ + y —1)+a—c]=0. 
Py, dy en 
5, —— —2k— 4 hy = &. = ee ee 
da? da ga! Uo ee) eis (kz — 1)? 
dy ,@y  ,dy dy 
6. alk 6 4 = 0, = 2 8) ex. 
: dat d3 a daz ax ate Y = (C1 + Coe + Cae? + c4x8) €* 
oly ety 
He, (@ 2" — q?2, Ne. =¢ 
(x + y) a y — ware tan — c 
dy “eroy cae 
8. ew —ytuve2—y2=0. ALC SIM — C—O 
da x 
in 2 
2) atone y = sin a— 1 + ce-sina, 
10. ql —= ce paae2s a 2 i Oy = 0, Yy = cyetaresing + coe-aaresina, 


243. Differential equations of the first order and of the first degree. 
Such an equation may be brought into the form Mdzx + Ndy = 0, 
in which M and W are functions of wand y. Differential equations 
coming under this head may be divided into the following types. 

Type I. Variables separable. When the terms of a differential 
equation can be so arranged that it takes on the form 


(A) f(x) da + F(y) dy = 0, 
where f(x) is a function of 2 alone and F(y) is a function of y 
alone, the process is called separation of the variables, and the solu- 
tion is obtained by direct integration. Thus, integrating (A), we 
get the general solution 


(B) fF Fla)de + fF) dy =e, 


where ¢ is an arbitrary constant. 
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Equations which are not given in the simple form (A) may often 
be brought into that form by means of the following rule for sepa- 
rating the variables. 

First step. Clear of fractions; and if the equation involves deriva- 
tives, multiply through by the differential of the independent variable. 

Second step. Collect all the terms containing the same differential 
into a single term. If then the equation takes on the form 

XYVdz + X'Y'dy = 0, 
where X, X' are functions of x alone, and Y, Y' are functions of y 
alone, it may be brought to the form (A) by dividing through by X'Y. 
Third step. Integrate each part separately, as in (B). 


Ex. 1. Solve the equation 


: a eer 
dx (1+ a)ay 
Solution. ene ie 
First step. (1 + 2?) xydy = (1 + y?) da. 
Second step. (1 + y?) dx — x (1+ x?) ydy = 0. 
To separate the variables we now divide by (1 + a?) (1 + y?), giving 
da 4 ydy 
x (1 + x?) 14+y2 
Third step. ( ge aL sage 
- x (1 + x?) 1+? 
da veda ydy 
= (GB 
(Fe 1+ 22 1+y2 ’ p. 323 


log x — 3 log (1 + a) — 3 log(1 + y?) =C, 
log (1 + x?) (1 + y?) = 2 loga — 2C. 

This result may be written in more compact form if we replace — 2C by loge, 
i.e. we simply give a new form to the arbitrary constant. Our solution then becomes 
log (1 +. x?) (1 + y?) = log a? + log c, 

log (1 + 2?) (1 + y?) = log c2z?, 
(1+ 2?) (1+ 9?) =ca?2. Ans. 


Ex. 2. Solve the equation 
ane + 2Y)= ay 4. 


Solution. q Ny 
First step. axdy + 2aydx = xydy. 
Second step. 2aydx + x(a — y) dy =0. 


To separate the variables we divide by ay, 


2 ada _ 
_@=y)dy _o, 
% ¥ 


Third step. 
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ao 
2af+af% —fay=o, 


2alogz+alogy —y=C, 


alogz2y =C + y, 


log. wy = e =F sp 
a a 
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By passing from logarithms to exponentials this result may be written in the form 


or, 


ay — ee ‘i 
’ 


o xy = e%. eM, 


Cc 


Denoting the constant e¢ by c, we get our solution in the form 


xy = cet, Ans. 


EXAMPLES 


Differential equations 


. yde — xdy = 0. 

. (1+ y)dz —(1—2)dy=0. 

. (14+ 2) yde + (1 — y)ady = 0. 
. (x2 — a?) dy — ydx = 0. 

: (a? — ya) + y? + xy? = 0. 


. uedv + (v — a)du= 0. 


du 1+ 
do 1442 


. (14+ 8%) dt — tds = 0. 

. dp +p tan ode = 0. 

. sin 6 cos ¢dé@ — cos @sin ¢d¢ = 0. 
. sec? 4 tan ¢dé + sec? f tan ddd = 0. . 
sec? 6 tan ddd + sec? ¢ tan 6d0 = 0. 
. syde —(a+2)(b+y)dy=0. 

. (1 +2%)dy —V1— y2dx =0. 

. Vi— xtdy + V1 — y2de =0. 

. dex tan ydx + (1 — e*) sec? ydy = 0. 


Solutions 
Y= Cex. 


(l+y)(l-2) =e 


logay +%—y=c. 


aaeen eae 
x+a 
Eon Y= oc 
xy x 
i 
O— = ICs 


vo+e 
— . 
1—cv 


1 
2 — arctans=c. 


p=ccosé. 
cos 6 = c cos 6. 
tan @ tan ¢ = c. 


sin? 6+ sin? d= c. 


x—y=c+log(a+2)ty>. 


are sin y — arctanz=c. 


yV1—a#+eV1l—y=c, 


tan y = c(1 — e*)3, 
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Type II. Homogeneous equations. The differential equation 
Maz + Ndy = 9 
is said to be homogeneous when M and NV are homogeneous func- 
tions of « and y of the same degree.* Such differential equations 
may be solved by making the substitution 
y = Ua. 

This will give a differential equation in v and x in which the 

variables are separable, and hence we may follow the rule on p. 428. 


Ex. 1. Solve the equation 


, dy dy 
a2 = ay — 
oe da y dx 
Solution. ‘y'dau + (a? — wy) dy = 0. 


Since this is a homogeneous differential equation we transform it by means of 


the substitution y=. Hence dy = vdx + xdu, 


and our equation becomes 
verde + (x? — vx?) (vdx + adv) = 0, 
xvdz + «3 (1 — v) dv =0 
To separate the variables divide by vz’. 
This gives 


{fre fe ~fav=C 


logz +.logv —v= C, 
log.vz = C+, 
vr = eC+” = eC. er, 


y vx = ce’. 
But v = oe Hence the solution is 
y=ce%. Ans. 


EXAMPLES 
Differential equations Solutions 
1. (@+ y) de + ady = 0. a+ 20y=C¢. 
2. («+ y)de + (y —«x)dy=0. log (x? + y?)* — are tan 2 =e 
3B. ady — ydx =V 2? + y2 da. 1+ 2cy —c%?=0. 
4. (8y+10e)de+(5y+72)dy = 0. ; (e+ y)j(2a + y)8 =e. 


* A function of x and y is said to be homogeneous in the variables if the result of replacing x 
and y by Av and dy (A being arbitrary) reduces to the original function multiplied by some power 
of A, This power of is called the degree of the original function. 


ORDINARY, DIFFERENTIAL EQUATIONS 431 


ge 
Differential equations Solutions 
5. (2-Vst — 8) dt + tds =0. Me 
6. (t—s)dt + tds =0. te’ =0. 
y dy _ y ; sing 
ihe @ COS = a a. ae =e 
y po Se eee y 
8. @ COs Z (ydx + «dy) = ysin A (dy — ydx). ay COs = =C. 


Type III. Linear equations. A differential equation is said to 
be linear if the equation is of the first degree in the dependent 
variable (usually y) and its derivatives (or differentials). The 
linear differential equation of the first order is of the form 

(A) aU 4 Py=@, 
where P, Q are functions of z alone, or constants. 

To integrate (A), let 

(B) - ¥y = U2, 
where z is a new variable and w is a function of x to be determined. 
Ditferentiating (B), , 
du 


dy dz 
J = =. By V, p. 46 
) dp) dx ide Mae 
Substituting (C’) and (B) in (A), we get 
dz du 
| Ue eae ta a or, 

dz du 

ede Typ SOR Fey, Wy eae), 
(P) b dx ay e 2 ") ae 


Now let us determine, if possible, the function w such that the 
term in z shall drop out. This means that the coefficient of 2 
must vanish, that is, 


—+Pu=0 
dx ee 
Then Bo =— Pdr, 
w 
and log,w = — f Pdzx, giving 


(£) Abia eed Pe 
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Equation (D) then becomes 
we 
“da mae 
To find z from the last equation, substitute in it the value of 
u from (#) and as This gives . 


Cy e~ fi re = =), 


¢,dz = Qes?*dax, 
(F) og =f Qel*dx +C. 


The solution of (A) is then found by substituting the values of 
u and z from (#) and (#’) in (Bb). This gives 


(G) Y= Ee (f eelax ae 0). 


The proof of the correctness of (G) is immediately established 
by substitution in (A). In solving examples coming under this 
head the student is advised to find the solution by following the 
method illustrated above, rather than by using (6) as a formula. 


Ex. 1. Solve the equation 

dy 2y 
(1) ea 

de «+1 
Solution. This is evidently in the linear form (A), where 


=(e +18 


2 5 
P=— ao = 1)?. 
Set cw Q = («& +1) 


dy az du Pee : 2 : 
Let y= uz; then dn = res + a Substituting in the given equation (1), 


we get 
orl 2 eh on 
(2) wi - = —)e = («+ 1)8, 
Now to determine u we place the coefficient of z equal to zero. This gives 
du 2u 
dpi ied 
du -2dx 
UU = 1+ x 
loge u = 2 log(1+ 2), 
(8) u = elog +a)? — (1 4 )2,* 


* Since loge w= log, el (1+2)?= log (1+)2- log, e= log (1+ 2)?, it follows that u= (1+ 2), 


— 
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2 ‘ SF 
Equation (2) now becomes, since the term in z drops out, 
dz 
u— =(e+1)% 
wea ety 
Replacing u by its value from (3), 
dz 1 
— = (2 pz 
ee tA 
dz = (x + 1)3da, 
3 
(4) ree acne 40. 


Substituting (4) and (3) in y = uz, we get the solution 
> 2(% +1 g 
PS eee 


38 


+C(@+1)% Ans. 


EXAMPLES 
Differential equations Solutions 
1. a = (x + 1)3. 2y =(@+ 1)*+ c(w@ + 1)4 
de «e+ 
peer et). y sent ¢—"__ Tt, 
de & x l—-a a 
3. (1 — x?) dy + (2a? — 1) ydx = azide. y = ax + ce V1 — a2, 
aydx ade 1 
4. d - = . =axn+c(1 + ax)? 
J 1+ a2 tie ae 4 ( ) 
ds - : 
5. cE a a s$=sint+c cost. 
ds é : ne 
6. oy ae ae s=sint —1 + ce-sint, 


Type IV. Equations reducible to the linear form. Some equations 
that are not linear can be reduced to the linear form by means 
of a suitable transformation. One type of such equations is 


dy arene 
(A) qe ted = Oy 


where P, Q are functions of x alone, or constants. Equation (A) 
may be reduced to the linear form in y and z by means of the 
substitution z= y~"*’. Such a reduction, however, is not neces- 
sary if we employ the same method for finding the solution as 
that given under Type II, p. 481. Let us illustrate this by 
means of an example. 
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Ex. 1. Solve the equation 


CM . Of ey 
1 —+2=a loge: y2. 
(1) FES gxr-y 


Solution. This is evidently in the form (A), where 


Be VSalora i= 2. 
x 


dy dz du 
Let y = ; then =U Z—- 
ee eee 
Substituting in (1), we get 
ee + phe 4+ 2 a log a- u?z2, 
da Cone 
dz du wu 
2 — (| “z= a loge. we 
) “ie ° da: i x 2 


Now to determine u we place the coefficient of z equal to zero. This gives 


du eri 
dx & 
du__ de 
Fe te al 
logu = — log = log-, 
x 
(3) es. 


Since the term in z drops out, equation (2) now becomes 
dz 
u—=a logaz- u2z?, 
da 


dz 


—=a logaz- uz, 
daz > 
Replacing u by its value from (8), > 
dz 
—=alogz-—, 
dz 
z dx 
—=alogr:-—, 
x 
1 a(loga)2 
si atlons 210, 
z 2 
(4) Les z 


a(log2)? +20 


‘Substituting (4) and (3) in y = uz, we get the solution 
eel 2 
x a(loga)2 +20’ 


Y= 


or, xy [a(log7)?+2C]4+2=0. Ans. 


ORDINARY DIFFERENTIAL EQUATIONS 435 


EXAMPLES 

Differential equations Solutions 

dy 
i ee y-? = 22 +1 + cer’, 

2 Fy 2 
2. (1 — «) = — ay = ary? y =(e Vi — 2? —a)-1. 
dx 
3. Se ea a Ts Aiden nae 
dx ) a a? 

dy -~ ~ ye 
4. a : x[(2 — y?) e? +c] =e? ¢ 
5. (y logx — 1) ydx = «dy. y = (ce + loga + 1)-1. 


_ tang + seca 


if 
6. y — cosa” = y2 cosx(1 — sina). - 
dx sing +c 


244, Differential equations of the wth order and of the first degree. 
Under this head we will consider four types which are of impor- 
tance in elementary work. They are special cases of linear differ- 
ential equations, which we defined on p. 481. 


TypelI. The linear differential equation 


dry d?- dn-ty —2y 
(A) dar am 1 dart +P —— 2 


+°->+ pny = 90, 


in which the coeffictents p,, Po, +++ P, are constants. 
The substitution of e for y in the first member gives 


Ge oy ee 4 pyr? of. 8, + p,) eu 

This expression vanishes for all values of r which satisfy the 
equation 

(B) iP tae Pale ate Ep, 0; 
and therefore for each of these values of 7, e is a solution of (4). 
Equation (B) is called the auviliary equation of (A). We observe 
that the coefficients are the same in both, the exponents in (/) 
corresponding to the order of the derivatives in (A), and y in (A) 
being replaced by 1. Let the roots of the auxiliary equation (2) 
be 7,, 7%, ---5 7%; then 


(C) es, er, ae, Erne 
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are solutions of (4). Moreover, if each one of the solutions (C’) 
be multiplied by an arbitrary constant, the products 
(D) Cee, Cue Ry, C Ce 
are also found to be solutions.* ‘And the sum of the solutions (D), 
namely 
(£) y= ce + ce" 4...+ 6,6, 
may, by substitution, be shown to be a solution of (4). Solution 
(F£) contains » arbitrary constants and is the general solution (if 
the roots are all different), while (C’) are particular solutions. 
Case I. When the auxiliary equation has imaginary roots. Since 
imaginary roots occur in pairs, let one pair of such roots be 


r=atbi, r,=a—bi. Sen 
The corresponding solution is * 
y = (De: ae Ce 
me (Cen Cert) 


e’ $e, (cos bx + 7 sin bx) + ¢, (cos bx — i sin bax) t+ 


I 


= e**$(e, + ¢,) cos bz +1 (ce, — ¢,) sin bx}, 
or, y =e (A cos bx + B sin bz), 


where 4 and B are arbitrary constants. 


* Substituting c,e”!” for y in (A), the left-hand member becomes 
(r,” + pyr 1 + pos” —2 eee +Dn) ce, : 
But this vanishes since 7, is a root of (B); hence c,e"1” is a solution of (A). Similarly for the 


other roots. 
+ Replacing x by ibz in Ex. 1, p. 235, gives 


272 Zh8y3 Ad i b5y5 
eT _ 14 ibe Pees see oe or 
[25S ee eee 
2x2  b4at 3.93 55 
(1) fe Veg eee NG (hp ee eee Ne 
(2eels 3 [5 
and replacing x by —ibz gives j 
272 4878 B4at 45a5 
e Maeno glee Ze _ idFa =) OF) 
[2 Se See 
: 22 fpdord D373 Hdd 
(2) Ps ang ite in ne 4 OL estore We 
29 \2 3 [6 
But, replacing x by bz in (A), (B), pp. 235, 236, we get 
22 4nd 
(3) eon bee ieee oe alee é 
27 4 
“fh378 Sab 
(4) ayes Se = dae 
BB 


Hence (1) and (2) become 
e* = cos be +isin bx, e~ ©*= cos ba-isin ba 
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Case II. When the auviliary equation has multiple roots. Con- 
sider the linear differential equation ‘of the third order 


dy ay d 
(Ff) Fe le meee ea 0, 


where /p,, Py, Ps are constants. The corresponding auxiliary equa- 
tion is | 

(G) P+ pr + py + p= 0. 

If r, is a root of (G), we have shown that ¢ is a solution of (F). 
We will now show that if 7, is a double root of (G), then ze” is 
also a solution of (#’). Replacing y in the left-hand member of 
(f) by xe”, we get 

(A) we (r+ pyr? + pat, +22) +8 (Br? + 2 Dy + Br)- 

But since 7, is a double root of (@), 

r+ Pry + Pit +P, = 9%, 
and i $7; +2p,7,+p,=—9. Byes.S2,;p 0 

Hence (#) vanishes, and xe” is a solution of (#’). Correspond- 
ing to the double root r we then have the two solutions 

ce", ¢c,ve. 


More generally, if 7, is a multiple root of the auxiliary equation 
(B), p. 435, occurring s times, then we may at once write down s 
distinct solutions of the differential equation (A), p. 435, namely 


r. s—1 


a pats Tame, : pits 
cer, CWE NV, C,0 eV, tery CW Ess 


In case a + 67 and a — 07 are each multiple roots of the auxiliary 
equation, occurring s times, it follows that we may write down 2s 
distinct solutions of the differential equation, namely 

c,e* cos bx, exe cos ba, ¢,x7e cos bx, ---, oa°*e™ cos ba; 
¢/e* sin bx, ¢,!xe™ sin ba, c,'a%e** sin bx, -«.-, ¢,/a*—* e™ sin ba. 

Our results may now be summed up in the following rule for 
solving differential equations of the type 


avy qd- ly ps dn—*y 
a anes ot apne +---+ pny = 9, 


Where Pr Poy *++5 P, are constants. 
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First step. Write down the corresponding auxiliary equation 
Bas Te ap ail) 
Second step. Solve completely the auxiliary equation. 


Third step. From the roots of the auxiliary equation write down 
the corresponding particular solutions of the differential equation 
as follows: 


AUXILIARY EQUATION : DIFFERENTIAL EQUATION 
(a) Kach distinct real 
root r, 


(b) Each distinet pair A ee fe particular solutions 


imaginary roots a+ bt e* cos bx, e™ sin ba. 


i gives a particular solution e%*. 


s particular solutions obtained by 
multiplying the particular solu- 


(2) Amultiple eee an 
tions (a) or (b) by 1, x, 2, ---, a. 


ring s times 


Fourth step. Multiply each of the n* independent solutions by 
an arbitrary constant and add the results. This gives the complete 
solution. 

dy dy 


Ex. 1. Solve — —3—=+4y=0. 
i dx8 qos y 


Solution. Follow above rule. 
First step. +3 —3r2+4=0, auxiliary equation. 
Second step. Solving, the roots are — 1, 2, 2. 


Third step. (a) The root — 1 gives the solution e-*. 
(b) The double root 2 gives the two solutions e?*, xe?, 


Fourth step. General solution is 
Yy = cye—* + Coe2?* + cgxe?2, Arnis. 
dty dy 


2, 
Ex. 2. Solve —4—~4 Te y 
dct dx3 dx? 


dx 


Solution. Follow above rule. 
First step. r*—473+10r2—12r+5 =0, auxiliary equation. 
Second step. Solving, the roots are 1, 1, 1 + 2%. 


* A check on the accuracy of the work is found in the fact that the first three steps must give 
n independent solutions. 
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Third step. (b) The pair of imaginary roots 1 + 2% gives the two solutions 
e“cos 2a, e*sin2¢(a=1, b= 2). 
(c) The double root 1 gives the two solutions e*, xe*. 


Fourth step. General solution is 


or, 


10. 


11. — 


12. 


13. 


dx da dx? 


Yy = Cye* + Coxe + Cge* COS 2H + cye* Sin 2a, 
Yy = (C1 + Cot + Cg COS 2% + cysin2x)e". Ans. 


Differential equations 
ay _ 


= Op, 
da2 f 
dty 
— ==), 
dx +Y 
COG oy 
dx? dx 
d?y dy 
= — 4— 47 =0 
dx? dx 2 ag 
By dy = 
dx3 ike 

4 
dx dx? 
ds ds ds _ 0 
dts dt? die 
dtp dp 
el ee pO; 
di ade ioe 
Lae Ae a 
dv? d 
dty d?y 
es Te De ET AN) 
a + 2n 2 + nty 
ds 
ate 
3 

ioe 7 Ze +6s=0 
at3 at 


d4y 3 Pu dy dy 


dz 


EXAMPLES 


General solutions 


Y = C8 + Coe-8", 
y = C, Sin x + C2 COS @: 
Yy = cye3* + Coet®, 
y = (ey + ean) E22, 
P= tea + cge—2%, 
y= cer V2 + coe 2 V2 + cz sin 2a” + c4cos22. 
8 = cye3* + Coe 24 + Cz. 
p = cye?® + coe—38 4 c3e9¥3 + cye- ov. 
Uu = (cy Sin 2_v + C2 Cos 2 v) €3”. 
y = (C1 + C2@) Cos n% + (C3 + C4) Sin nex. 
es Bia t v3 
s=ce'+e 2( ca sin -f- Cet : 
8 = cye?* + Coet + cges*. 


y = Cy + (Cg + Cg + ¢4x?) e*. 
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Type II. The linear differential equation 
d”’y dv-ly d-2y 
dic” 1 danr-2 + Ps danr-2 
where X is a function of x alone, or constant, and py, Por --*» Pn APC 
constants. 

When X= 0, (1) reduces to (A), Type I, p. 485, 
dy ey qty ; a 
da” + Pi da®—1 + Po da"? aa + Py a 

The complete solution of (J) is called the complementary fune- 
tion of (I). 

Let w be the complete solution of (-/), 1.e. the complementary 
function of (1), and v any particular solution of (Z). Then 


d’v dy d"-2y 
“ = ¢ 
Ape dx} + Ps da ~? i + Pp ? 


_€o) +--+ pry = X, 


(J) 


du d” -1 di” —2 U 


U 
and dx" + Py Apa = pa io +--+ p,u=0. 
Adding, we get 
aye d?-? qr-2 ; 
Fs ge au ac emer CaM) re pepe Ca a +p, (utr) =X, 


showing that w+ v is a solution* of (Z). 

The complete solution of (Z) being w+ v, we first find the com- 
plementary function u by placing its left-hand member equal to 
zero and solving the resulting equation by the rule on p. 488. 

To find the particular solution v is a problem of considerable 
difficulty except in special cases. For the problems given in this 
book we may determine the particular solution v by the following 
method. 

Differentiate successively the given equation and obtain, either 
diréctly or by elimination, a new differential equation of a higher 
order of Type I. Solving this by the rule on p. 438, we get its 
complete solution containing the complementary function u already 
found,} and additional terms. Determining the constants of the 
additional terms so as to satisfy the given differential equation, 
we get the particular solution v. 

* In works on differential equations it is shown that w+v is the complete solution. 


+ From the method of derivation it is obvious that every solution of the original equation 
must also be a solution of the derived equation. 
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The method will now be illustrated by means of examples. 


Nore. The solution of the auxiliary equation of the new derived differential 
equation is facilitated by observing that the left-hand member of that equation 
is exactly divisible by the left-hand member of the auxiliary equation used in find- 
ing the complementary function. 


Ex. 1. Solve 
dy | dy 
(K) 


oe SUF 
da? * dx 


Solution. The complementary function u of () is the complete solution of the 
equation - 
dy 
(L) Lo gt I SM 


Applying the rule on p. 488, we get as the complete solution of (Z) 
(M) U = C46” + Cge-24, 
Differentiating (K) gives 

dy 


3 2. 
Ue) GE SO) YG, 
dx dx? dx 


Multiplying () by 2 and adding the result to (V), we get 
By 3 FY 
O ees 
(0) da’ ' ~ dx? 
a differential equation of Type I. Solving by the rule on p. 488, we get the com- 
plete solution of (QO) to be 


(NY) 


—4y=0, 


Y = Cie" Coe— 2% | caxe- 22, 
or, from (M), : 
y =u cave—2e. 


We now determine cs so that csxe—?* shall be a particular solution v of (K). 
Bening: y in (K) by cgxe-2*, we get , 
cge-2*(— 4 + 1) = ae-2*, 
*, —8c¢g3 =a, or, C3 =— ta. 


Hence a particular solution of (IC) is 


vy =— taxe-22, 
and the complete solution is 
y=U+tv = cye® + Coe 2 — L age-2%, 

Ex. 2. Solve 

dy ay 5 

n2y = COS aw. 

(P) aati 
Solution. Solving 

. dy 
(Q) pgp NE 


we get the complementary function 


(RB) ; u = cysin ne + C2 cos nz. 
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Differentiating (P) twice, we get 


CE ey 
(S) ad + 7? ae a? cos an. 
Multiplying (P) by a? and adding the result to (S) gives 
dty dy | nd 
(T) FE OA pe ia Pahl 


The complete solution of (7') is 
y = c,sin nw + C2 cos nx + Cg Sin ax + C4 COS ax, 
or, y =Uu-+ C3 Sin ax + C4 COS an. 
Let us now determine cg and c4 so that cz sin az + c4cos az shall be a solution of 
(P). Replacing y in (P) by cg sin ax + cgcosax, we get 
(n?c4 — a?c4) cos ax + (n?c3 — a%cg) Sin ax = Cos ax, 
Equating the coefficients of like terms in this identity, we get 


n@c4 — a®cy = 1 and n2czg — a®cg = 0, 


1 
or, Ci and cz = 0. 
n2 — a 


Hence a particular solution of (P) is 


and the complete solution is 
cos ax 


6 


n2 — a2 


y=u+v=csinne + cocosne + 


EXAMPLES 
Differential equations Complete solutions 
1. oY 7 4 12y =e. y= qe + ogete SE ET, 
2: ve oot 2c 2 ty =a. y =C,Sin & + Cy cosa@ + (Cg + C4x) eX + a. 
3. sat. a = cet + oye — EI 


a3 a? d, 
Ag 2h arg eee poe age: p= (e400 +S) 00 + oe 


dy : - x8 
5. = OY — ee y = cye% + Coe + Cg sin ax + C4 COS aL — —.- 
dx at 
d?s i 
6. — + a2s = cos ax. 8 =c,Sin aw + Cc. cos ax + eee 
dx 2a 
d?s ds et 
7, —=~2a—+a%s8 =e, 8 = (C1 + Cot) ew : 
de at Cea Salary 
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Differential equations “Complete solutions 
8. we 5s oy = em, Eee eee. 
9. awe 3g 2 y = cer, y = Ce" + Coe?% + oe (eee). 5 
dx? dx : W—38n+2 (n?—3n+42)? 
10. we 9 + 208 = Hee es sh et 
11. = + pike t sin? ¢. 3 (a z = )sin2t + (¢ — Fy) e082 + 7 
Type III. eu aX; 


where YX is a function of x alone, or constant. 

To solve this type of differential equations we have the following 
rule from Chapter XX XI, p. 392: 

Integrate n times successively. Each integration will introduce one 
arbitrary constant. 


Ex. 1. Solve — = xe. 


Solution. Integrating the first time, 


2 
ey = | xe“dz,- 
da? 
a2 
ee qa te By (A), p. 841 


Integrating the second time, 


; . = {| ret. dx — {ers + fCide, 


SU eo et Ces 
da 


Integrating the third time, 
Y —\ LeZO —f2 erda + f Crede + f Oxdte 


2 
acer — B64" + Can + Cr, 


On y = cer — Ber + Cyr? + Coe + ¢3. Ans. 
et PS 
Type IV. pe 


where Y is a function of y alone. 
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The rule for integrating this type is as follows: 
First step. Multiply the left-hand member by the factor 
a 
| ae da 
and the right-hand member by the equivalent factor 
2 dy, 
and integrate. The integral of the left-hand member will be* 


cy 


Second step. Hvtract the square root of both members, separate 
the variables, and integrate again.t 


2, 
Ex. 1. Solve ce + aty = 0. 
dx? 


. 
Solution. Here vt =— a’y, hence of Type IV. 

2 
First step. Multiplying the left-hand member by 2 wt ae and the right-hand 


member by 2dy, we get 
9 a? Cy ee 


— 2 a®yd 
TR dx? Le 
A dy \2 
Integrating, ~ ) =— ay? + Ch. 
da 
Second step. 2 =VC,; — a2y?, 
x 
taking the positive sign of the radical. Separating the variables, we get 
d 
ae = dz. 
VCi —— ary? 
: 1 
Integrating, —arc sin ey z+ Co, 
a Ch 
or, are sin aus =axr+ aC. 
1 
ae ay : 
This is the same as — = = sin (ax + aCe) 
VO 
= sin ax cos aC, + cos aw sin aC, 31, p. 2 
VC 
or, Y es ‘cos aCy + sin ax + Os sin aC2 - cos ax 


=c,sinax+c,cosax. Ans. 


2 2: 
*Since d () = ty My dz. 
dix. dx dx? 


+ Each integration introduces an arbitrary constant. 
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EXAMPLES 
Differential equations Solutions 
d3y 5 
1. Gat Tot 2 008 y=— + 2sin@ + ea? + com + Cp 
a 
, Geo u = v7 log v + Civ? + Cov + C3. 
dvs 
dp : cos?@ = =7cosé 
3. —- = sin86 =— ——— + ¢,62 + ¢20 + Cg. 
as p SielewOsiaeese? 
ad? < ale 
4. =f sin nt. $= — sin nt + cyt + Co. cms 
aA f ) + Cyb + Co 
d@s 
S, SS s=io?+ ct + ce. 
dt ae se 
dry |mam+n 
@ B22 = go y= yer —1L +t .-+ + Cy_1% + Cy 
ae y meneer ee =F + Cy —-1% + Cn, 
2 
7. oY = ary ax = log(y + Vy? + ¢1) + Ce, or 
dx y= cer a Coe ax, 
d?s i ae 1 1 
oh) es SEs 3t = 2 at (s? — 2 cy) (8? + C1)? + Co 
aoc (s! — 2c) (s4 + ¢1)4 + ¢2 
d?y a 2 = 2, 
9, By (crt + C2)? + @ = cyy?. 
d2x Ve enn +1-1 
10. = ene tV2n = cy log ———— +} ¢y, 
dt? Ve 2e"= +14 1 
d2s k : ; ds 
eee ndieshayimoe1ven tat) Orandisi—Taawinenitr— 0) 
11 de 2 ind ¢, haying g di ) 


Ans. t= se {5 (are vers 


a8) —Vas— 3. 
2k a 


CHAPTER XXXII 
INTEGRAPH. TABLE OF INTEGRALS 


245. Mechanical integration. We have seen that the determina- 
tion of the area bounded by a curve C whose equation is 
we 
y =F) 


and the evaluation of the definite integral 


f. F(x) dz 
G 
are equivalent problems (§ 209, p. 357). — 

Hitherto we have regarded the relation between the variables x 
and y as given by analytical formulas and have applied analytic 
methods in obtaining the integrals required. If, however, the 
relation between the variables is given, not analytically, but as 
frequently is the case in physical investigations, graphically, ie. 
by a curve,* the analytic method is inapplicable unless the exact 
or approximate equation of the curve can be obtained. It is, how- 
ever, possible to determine the area bounded by a curve, whether 
we know its equation or not, by means of mechanical devices. 
We shall consider the construction theory and the use of one such 
device, namely the Integraph, invented by Abdank-A bakanowicz.+ 
Before proceeding with the discussion of this machine it is neces- 
sary to take up the study of integral curves. 

246. Integral curves. If F(x) and f(x) are two functions so 
related that 


d 
(A) =F) =f) 
then the curve 
(B) y = F(z) 


* For instance the record made by a registering thermometer, a steam-engine indicator, or by 
certain testing machines. 
+ See Les Integraphes ; la courbe intégrale et ses applications, by Abdank-A bakanowicz, Paris, 
1889, ; 
446 


——EeE 


INTEGRAPH 447 


is called an integral curve of the curve” 
(C) y =F (x).* 


The name integral curve is due to the fact that from (() it is 
seen that the same relation between the functions may be expressed 
as follows: 


(D) [ S@ de =F). F(0)=0 


Let us draw an original curve and a corresponding integral curve in such a way 
as easily to compare their corresponding points. 


integral curve 
y = F(z) 


original curve 


y =f (2) 


To find an expression for the shaded portion (O’M’P’) of the area under the 
original curve we substitute in (A), p. 871, giving 


17 Pp’ — my 
area O/M’P’ — il Ff (a)de. 
But from (D) this becomes 


area O'M'P’ = [""fla) de = [F(2)lem = F(t) = MP.t 


Theorem. For the same abscissa x1, the number giving the length of the ordinate 
of the integral curve (B) is the same as the number that gives the area between the 
original curve, the axes, and the ordinate corresponding to this abscissa. 


* This curve is sometimes called the original curve. 

+ When z,= O'R’, the positive area O'M'R'P’ is represented by the maximum ordinate VA. 
To the right of f’ the area is below the axis of X and therefore negative; consequently the 
ordinates of the integral curve, which represent the algebraic sum of the areas inclosed, will 
decrease in passing from #' to 7”. 

The most general integral curve is of the form 

y= F(x) + C, 
in which case the difference of the ordinates for x= 0 and x= 2, gives the area under the original 
curve. In the integral curve drawn C= F'(0)=0, ie. the general integral curve is obtained if 
this integral curve be displaced the distance C parallel to OY, 
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The student should also observe that 

(a) For the same abscissa #1, the number giving the slope of the integral curve 
is the same as the number giving the length of the corresponding ordinate of the 
original curve [from (C@)]. Hence (C) is sometimes called the curve of slopes of (B). 
In the figure we see that at points O, R, T,V, where the integral curve is parallel to 
OX, the corresponding points 0’, R’, 7’, V’ on the original curve have zero ordi- 
nates, and corresponding to the point W the original curve is discontinuous. 

(b). Corresponding to points of inflection Q, S, U on the integral curve we have 
maximum or minimum ordinates to the original curve. 


For example, since d 23 x2 
rae ae 
it follows that 
x3 
(2) vg. 
is an integral curve of the parabola : 
x 
(F) fe are 
: 2 8 
Since from (F) aren OMe: =("< se somes oa, 
,_ wae 
and from (2) MG le = ° 


it is seen that = indicates the number of linear 


units in the ordinate M1P', and also the number 
of units of area in the shaded area OM]P). 


2 2 
Also since from () eS =~, or tanr=—; 
dz 3 3 
112 
aad from (F) MP; = ai 


it is seen that the same number a's indicates the 
length of ordinate M,P, and the slope of the tangent at Py’. . 

Evidently the origin is a point of inflection of the integral curve and a point 
with minimum ordinate on the original curve. 


247, The integraph. The theory of this instrument is exceedingly 
simple and depends on the relation between the given curve and a 
corresponding integral curve. 


The instrument is constructed as follows. A rectangular carriage C moves on 

rollers over the plane in a direction parallel to the axis of X of the curve 
y =f (a). 

Two sides of the carriage are parallel to the axis of X; the other two, of course, 
perpendicular to it. Along one of these perpendicular sides moves a small carriage 
C, bearing the tracing point T, and along the other a small carriage C2 bearing a 
frame F’ which can revolve about an axis perpendicular to the surface, and carries 
the sharp-edged disk D to the plane of which it is perpendicular. A stud S, is 
fixed in the carriage C; so as to be at the same distance from the axis of X as is 
the tracing point T. A second stud S is set in a crossbar of the main carriage 0 
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so as. to be on the axis of XY. A split ruler R joins these two studs and slides 


upon them. A crosshead H slides upon this ruler and is joined to the frame F 
by a parallelogram. 


The essential part 
of the instrument con- 
sists of the sharp- 
edged disk D, which 
moves under pressure 
over a smooth plane 
surface (paper). This 
disk will not slide, 
and hence as it rells 
must always move 
along a path the tan- 
gent to which at every 
point is the trace of 
the plane of the disk. ° 
If now this disk is 
caused to move, it is 
evident from the figure that the construction of the machine insures that the plane 
of the disk D shall be parallel to the ruler R. But if a is the distance between the 
ordinates through the studs S;, Se, and 7 is the angle made by R (and therefore 
-also plane of disk) with the axis of XY, we have 


(A) tan 7 = z ; 
and if Op = 1A) 
is the curve traced by the point of contact of the disk, we have 
URN Gp == Se 
(B) ae 
‘ dy _y 
Comparing (A) and (B), aa or, 
1 1 
Mf gt a == = F , z 
(C) : y =< fyde 7 fio a (@) st 
That is (dropping the primes), the curve 
; : y = F(z) 
is an integral curve of the curve : 
(D) P= Za (x). 


The factor L evidently fixes merely the scale to which the integral curve is drawn, 
a 


and does not affect its form. 
A pencil or pen is attached to the carriage Cz in order to draw the curve 
_ y=F(z). Displacing the disk D before tracing the original curve is equivalent to 
changing the constant of integration. 
dy’ dy’ dx _ dy 


* Since c= 2’ +d, where d= width of machine, and therefore ae Srey -Fy cals 
+ It is assumed that the instrument is so constructed that the abscissas of any two correspond- 


ing points of the two curves differ only by a constant ; hence « is a function of 2’. 
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248, Integrals for reference. Following is a table of integrals. 
for reference. In going over the subject of Integral Calculus for 
the first time, the student is advised to use this table sparingly, if 
at all. As soon as the derivation of these integrals is thoroughly 
understood, the table may be properly used for saving time and 
labor in the solution of practical problems. 


SOME ELEMENTARY FORMS ~ 


(dws do dw e--+)=fdus favs fawe---. 


1 
n+l 
2. (adv=a(adv. 4. (ardx=~_ 40 ; 
f ! anrdx er > ntl 
da : 
83, jae “(x\dae = C. 5. al ; 
SU @) =SP@de = Fe) + SZ=leete 


ForMS CONTAINING INTEGRAL PowERsS OF a+ bz 


dz it 
6. == || bs C. 
ipees aes alas 


(a@ + bx) +1 
b(n + 1) 


J 


’ f(a + bra = On #1: 


8. ip F(x, a+ bx)dx. Try one of the substitutions, z=a-+ bz, zz =a + ba. 


xda 1 
9. =— = o 
ie ieee [a 5 be — a log (a + bx)] +C. 


xdx 1 
10. i = glF(a + be)? — 2a(a + be) + a? log (a + bx)] +C. 


a+ be 
dx 1 a + bu 
11. = ] ; 
I eas a oe x og 
dx 1 b a+ be 
12. =-- 1 . 
ae + bx) Onan? se x nA 


ada i a 
13. ——_— = ] ns 
A + ba)? b2 [ Og (ats yas a+ = ne 


xdx ‘1 a2 
14, fi = fat be = 2a log(a + be) — 
(a+ bay lt pst Malis crore: 


|+e. 
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+ 


dx 1 1, a+be 
15. SS lO 
He (a+bx)2 atts) a@ © @ ay 


1 ada =5[ 1 n C 
(a+be)® BL atobz erat 


Forms contarnine a? + 2%, a? — 22, a+ bar, a+ be 


dx 1 x “ae 
ef SS pees : pebuceee™ -1 be 
f 3 =e tan eounee A ae tan-1a +C 


a? + x2 
eit = pitt en (Ge tees 
19. Searels C, when a>0 and b>0. 
ath ie i ‘o a log : 2 oe 


21. f am (a + ban)P da 
_ gm—ntl(q + bar)P+l = a(m—n+1) 
(np +m +1) b(np + m +1) 


gm—n (ag + bar) P da. 


gm+l(g + bxn)P anp 
np+m+1 np + m +1 


22. {= (a + bar) Pde = 


age 
3. (a 
é {; x” (a + bar)P 


xm (a + bar)P—l da, 


1 j Pee dx ’ 
(m — 1) axm—-1l(a + bar)p-1 (m —l)a xm—” (a + bxr)P 
dx 
| arene 
; xm (a + ban) 
u m—n+np—1 f dx ; 
~ an(p —1)a™-1(a + bar)p—! an(p — 1) x” (a + ban)P—1 
(a+ ber)pde (a+ bar)p+!  b(m—n— np — 1) c(at+ ban)? dat 
ag i am ~— a(m —1)am-1 a(m —1) umn 
(a+ oer dx _ (a + bar)P a poe + wales 1da 
a: { (np —m-+i1)a™-1 np — mi] 
emda ASG PL, a(m —n-+1) xm—ndx 
ae Pv, =1 2 1 ile + ban)>- 
: (a + bar)P  b(m — np + 1) (a + bar) b(m — np + 1) 
anda gmt+l m+n —np + 1 amdaz h 
ne (a + bxr)P — an(p —1) (a + bar)p-} an(p —1) (a + ban)p-1 


x da 
= = 8) 
29: Ve a x)n = 2 (n = 1) a2 le + a2)n—1 a (2n ie ae ad 
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; 
oa sf (a + ba)” 2(n—lha be ee ae =o n— 8) f eas 


Sil), = where z = x2. 
eee eS é ; 


x2dax —2 
32. = fe a 
(a+ bx?)” 2b(n—1)(a+ bax2)n—1 2b(n — nuke + by2)n-1 


dx il x 
33. = — lo C 
thee: bar) an Sen eae 


dx il dx 6 dx 
34. = = Sa 
ie (a + ba?) aes (@ + bx?)n—1 “ike + bx2)n 


35, fA = pjle(w +e) +e. 


36 if wde  «£ a dx 
J @tbet b bJ a+ be? 
dx 1 x 
37. ==] ; 
Nees 2a ea ba TO 


da Loe 
38. —— 
ie + bax?) a ee + ba 


x 1 dx 
39. = c 
uae 2a (a + bax?) abate 


ForMS CONTAINING Va-+ bz 


2(2a ~ 8 bx) Via + bye 
1502 


40. fez a+ bedr = 


a1. forva 4 bade = Oe — abe +15 Pe) Na tel 
a 5 


xdx _ 2(2a — 62) 
42, = Va + bz +C. 
SZ tbe 30 a 


xdax 2 (8 a? — 4 abe + 3 2x2) 
43. = Va 
STF: 15 B38 
i dx si , Va + be —Va 
x 


44. Sally 
Va+be Va Va+bzr4+Va 


+C, fora>0, 


dx 2 Beal 
45. —— tan“! +0, fora<0, 
S Wa V—a = 


46. 


47. 


48 


49 


53. 
b4, 
55. 
56. 
57. 
58. 
59. 


60. 


61 


62 


TABLE OF INTEGRALS 


f de _—Va+tbz eof di 
a2 Va + be wns 2a/ 4Va + be 


fa a2 Vet ofS. 


: xVa-+ bs 


ForMS CONTAINING V2 + qa? 


Fi 2 
: f@ + ayhda == Va + a + 5 08 @ + VaR + a?) + C. 


As 
: fe +02)Fde == (20 + 5 a?) Va? + a? + 2 tog (e+ Vit + a) + C. 


bo! 


= a(a2+ a2)? na? aa 
- a+ a?)2dxz = a+ a7)2 dx. 
ax eee) n+] teal ma 
- n+2 
ae 2 2) 9 
d fow+oyae=@ FO" 4¢. 
n+2 


ee Bat 
; fee + ada == (2a? + a2) Va? + @ — log ( + Va + a?) +C. 


i = log (@ + Va? + a?) +C. 
(Ge + Ga\e 
dx el x 
(a2 + a2)? a2 Vx2 + a? 


fr 
fj =vP rete. 
J 
J 


+0, 


2, 2 
i ad Vx? + a2 — “hog (a + Va? + a?) +C. 
(a2 + a2)? 7. 2 


xdx fie 
=— + log (a + Va? + a2) +C. 
(a? + a2) Va2 + a? 4 


sf ee _= Slog eC, 
a(x? +a2)? % a+Ve2+ a? 
maga 

(eee 

a? (a2 + a2)4 ara, 
Teena MEY oly ean G 
(ero 2a%a2  2a% ©” - 

me ; Vine 
(ef FOO = Verto — clogs 7 = Ch 


e aE fea @ + log (w + Va? + a2) +0. 
HY 
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Forms CONTAINING V a2 — a2 
2 
63. fe — a2)Pdx = 5 Vaz — Q? -- ae + Va? — a?) +C. 


64. f @2 — a)fda = = (20? — ba) Va? Spree og (e+ Vm a) +04 


n 
ey x (a2 — a2)? 
65. 2a) OC x 2 
Se 2) n+l a, Boa 
n+2 
iW er 2a 
66. Ce a2) 2 0n— G 8 + C. 
n+2 


1 4 
67. fee = ay} dar = = (20? — a?) Va? — a? — Flog (« + Va? — a?) +C. 


68. sf = log («& + Va? — a?) +C 
(02 — a?)? 


x 


69. = 
Ses — a2)? a2 V22 — a2 


2G). 


70. ——— Va? — a2 +0. 
(x? a a*)2 


2, 
rail f oa = 5 Va eae = log ( + Viet a8) +0. 
(a? 


— a2)? 
72. f ES * 4 log (@ + Va? — a) +0. 
(a? — a2)2 Ye Ge 
73. tf ge ian SL aw 
x (x2 — a2)? & u a Ve? —1 
_ Vai = a? 
74, ie as as) 
ea ax 


75. fi = aia A : sec-1~ +, 
a3 (x2 — a2)3 2 arn? 2a8 a 


(22 — a2)? dx a 
76. = Vz2 — a2 yea pe 
Tp a? — acos-1_ +. 


+ log (« + Va — a) +0. 


77 (x2 — a2)? dx MESH EE 
AP a 


TABLE OF INTEGRALS 455 


Forms CONTAINING Va? — z2, 
2 
78. f@ — a2)? da = Vat — a+ = sin-1~ +C. 
a 


79. f@- 22) de =" (6a? — 202) Va? — a2 + ee Wg) 
8 8 a 


iD 2 mn 2 
80. fie ein 2 =, tr Se# 


n+2 
(a? = 2) 2 
n+2 


81. fe (a2 — a2)2da = — +¢C. 


1 4 
82. few — @)?dz= 5 (2a? — a?) Va2 — a + ponte +C. 
<@ 


dx he dx 
83. me Oo Ss SS SD, 
ie: = a2)4 Vg Ce 
dx x 
84. a eS GD 
ifs — 22)3 a? V2 — x2 
85. fae ac-verHte 
(a2 — x%)3 
2 
86. f- aa Se N/a ao = eine 4.0 
~ (a? — 2)? 2 
ada x 
s = —sin-!—+C 
oo Sn — x7)? Vv a2 — x2 
mM, m—1 — 2 m—2 
ss, fe ee Vans a= ees 
(a? — x2)3 m m (a2 — 22)2 
89. f eo 3 RY, z 46. 
a(az?— 22) @ a4Va?—2? 
2 _ 72 
20 f dx NAG ae 40 
a2 (a2 — x2)3 arx 
dx a? — 2 1 x 
3 + lo 
ee die (a2 — 2h 2 ara? 2 ab Sn + Va? — a2 
3 JV q2 — 72 
92. (ae = Va? — 22 — alog§ + *S = +. 
x 


2) % Va? — «2 
93. (SF a= — sin 4 0. 
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ForMs CONTAINING V2 ax — x7, V2 ax + 2? 


=e 2 
94. Jf V2 aa = ode ==" V2 aa a + —vers-1" +0. 


Se Se Le SG, 


dx a3 
95. | ———__ = vers toy f. 
StS a V2" 2 


dx 
— 2% 


aes m—1 = 2) 3 2 
96. an V2 ax — 22dxz = = (eer =e) 4 OM 4O8 Com Vian — wae 


ee ee re 


m + 2 m+ 2 
97 f dx mle ae m—1 {i dx 
am V2a0 — 22 (2m — 1) ax™ (2m —1)a am-1V2axn — x2 
98 BAT at ND Ot ee A (2m —l)a c¢ «edz . 
 V20n — We ag V2ax — x 
Vern Be Nace oe 
99. f 2 ae eS (2 ax — x) m—3 f 2 ax oF de. 
am (2m — 3)an™ (2m — 8)a Cia : 
———— 2, —— 2, 3 : 
100. SeV8an — arn =— 9S FAP 9 ae 4S vere12. 
6 2 a | 
: 
Vv — 72 ' 
101. li dx ve 2ax—« aiid 
a V2ax — x? Gee 
xdx x 
102. | ————— =~ V2ae — 2? + avers-1_ +0, 
STFS f at 
2, ee oe 
103. wae $4384 ye wt 4 3 a2 vers-17 +0. 
V2 aa — x2 2 2 a 


Vv — pe 
104. a ae V2aev — x24 a vers-1~ Ab}, 
a 


a 
=< pe. “462 
105, (pe De a A a cee ES 
ave) x a 
V2 ax —x2 (2ax — x2)? 
106. Se = SES AG) 
S x 3 ax * 
dx c—a 
107. 1 = aC 
(2aa—22)? a2?V2Qax — 2? 
cd 
ada = Ke +0. 


108, {—““_= 
(2aa —a?)? aV2ax— 22 


109. fFe V2 ax — x) dx ={Fe@+ a, Va* — z”)dz, where z=x—a@. 
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110. =log(@+a+V2ax + x) +C. 


dx 
Ss 
111. fFe V2ax + x) dx ={Fe — a, Vz* — a?) dz, wherez=a%+4a. 


ForMS CONTAINING a + bx + cx? 


dx 2 PEG TS 105 
112. § ———_—____ = -__- tan-!____ +, when 0?<4ac. 
iar: V4 ac — b2 rae ie : ae 
: ax 1 2cx +b — Vb? —4ac é 
113 ————_— = log + C, when b?>4 ac. 
ipa: Vei—4ac | Aca +b + Vb? ~— 4ac 


: 2, = 
114. f dx rs 1 1 Vb2 + 4ac+2cx—b 


ee ee +C 
a + bax — cx? b2 + 4ac Vb?+4ac—2ca +b 


115. 


log (2cz +b4+2VcVa + be + cx) +0. 
= Ve 


116. [Va4 be + ca? de 
= Va + be + ca Geen, Fa ee ya Vv a eon) + C. 
8 c2 


Agee ee eco 40. 


dx 
ie = sin’ 
Se Ve Vb? + 4ac 


ae re WMS ce 
118. {Var te cade == at ba = eB +E sin asc 
Cc 


Vb24 4a¢ 
119. if ede ___ Nabe Pigg @ ont b+2VeVa+t bn cai) + C. 
== Ca 2c8 
= 2 = 
120. f ada __ Va+be oa b in 2cx —b ug 
Va-+ be — cx? ¢ 2c8 Vb? + 4a¢ 


OruEeR ALGEBRAIC Forms 


121. IN 2 =V(a+2) (6 +2) + (a—d)log(Va+a+Vb+2) +0. 


a-—x : x+b 
; da =V(a— x) (b+ 2) + (a + b) sin-! 4/—_ + C 
122. f eae a) tat Dan NS 


a+a2 EA 2. lie By aie Oe ae 
123, [y/o ae = — Va +2) — a) — (a +B) sin 
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124. f\ittes=- V1 — 22+ sin-la +0. ii ay oS 
126., Ss sin EE * 00. Nae Cees ae 
“eV (@ — a) (6 — 2) ore 


EXPONENTIAL AND TRIGONOMETRIC Forms 


ae | : : 
i xd = ——+C, 129.. | sinada = —cosx+C. } 
ae Sa . log a ¥ sf iets 
127. tg erda =e +C. 130. f cosadx = sinz +C. 
128. fede 3 +C. 131. fran ada = log secx = — logcosz +C. 


132. f cotadx = log sina + C. 


133. fsec ada =f = log (seca + tan x) = log tan G + 5) +@4. 
s 


134. if cosec dx = Mage = log (cosec x — cot x) = log tan z +C. 
sin x hit 2 : 
135. ij sectadx = tana +0. 138. {i cosec # cot zd — — cosec x +C. 
~ 136. f cosec?ada = —cotz+C. 139. fein? xan. = = sin2a2+C. 
ove fisee x tanadz = secx +C. «LEAD. cos? edz = 5 + zsin 22+C. . 
jnzn—l1l as 
141, i sin” cde = — set Ee abe, : fain? cde, 
n n ; 
n—1 j at : 
(0 feos" ARO fay ee ah aoe feos? xdx. 
n n 
143. f ia Z 1 Sese n—2 dx ‘ 
sin” x n—lsin™-ly n—1/ sin™-2g : 
144. f= sin x n—2 da : 
cost?a n—I1 cost-le ' n—1J cose—2a 
m1 +yn+1 ess Y aes 
145. feosm a sin” ade = Ss Bae i a + Mire Ag cos™>2y sin” eda. ~ 
m+n m+n : 
Capo +1 = = : 
146. f cos” x sin” ade = — pee Seer + tee f cos x sin”—2 xda. 
m+n m+n : 
147. ie a ; il ~m+n—2 dx 
sin” x cos" n—1 sin™—1lg cosr—ly: n—1 sin™ 7 cos"—2 a, ; 


148, 
149, 
150. 
151. 
152. 
153. 
154. 
155, 
156. 
157. 


158. 


159. 


160. 


161. 


162. 


163. 
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f dx ee ot le 1 , m+n—2 da 
sin” & cos" x” m—1 sin™—-1y cosn-ly m—1 sin™-22 cos"a 

ja ae cos" + ly m—n+ 2 ecosada 

sin” x (n — 1)sin™- 1a n—1 sinn—2z 
(es ex cos™-le | m— = 

sin"~  (m—n)sin*-!z  m—n sinne 

n+ 
fein 2 costade —— 8" +C.. 
+1 
inz +1 
fsinrz cos ade = 2" st +C. 
n+1 
tanz-1 
fran OG pees — franr-? ada + C.: 
n—1 
n—1 : 
feo ade = — oe = freotr—2 adx +C. 
\. = , 
fein me sin nxdx = — REO rat Pee) +C. 
ee is 2(m + n) 2(m — n) 

fos Peer ee ee NS Ne DLOp 


fF sin mz cos nadx = — 


2(m + n) 2(m — n) 


cos (m + n) x poe (ee) 


Me 


2(m + n) 2(m — n) 
Ges. = 2 n-1 Qe +6, when a>b. 
+bcosr VQqz wage 
Vb —atan +Vb+a4 
dx 1 2 


\euaeerta 


We 
We 


log 
ViQ—at “ Vp—atan® —vo-+a 


atan~ +b 
a = Z tan-1 —————  C, when a>. 
+ bsin x a2 — v2 ~ /q2 = 62 
een, Bi ye a 
Es ee aa ie +C, when a<b. 
+ bsing 


‘ 


dx 


— s 
Vb? — a? atan 5 = +b 4+ Ve = a2 


Sale 


if- cos?z% + b2sin?% ab 


fe= sin nadx = 


fersin re 


e (sin  — cos &) 


(etm tan = jee. 
et (a sin n& — nN COS NZ) 


ae +¢; 


C. 
5 aT 


+C, whena<6b. 
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e% (nsin nx + a cos nx) 


Gy te pe na 


164. fet*cos NL — 


f cos eda = Heme + cose} 


+0. 


165. freorde = (a —1)+¢ 
a 


xrerxe on ; 
166. i: arerxdi, = ere ile ar —leaxdy, 


167. fanmade = ee = Jp amxyn —1 dy, 
m log a 


m log a 
eo (ee Ae at loga pc atdx 
qm (m = 1) gm We gm 


e*cos?—la(acosx+nsinz) n(n —1) an oa Sa 


169. if cos" ada = 


a2 a5 n2 a? + n2 
it es m(m —1 
170. fa cos axda = —— (ax sin ax + m cos ax) — mn) (ant cos axda. 
a a 


LocaritHmMic Forms 


171. frog edz = xlogx—x+C. 


da 1 
172. = log (log x) +1 — log? Sicite 

fone og (log x) + OIG as og?a + 
173. if: bad = log (log a) +0. 

x log 

log 1 

174. | alo wide = an+1[ OBE _ | C. 

ip 2 nm+1 (n+1)? % 


175. je log adx = elogz 1 (= Ps 
a a 2g 


gmt n v 
176. f= log” edz = log x — ——— | w™log"-1adz. 
m+1 1 


m+ ' 


wm de aay m+1 ¢ ade 
logea ss (n— 1) log*-1az © n—1 J logn-1z° 


178. cco nde =X eos i LR peat 
rf anes lp eee oN] OE Ce 
j20.f tar Yee tla! aes IE et Cac RE 


P843 gunea & 


177. 


INDEX 


[The numbers refer to the pages.] 


Absolute convergence, 227; value, 9. 

Acceleration, 105. 

Approximate formulas, 240. 

Archimedes, spiral of, 283. 

Areas of plane curves, polar codrdinates, 
376, 406 ; rectangular codrdinates, 371, 
402. 

Areas of surfaces, 388, 411. 

Asymptotes, 252. 

Auxiliary equation, 435. 


Binomial differentials, 334. 
Binomial Theorem, 1, 111. 


Cardioid, 282. 

Catenary, 281. 

Cauchy’s ratio test, 224. 

Change of variables, 152. 

Circle of curvature, 183. 

Cissoid, 280. 

Computation by series of e, 237; of 
logarithms, 2388 ; of 7, 238. 

Concave up, 123; down, 124. 

Conchoid of Nicomedes, 281. 

Conditional convergence, 227. 

Cone, 2. 

Conjugate points, 264. 

Constant, 11; absolute, 11; arbitrary, 
11; numerical, 11; of integration, 
289, 309. 

Continuity, 22; of functions, 22. 

Convergency, 219. 

Coordinates of center of curvature, 184, 

Critical values, 120. 

Cubical parabola, 280. 

Curvature, center of, 183; circle of, 
183; definition, 159; radius of, 159, 

Curve tracing, 266. 

Curves in space, 271. 
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Cusp, 263. 
Cycloid, 95, 281. 
Cylinder, 2. 


Decreasing function, 116. 

Definite integration, 355. 

Degree of differential equation, 425. 

Derivative, definition, 39. 

Derivative of arc, 141, 143. 

Differential coefficient, 39. 

Differential equations, 424. 

Differential of an area, 355. 

Differentials, 140. 

Differentiation, 37; of constant, 48; of 
exponentials, 60; of function of a 
function, 57; of implicit function, 84, 
260 ; of inverse circular functions, 70 ; 
of inverse function, 58; of logarithm, 
58, 62; of power, 51; of product, 50; 
of quotient, 52; of sum, 49; of trig- 
onometrical functions, 67. 

Double point, 262 ; integration, 396. 


Envelopes, 208. 
Equiangular spiral, 283. 
Evolute of a curve, 187, 213. 
Expansion of functions, 23L 
Exponential curve, 284. 


Family of curves, 208. 

Fluxions, 37, 44. 

Folium of Descartes, 282. 

Formulas for reference, 1. 

Function, algebraic, 17; continuity of, 
22; definition, 12; derivative of, 39; 
explicit, 15; explicit algebraic, 17; 
exponential, 17; graph of, 24; im- 
plicit, 83, 202; increasing, decreasing, 
116 ; inverse, 15, 18; logarithmic, 17 ; 
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Function, — continued. 


many-valued, 14; of a function, 57; 
rational integral, 16; 
transcendental, 17 ; trigonometric, 17 ; 


rational, 16; 
uniform, one-valued, 14. 
Greek alphabet, 4. 


Helix, 272. 


Homogeneous differential equation, 480. 


Huygens’ approximation, 242. 
Hyperbolic spiral, 288. 
Hypocycloid, 282. 


Increasing functions, 116. 

Increments, 37. 

Indeterminate forms, 172. 

Infinitesimal, 21, 141. 

Infinity, 21. 

Inflection, 136. 

Integer, 7. 

Integral curves, 446; 
definition, 288; indefinite, 289. 

Integraph, 448. 


Integration, by partial fractions, 315; 
by parts, 341; by rationalization, 329 ; 
definition, 


by transformation, 337; 
287. 
Interval of a variable, 11. 
Involute, 189. 


Jordan, 248. 


Laplace, 37. 
Leibnitz, 44; formula, 111. 
Lemniscate, 281. 
Length of curves, 378. 
Limagon, 2838. 

Limit, change of, 365; 


Linear differential equation, 431. 
Litmus, 283. 
Logarithmic curve, 284; spiral, 283. 


Logarithms, Briggs’, 240 ; common, 240; 


Naperian, 240; natural, 34. 


Maclaurin’s theorem and series, 234. 


Maxima and minima, 116, 135, 169, 246. 


definite, 356; 


infinite, 360; 
interchange of, 358; of a variable, ‘17; 
of integration, 167; theory of, 19, 26. 


INDEX 


Mean value, extended theorem of, 168; 
generalized theorem of, 172; theorem 
of, 167. 

Moment of inertia, 408. 

Multiple roots, 100. 


Newton, 37, 44. 

Node, 262. 

Normal, 90, 275; plane, 271, 277. 

Numbers, complex, 9; imaginary, 8; 
irrational, 8; real, 8. 

Numerical value, 9. 


Order of differential equations, 425.- 
Ordinary point, 259, 273. 
Osculation, 263. 

Osgood, 220. 


Parabola, 281; cubic, 280; semicubical, 
280; spiral, 284. 

Parameter, 11, 208. 

Parametric equations, 92. 


' Partial derivatives, 198; integration, 394. 


Pierpont, 259. 

Points, conjugate, 264; end, 265; iso- 
lated, 264; of inflection, 186; salient, 
265 ; ea 259; turning, 118. 

Probability curve, 284, 


Quadratic equation, 1. 


Radian, 17. 

Radius of curvature, 162. 
Rates, 148. 

Rational fractions, 315. 
Real number, 8. 
Reciprocal spiral, 283. 
Reduction formulas, 344. 
Rolle’s Theorem, 166. 


Semicubical parabola, 280. 

Series, alternating, 226 ; arithmetical, 1; 
convergent, 219; definition, 217; diver- 
gent, 220; geometrical, 1; infinite, 
218; nonconvergent, 220; oscillating, 
220; power, 228. 

Sine curve, 284. 

Singular points, 259. 


INDEX 


Solution of differential equations, 425. 

Sphere, 2. 

Stirling, 235. 

Strophoid, 283. 

Subnormal, 99. 

Subtangent, 90. 

Successive differentiation, 109, 146, 204; 
integration, 392. 

Surface, area of, 388. 


Tangent curve, 284. 

Tangent, to plane curves, 89; to space 
curves, 271. ~ 

Tangent line to surface, 271. 

Tangent plane, 273. 
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Taylér’s Series, 232; theorem, ‘232. 
Test, comparison, 222. 

Total differentiation, 198. 
Trajectory, 98, 127. 
Transcendental function, 17, 
Trigonometric differentials, 303. 
Triple integration, 415. 


Vallée-Poussin, 31. 

Variable, definition, 11; dependent, 12; 
independent, 12. 

Velocity, 102. 

Volumes of solids, 384, 415. 


Witch of Agnesi, 280. 
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